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Ueber die zu der Curve ^^ + (i^v + i/»a = o im projectiven 
Sinne gehorende mehrfache Ueberdeckung der Ebene. 

Von Mellen Woodman Haskell. 



BiNLEITUNG. 

Die geometriscTie DaratelluTig von FuncHonen. 

Man gelaDgt im AUgemeinen auf zwei Weisen ziir geometrischen Darstel- 
lung des Verlaufs einer algebraischen Function w der Variabelen «, welche durch 

die Gleichung ^ =/(z) 

gegeben wird. Kommt es nur auf reelle Werte an, so reprasentirt man w und z 
als Coordinaten eines beweglichen Punktes in einer Ebene, und das Aggregat 
aller solchen Punkte bildet eine algebraische Curve. Biese Barstellungsweise 
hat den Vorteil, dass die Umkehrbarkeit des Functionenbegriffs sofort daran zu 
erkennen ist, und dass sie sich ohne Weiteres auch auf implicite Functionen 
ausdehnen lasst, dass sie also ein Bild der unaufldsbaren Gleichung : 

darbietet. 

Will man aber auch die imaginaren Werte mit in Betracht ziehen, so bedient 
man sich der Riemannschen Fldche. Die complexen Grossen z:= x + yi werden 
durch Punkte in einer Ebene dargestellt, deren rechtwinklige Coordinaten x und 
y sind, und dementsprechend werden die complexen Grossen w=^u + vi eben- 
falls durch Punkte in einer zweiten Ebene mit den Coordinaten u und v darge- 
stellt. Ist nun w eine n-wertige Function von z, so denkt man sich die z-Ebene 
als aus n iibereinanderliegenden, an bestimmten Stellen zusammenhangenden 
Slattern bestehend, so dass w auf der auf diese Weise gebildeten Flache einwertig 
ist. Hierbei besteht das wichtige Princip der conformen Abbildung. Um 

1 
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die Abbilduug eindeutig umzukehren, muss man auch auf der te7-Ebene eine 
Riemaun'sche Flache aufbauen. Die eindeutige Beziehung der beiden Flachen 
auf einander ist indessen in hoheren Fallen nicht mehr iibersichtlich, und die 
Ausdehnung des Yerfahrens auf implicite Functionen ist mit einigen Schwierig- 
keiten verbunden. 

Eine Vereinigung dieser beiden Methoden bietet die von Herm Prof. F. 
Klein vorgeschlagene mehr/ache Ueberdeckung der Ebene im projectiven Sinne. 
Indem ich, was das Nahere betrifft, auf die Arbeiten desselben* verweise, gebe 
ich hier eine kurze Darlegung des dabei zu Grunde liegenden Princips. Bs 
handelt sich, allgemein zu reden, um eine geometriscbe Darstellung sammtlicher 
Wertsysteme, welche einer Gleichung mit zwei Veranderlichen, bezw. einer 
homogenen Gleichung mit drei Veranderlichen : 

/(X, /t£, i;) = 
genugen. 

Im Sinne der gewohnlichen projectiven Geometrie der Ebene wird jedes 
Wertsystem {X:ii:v) durch die Coordinaten einer geraden Linie in der Ebene 
gedeutet Dieselben werden im Allgemeinen imaginar ; es besitzt aber jede 
imaginare Gerade einen reellen Punkt, den Schnittpunkt mit der conjugirt 
imaginaren Geraden. Lassen wir jetzt jede imaginare Gerade durch ihren 
reellen Punkt vertreten, und beschranken wir uns auf Gerade, deren Coordi- 
naten der Gleichung /(X, (i, r) = genugen, so ist jeder Punkt der Ebene im 
Allgemeinen Vertreter von mehreren imaginaren Geraden. Wir denken uns 
dem zufolge jeden Teil der Ebene mit so vielen Blattern im Riemann'schen 
Sinne iiberdeckt, wie die Anzahl der imaginaren Geraden betragt, welche durch 
die einzelnen Punkte des Ebenenteils vertreten werden. Auf diese Weise 
bekommen wir eine mehrfache Ueberdeckung der Ebene, bei der jedes Wert- 
system (X:/t£:r) eindeutig dargestellt wird. Dies Verfahren hat iiberdies den 
Vorzug, seinen Charakter bei irgendwelchen reellen Projectivitaten zu behalten. 

Beschranken wir uns auf Gleichungen / = mit reellen Coefficienten, so 
vereinfacht sich die Sache. Geniigt namlich der Gleichung ein Wertsystem 
(3L:/t£:v), so geniigt derselben auch das conjugirt imaginare Wertsystem 
(3L':/t£':rO. AUe Vorkommnisse gruppiren sich also paarweise, jeder Punkt der 
Ebene vertritt eine paare Anzahl gerader Linien, und die Ebene wird in jedem 



* F. Klein, ^^ Ueber eine neue Art Riemann^scher Flfichen,^' Mathematische Annalen, Bd. 7 und 10. 
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Teil von einer geraden Anzahl Blatter iiberdeckt. Was die reellen Wertsysteme 
betrifft, so umhiillen die dieselben darstellenden reellen Geraden eine alge- 
braische Curve, (insofern man von reellen isolirten Doppeltangenten absieht, die 
in dem weiterhin zu betrachtenden Falle nicht vorkommen werden). Jede solche, 
einem reellen Wertsystem entsprechende reelle Gerade darf als Grenzstelle zweier 
imaginaren Geraden betrachtet werden, deren reeller Schnittpunkt in den 
Beriihrungspunkt iibergeht (abgesehen von dem Falle einer Wendetangente, 
die in unserem Falle auch nicht vorkommt). Langs jeden Teils der reellen 
Curve hangen hiernach zwei Blatter der mehrfachen Ueberdeckung mittelst 
einer Falte zusammen. Die auf diese Weise gebildete Flache ist im Allge- 
meinen ein-eindeutig auf die gewohnliche Riemann'sche Flache bezogen. Es 
fehlt dabei allerdings die Aehnlichkeit in den kleinsten Teilen, wie sie bei der 
gewohnlichen Wechselbeziehung zweier Riemann'scher Flachen eintritt. Statt 
ihrer kommt eine allgemeinereBeziehung» die in einem spateren Kapitel ent- 
wickelt werden soil. 

Obgleich diese Darstellungsweise fiir den Verlauf einer algebraischen Func- 
tion viele Vorteile darbietet, ist sie bis jetzt wenig angewandt worden. Ausser 
den Arbeiten von Herrn Klein ist nur noch eine Abhandlung von Harnack* 
zu erwahnen, wo die mehrfache Ueberdeckung fiir den Fall der Curven dritter 
Classe studirt worden ist. Bs schien daher wiinschenswert, die eben erwahnten 
Principien auf ein etwas complicirteres Beispiel anzuwenden, welches auch unter 
mannigfachen anderen G^sichtspunkten besonderes Interesse bietet. Dies soil 
im Folgenden geschehen. 

Die vorliegende Untersuchung habe ich auf Veranlassung meines hochver- 
ehrten Lehrers Herrn Prof F. Klein untemommen und unter seiner Leitung 
ausgefiihrt. Bs handelt sich dabei um die Aufstellung der mehrfachen Ueber- 
deckung der Ebene, welche zu einer gewissen Normalcurve gehort, die zum 
Fundamentalpolygon der Modulfunctionen siebenter Stufe in enger Beziehung 
steht und deren Gleichimg und Bigenschaften schon von Herrn Prof Klein 
behandelt sind. Von seinen Resultaten ist im Folgenden so viel angegeben, als 
notig schien, um das Verstandnis dieser Arbeit zu ermoglichen. 

Ich mochte es an dieser Stelle nicht unterlassen, Herrn Prof Klein meinen 
herzlichsten Dank auszusprechen fur die vielfache Anregung und Unterstiitzung, 
ohne die es mir nicht moglich gewesen ware, diese Arbeit zu voUenden. 

*A. Harnack, '^ Ueber die Verwerthung der eUiptischen Functionen ftir die Geometrie der Curven 
dritter Classe,'' Math. Annalen, Bd. 9. 



4 Haskell : Ueher die zu der Curve 7?(i + (i^v + v'X = im prqjectiven 

Erstbr Abschnitt. 

Entstehung der zu unterauchenden Gleichung aus der Theorie der elliptiachen 

Modvlfunctionen. 

Bei den Untersuchungen iiber die Transformation siebenter Ordnung der 
elliptischen Functionen erweisen sich die Modulfunctionen siebenter Stufe als 
rationale hoinogene Functionen nuUter Dimension zweier Fundamentalfunc- 
tionen, die in homogener Bezeichnung Xifiw heissen soUen, worauf zwischen 
ihnen die einfache Gleichung besteht : 

• 

Indem ich in diesem Abschnitte den Zusammenhang zwischen der Theorie der 
elliptischen Modulfunctionen und dieser Gleichung so kurz wie moglich angebe, 
mochte ich fiir die im Texte fehlenden Beweise aller Satze auf die Arbeit von 
Herrn Klein* iiber diesen Gegenstand, wovon der folgende Abschnitt hauptsach- 
lich ein blosses Referat bildet, verweisen. 

§1. 

Das Fv/ndamentalpolygon siebenter Stufe in der r-Ehene, 

In der Theorie der elliptischen Functionen kommt vor alien Dingen in 
Betracht die rationale absolute Invariante /, welche, als Function des Perioden- 
verhaltnisses t betrachtet, eindeutig ist und bei alien ganzzahligen linearen 
Substitutionen von r von der Determinante 1 ungeandert bleibt. Deuten wir 
diese Beziehung durch eine Riemann'sche Flache iiber der /-Bbene, so besteht 
diese Flache aus unendlich vielen Blattern, welche bei /= , 1 , oo zu je 
3, 2, 00 zusammenhangen. Nun ist /eine eindeutige Function von r, die aber 
nur in der positiven Halfte der r-Ebene existirt. (Die Axe des Reellen in der 
T-Ebene bildet namlich eine natiirliche Grenze fiir die Function J{t)y Es ist 
daher moglich, den Bereich, innerhalb dessen / existirt, d. h., die positive 
Halbebene, in unendlich viele nebeneinanderliegende Gebiete einzuteilen, deren 
jedes auf ein Blatt der Riemann'schen Flache abgebildet ist. Diese Gebietsein- 
teilung ist sehr viel iibersichtlicher als die vorgenannte Riemann'sche Flache 



*F. Klein, ^^Ueber die Transformation siebenter Ordnung der eUiptischen Functionen," Math. 
Annalen, Bd. 14. 
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iiber der /-Ebene und wird also im Folgenden etatt ihrer durchweg zu Q-runde 
gelegt. Sie geschieht durch unendliche Vervielfaltigung der Figur 1 vermittelst 
CombiDatiou und Wiederholung der Fundamentalsubstitutionec, 

S: i' = r-{- 1, 

Eg Btellt die Substitution S eine Parallel verschiebung, die Substitution T eine 
TraDsformation durch reciproke Radien gegen den Einheitskreis verbunden mit 
einer Spiegelung gegen die Axe des Imaginaren dar. 





Die geometrische Bedeutung der beiden Substitutionen wird in Fig. 2 
gescbildert, indem die Gebiete, welche aus dem fundamentalen Gebiet (1) ber- 
vorgehen, einfach mit den Buchstaben S, resp. T bezeichnet eiud. Dabei 
entspricht jedes scbraffirte Kreisbogendreieck einem positiven Halbblatt der 
(T-Ebene, jedes nicht schrafBrte Dreieck elnem negativen Halbblatt, und die drei 
Dreiecksseiten entsprechen je drei verschiedenen Stiicken der reellen Axe der 
/-Ebene. 

So viel iiber die Beziehung zwischen / und t! Bei der Transformation 
siebenter Ordnung werden nun auch noch solche eindeutige Functionen yj von r 
in Betracht gezogen, welche bei denjenigen r-Substitutlouen, die modulo 7 zur 
Identitat congruent sind, und nur bei solchen, ungeandert bleiben, — die Modul- 
fiinctionen siebenter Stufe der allgemeinsten Art. Nun verteilen sich die r-Sub- 
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stitutionen modulo 7 auf 168 verschiedene Classen, und >; nimmt also bei der 
Gtesammtheit derselben im Ganzen 168 Werte an. Es ist also yj eine 168-wertige 
Function von /. Man kann die Verzweigung der Function yj in Bezug auf / 
durch eine Rieraann'sche Flache iiber der J-Bbene darstellen, diq aus 168 Blattern 
besteht, welche bei J^O, 1, oo zu je 3, 2, 7 zusammenhangen. Diesen dreierlei 
Verzweigungspunkten werden, ihrer Wichtigkeit halber, besondere Namen zuer- 
teilt, und es wird von jetzt an immer die Rede sein von den 24 Punkten a , wo 
die Blatter zu je 7 zusammenhangen, sodann von den 56 Punkten b und von den 
84 Punkten c, wo die Blatter zu je 3, resp. zu je 2 zusammenhangen. Das 
Geschlecht der Flache ist also : 

^= 4" (2— 2.168 + 56.2 + 84.1 + 24.6)= 3. 

Mit dieser vielblattrigen Flache ist aber gar nichts anzufangen, da sie 
durchaus uniibersichtlich ist, und man greift also zu dem Hilfsmittel hin, welches 
die Gebietseinteilung der r-Ebene bietet. Es ist ndmlich moglich, die Riemann^sche 
Flache auf ein begrenztes Stuck der r-Ebene abzubilden, dessert Bander in bestimmter 
Weise zusammengehdren, Um diese Abbildung kurz zu bezeichnen, soUen zunachst 
solche Gebiete in der r-Ebene, welche bei den modulo 7 zur Identitat congru- 
enten Substitution en aus einander hervorgehen, als congruent, und dement- 
sprechend solche Gebiete, die nicht bei solchen Substitutionen aus einander 
hervorgehen, als incongruent bezeichnet werden. Nun ist jedes Doppeldreieck 
der T-Ebene eine conforme Abbildung der J-Ebene ; man kann also ein Aggregat 
von 168 incongruenten Doppeldreiecken als ein voUstandiges Bild der 168-l)lat- 
trigen Riemann'schen Flache betrachten, wenn noch angegeben wird, wie die 
Kanten der 168 Doppeldreiecke zusammengehoren. Diese Zusammengehorigkeit 
muss sich durch Substitutionen ausdriicken, die modulo 7 zur Identitat congruent 
sind. Eine solche Figur, die aus einem einzigen zusammenhangenden Stiick der 
r-Ebene besteht, entsteht zum Beispiel wenn 14 abwechselnd symmetrische, der 
Figur 3 ahnliche Figuren neben einander aufgestellt werden. 
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Die Zusammengehorigkeit der Kanten wird durch **coiigruente" Substitu- 
tionen vermittelt. Bs folgt, dass die beiden Geraden, welche die Figur rechts 
und links abgrenzen, zusammengehoren, denn sie gehen bei der Substitution : 
r' = r + 7 in einander iiber. Ferner gehoren jedesmal zusammen diejenigen 

beiden begrenzenden Halbkreise, die in den Punkten r = , — , 1 , etc., zusam- 

menstossen, wobei die genannten Punkte immer sich selbst entsprechen. 
Um die Zusammengehorigkeit irgend zweier Kanten auszudriicken, genugt es, 
von zwei Punkten der einen Kante anzugeben, in welche zwei Punkte der 
anderen Kante sie libergehen. Die Zusammengehorigkeit der iibrigen begrenz- 
enden Halbkreise der Figur wird also in folgender Tabelle angegeben, wo 
jedesmal die betreffenden Halbkreise durch ihre beiden Endpunkte angedeutet 
werden. Hierbei gehoren immer zusammen die in der Tabelle gerade iiberein- 

2 19 

anderliegenden Endpunkte, beispielsweise -=- und -=- 
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Die hiermit heschriehene Figur der r-Ebene sollfortan das Fundamentalpolygon 
in der r-Eberve genannt werden. Denken wir uns die Rander desselben in ange- 
gebener Weise verbunden, so haben wir damit ein eindeutiges Bild der 
Riemann'schen Flache fiir >; {J) . Den Verzweigungspunkten der letzteren 
entsprechend, stossen die Dreiecke des Fundamentalpolygonszu je 2.7 ^ 2.3, 2.2 
in 24 Punkten a, bezw. in 56 b und in 84 c zusammen. Wendet man nun irgend 
eine der r-Substitutionen auf das Fundamentalpolygon an, und denkt man sich 
von den resultirenden Dreiecken alle, die ausserhalb fallen, durch die ihnen 
aquivalenten ersetzt, so geht dabei das Fundamentalpolygon in sich iiber. In 
diesem Sinne lasst sich das Fundamentalpolygon auf 168 Weisen in sich trans- 
formiren, wobei die Transformationen, welche den Substitutionen S und T 
entsprechen, und die man also als erzeugende Operationen der 168 betrachten 
darf, die Perioden 7 , resp. 2 besitzen. 

Bei genauerem Studium der zu dieser Riemann'schen Flache, resp. zu diesem 
Fundamentalpolygon gehorenden algebraischen Functionen ergeben sich nun 
sammtliche solche Functionen als rationale homogene Functionen nullter Dimen- 
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sion von zwei Normalfunctionen Xifiw^ welche durch die Gleichung vierter 

Ordnung : 

7?fi + ii^v + r«^ = 

verbunden sind. Diese Gleichung und ihre Beziehung zu r und zu / geometrisch 
anschaulich zu untersuchen, ist die Aufgabe der vorliegenden Arbeit. 

§2. 

Uebertragung des Fundamentalpolygons auf die s-Ebene. 

Der grosseren Uebersichtlichkeit wegen fiihren wir zunachst noch ein neues 
Hilfsmittel ein. Wir konnen die Dreiecke des Fundamentalpolygons auf Kreis- 

^tm ^^m ^FE 

bogendreiecke mit den Winkeln — - , -^ , -^ conform abbilden.* Lassen wir 

dieselben nach dem Princip der Symmetrie aufeinanderfolgen, so bekommen wir 
bei geeigneter Wahl des Ausgangsdreiecks das Fundftmentalpolygon auf eine 
solche Figur, wie sie in Tafel I angegeben ist, abgebildet, wobei die Zusammen- 
gehorigkeit der noch freien Kanten in der danebenstehenden Tabelle angegeben 
ist. Die einzelnen Doppeldreiecke gehen bekanntlich wieder durch lineare 
Transformation aus einander hervor. Diese Figur darf das Fvm^damentalpolygcn 
in der s-Ebene genannt werden. Sie ist, was Uebersichtlichkeit betriflft, dem 
T-Polygon iiberlegen, weil sie einen hoheren Grad von Symmetrie besitzt, weil 
sie ganz im Endlichen gelegen ist, und endlich, wie sofort gezeigt werden soil, 
weil die geometrische Bedeutung der vorgenannten 168 Transformationen der 
Riemann'schen Flache in sich selbst im hochsten Grade zur Anschauung gebracht 
wird. Lassen wir etwa den Mittelpunkt A der Figur dem unendlich fernen 
Punkt des r-Polygons entsprechen, so ist die Bedeutung der Substitution von 
der Periode 7, die wir S genannt haben, sofort klar. Sie stellt eine Drehung 

um A durch den Winkel — dar. Entspricht nun B dem Punkt t = f , so wirkt 

die Substitution T in der 5-Bbene gerade so wie in der r-Ebene. Sie stellt 
namlich eine Combination der Kreisverwandtschaft in Bezug auf den Kreis durch 
B und der Spiegelung gegen die Mittellinie der Figur dar. Diese Operation 

•Eine solche Abbildung 'wird durch die Schwarz^sche «-Fuiiction : si— ^ — , -y , J] vermittelt. 

Of. Schwarz, '^Ueber diejenigen F&Ue, in welchen die Gauss ^sche hypergeometrische Reihe, etc.'' 
Grelle's Journal, Bd. 75. 

2 
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konnen wir kurzweg als eine Drehung im projectiven Sinne um den Punkt B 
bezeichnen ; sie reducirt sich auf eine gewohnliche Drehung, wenn wir die 
Ebene einer solchen Transformation unterwerfen, bei welcher der Kreis durch 
B in eine Gerade verwandelt wird. Um der Substitution T eine Bedeutung fur 
das Fundamentalpolygon in der s-Ebene zu geben, mussen wir, gerade wie bei 
dem r-Polygon, jedes Dreieck, welches nach Anwendung der Substitution T 
ausserhalb des Fundamentalpolygons fallt, durch das innerhalb desselben 
liegende aquivalente congruente Dreieck ersetzt denken. In diesem Sinne 
konnen wir wieder von Transformationen des Fundamentalpolygons in sich 
selbst reden, bezw. von Drehungen in projectiven Sinne, welche das Funda- 
mentalpolygon mit sich selbst zur Deckung bringen. 

Es ist nicht schwer, die Bedeutung der iibrigen Substitutionen aus der Figur 
abzulesen, indem man aus einem Doppeldreieck durch Combination und Wieder- 
holung der den Substitutionen S und T entsprechenden Operationen die iibrigen 
Doppeldreiecke allmahlich entstehen lasst. Ich habe diese Substitutionen, da ich 
sie spater mehrfach gebrauchen werde, in die Figur des Fundamentalpolygons 
hineingefiihrt, indem ich in jedes Dreieck diejenige Operation hineingeschrieben 
habe, durch welche dasselbe aus dem mit (l) bezeichneten Dreieck entsteht. Um 
die Bedeutung einer solchen Substitution recht klar zu haben, wolle man noch 
beachten, dass dabei die Punkte a immer in einander iibergehen, desgleichen die 
Punkte b, resp. c, und anliegende Dreiecke in anliegende Dreiecke. 

Man denke sich nun statt des Fundamentalpolygons der s-Ebene am Besten 
gleich die geschlossene Flache im Raume, welche entsteht, indem man sich die 
Rander des Polygons in der angegebenen Weise zusammengeheftet denkt. Sie 
hat dann 168 eindeutige Transformationen in sich, die man sich leicht als pro- 
jective Drehungen vorstellen kann. 

Wir konnen nun aus der Figur eine wichtige Folge fiir die Gleichung : 

^V + A + i^A = (1) 

Ziehen. Bei den 168 Substitutionen nehmen die einzelnen Wertsysteme ^ifiiv 
im Allgemeinen 168 verschiedene Werte an. Die Gleichung (1) bleibt aber immer 
bestehen. Sie ist also eine Gleichung mit 168 eindeutigen Transformationen in 
sich. Den Punkten a^ b, c entsprechend, muss es auch drei Gruppen von 28, 
resp. 56 und 84 Wertsystemen 2,:(i:v geben, welche bei den 168 Transforma- 
tionen der Gleichung in sich in einander iibergehen. Wir fiihren kurz an, dass 
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diese 168 Transformationen lineare Substitutionen der X:/^:r sind. Dies ist fur 
das Folgende besonders wichtig. 

Ehe wir nun zur genaueren Betrachtung der Gleichung (1) iibergehen, 
woUen wir erst im Fundamentalpolygon gewisse Linien definiren, die wir spater 
gebrauchen, — die 28 Syrnmetrielmien. 

1. Eine Symmetrielinie vnrd aus solcJien Dreiecksseiten gehildet^ die auf dem 
gescMossenen Polygon ohne Knickung auf einander folgen. Dabei ist zu verstehen, 
auch an den Stellen, wo die Linie uber den Rand des Polygons hiniibersetzt, 
dass eine Linie ohne Knickung verlauft, wenn die Summe der Dreieckswinkel 
auf der einen Seite der Linie gleich der Summe der Dreieckswinkel auf der 
anderen Seite ist. 

2. Bine solche Symmetrielinie bildet zum Beispiel die Mittellinie der Figur, 
zusammengenommen mit ihrer Verlangerung an den Kan ten 5, resp. 10. Dass 
diese Ourven wirklich eine geschlossene Curve auf dem geschlossenen Polygon 
bilden, findet seine Bestatigung in den kleinen Nebenfiguren, welche den Zusam- 
menhang des Polygons in den Ecken der einen, resp. der anderen Art schildern. 

3. In Bezug auf diese Curve ist die Figur offenbar symmetrisch im gewohn- 
lichen Sinne, denn sie liegt an sich in der 5-Ebene Punkt fur Punkt symmetrisch, 
imd iibrigens, wie aus der beziiglichen Tabelle hervorgeht, ist auch die Verbin- 
dungsweise der Kanten in Bezug auf diese Linie durchaus symmetrisch. 

4. Aus dem Bildungsgesetz der Symmetrielinien ist sofort klar, dass bei 
Anwendung irgend einer der 168 Substitutionen aus dieser ersten Sy°inaetrielinie 
immer eine zweite hervorgeht, die im Allgemeinen eine kreisformige Gestalt 
haben wird, bezw. aus kreisformigen Stiicken bestehen wird. Im besonderen 
Falle kann das einzelne neue Stiick geradlinig werden. Da bei einer solchen 
Substitution das Fundamentalpolygon in sich selbst transformirt wird, so ist die 
Figur auch in Bezug auf die zweite Symmetrielinie symmetrisch, d. h. symme- 
trisch im projectiven Sinne. 

5. In der Gruppe von 168 Substitutionen sind diese symmetrischen Umform- 
ungen des Fundamentalpolygons nicht einbegriffen, wohl aber die Combina- 
tion derselben zu je 2. Es gibt aber einen Gesichtspunkt, unter welchem sich 
die zweierlei Operationen zusammenfiigen. Nehmen wir namlich auch solche 
Umformungen in Betracht, die schraflSrte Dreiecke in nicht schraffirte Dreiecke 
iiberfiihren, so bekommen wir eine erweiterte Gruppe von 2.168 Substitutionen, 
innerhalb deren die Qi^ als ausgezeichnete Untergruppe enthalten ist. Unter 
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diesen Substitutionen findeii sich iinsere symmetrischen Umformungen mit vor. 
Dieselben sind solche Substitutionen unter den 2.168, bei denen jedesmal eine 
Symmetrielinie Punkt fiir Punkt in sich iibergeht. 

6. Aus diesen Betrachtungen sehen wir, dass die Symmetrielinien gegeniiber 
der (rieg gleichberechtigt sind, so dass wir immer nur eine zu betrachten haben, 
um Satze iiber alle zu erhalten. Als die einfachste Symmetrielinie wahlen wir 
die oben beschriebene, die wir als Grundlinie bezeichnen wollen. 

7. Die Haupteigenschaft der Symmetrielinien ist nun die folgende, die sich 
sofort an der Grundlinie constatiren lasst. Die auf einer Symmetrielinie liegenden 
Pimkte a, bj c haben eine ganz bestimmte Aufeinanderfolge. Es sind von jeder 
Sorte jedesmal sechs, deren Reihenfolge durch die dreimalige Wiederholung des 
folgenden Schemas angegeben trnrd : 

{abc bac). 

8. Hieraus ergibt sich sofort die Anzahl der Symmetrielinien. Es liegen 
namlich auf jeder Linie 6 Punkte jeder Art ; durch jeden Punkt a laufen 7 
Linien, durch jeden b 3, durch jeden c 2. Die Anzahl der Symmetrielinien ist 

also 24.7 56.3 84.2 ^^ 

6 6 6 

Es wird wohl auch von Nutzen sein, noch den Verlauf einer zweiten, in der 
Figur etwas complicirteren Symmetrielinie genau anzugeben. Wahlen wir also 
beispielsweise die Linie, wovon der eine Teil die Punkte i^und G auf den 
Kan ten 12, resp. 3 verbindet. Dieselbe lauft von F nach O, dann, da die 
Kanten 3 und 8 zu verbinden sind und G und & daher zusammenfallen, von CP 
nach Hj dann, da 5 und 10 zu verbinden sind, von W nach F\ und F' fallt mit 
F zusammen. In ahnlicher Weise sind alle anderen Symmetrielinien aus den 
verschiedenen Kreisbogenstiicken des Fundamentalpolygons in der s-Ebene 
zusammenzusetzen. 

§3. 

Au/zdhlung der Symmetrielinien unter ZugrwndeUgwng von einer derselben. 

Da es 28 Symmetrielinien gibt, so bleibt jede derselben bei 6 Operationen 
der G^ies ungeandert. Wir wollen dieselben bei der Grundlinie aufzahlen, womit 
im Princip die Aufzahlung fiir alle anderen mit gemacht ist ; denn wegen der 
Gleichberechtigung der Symmetrielinien entsteht immer eine solche Untergruppe 
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von 6 Operationen durch Transformation einer ersten solchen vermittelet irgend 
einer Substitution der Gi^. 

Durch einfache Betrachtung der Figur ergibt sich sofort das Resultat : die 
Untergruppe von 6 Operationen, bei der die Grundlinie in sich iibergeht, entsteht 
durch Combination und Wiederholung der beiden erzeugenden Substitutionen : 

5r(von der Periode 2) , 
U{voii der Periode 3) , 

wo ich der Kiirze halber die Substitution TS^ TS*TS^ mit U bezeichnet habe. 
Die 6 Operationen der betretfenden Untergruppe heissen dann 

I, U, IP, T, TU, TIP, 

von denen die drei letzten die Periode 2 haben. Bei den Substitutionen der 
Periode 2 bleiben jedesmal zwei Punkte c der Grundlinie fest, wjihrend sich die 
Grundlinie, so zu sagen, um dieselben dreht, so dass sich die beiden Teile, in 
welche sie durch die Punkte c zerlegt wird, gegen einander vertauschen. Bei 
den Substitutionen von der Periode 3 wird die Grundlinie um ein Drittel ihrer 
Lange verschoben (projectivisch zu verstehen). 

Es ist nun niitzlich, die ubrigen 27 Symmetrielinien gegeniiber dieser Grund- 
linie zu gruppiren, wobei die genannte (?« zur Geltung kommt. Hierbei erhalten 
wir folgende Aufzahlung: 

I. Die drei dunn avsgezogenen Lmien. Die ubrigen Symmetriclinien liegen 
im AUgemeinen in Bezug auf die Grundlinie paarweise symmetrisch. Drei al)er, 
die dunn ausgezogenen Linien der Figur, sind mit sich selbet symmetrisch. Sie 
schneiden die Grundlinie je in zwei solchen Punkten c, die bei einer Substitution 
der Periode 2 fest bleiben, und alle drei schneiden einander in zwei symmetrisch 
liegenden Punkten h. Diese beiden Punkte h bleiben bei der genannten Sul>sti- 
tution V von der Periode 3 fest, wahrend die drei Symmetriclinien die wir 
betrachten sich dabei cyclisch permutiren. In der That diirfte da« Verbal ten 
der ganzen Figur bei dieser Substitution als eine Drehung (im projectiven Sinne) 
von der Periode 3 um diese beiden Punkte h herum betrachtet werden. Den 
Verlauf der einen Linie dieser Art haben wir schon studirt. Der Verlauf dor 
anderen ergibt sich leicht unter Benutzung der Tabelle fur die Zusammenge- 
horigkeit der Eanten des Polygons. 

Von den verschiedenen Arten von Symmetrielinien greifen wir jedesmal 
eine ak Beispiel heraus, denn das Verhalten der anderen ist an der einen leicht 
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zu ersehen, und nennen einige-der Substitutionen, bei welchen dieselbe aus der 
Grundlinie hervorgeht. In diesem Sinne wird beispielsweise diejenige, deren 
Verlauf wir schon studirt haben, bei den Substitutionen S^TSmhA S^TS^ aus der 
Grundlinie hervorgehen. 

II. Die zweite Art besteht aus drei Paaren beziehungsweise symmetrisch 
liegender Linien, von denen jedes Paar durch zwei Punkte b der Grundlinie 
hindurchlaufen. Dieselben sind in der Figur punktirt. Das eine Paar geht aus 
der Grundlinie beispielsweise bei den Substitutionen S^TS^, resp. S*TS* hervor. 
Bei den Transformationen der G^ gehen diese Curven paarweise in einander 
fiber. 

III. Die Linien der dritten Art (in der Figur strichpunktirt) schneiden die 
Grundlinie gar nicht. Sie verteilen sich aber auf drei Paare symmetrisch 
liegender Curven, welche bei der G^ in einander ubergehen. Von diesen Linien 
schneidet sich jedes Paar zusammengehoriger in zwei zur Grundlinie symme- 
trischen Punkten c. Dieser Umstand wird spater von Interesse sein. Das eine 
Paar geht aus der Grundlinie beispielsweise bei den Substitutionen S^TS, resp. 
S^TS^ hervor. 

IV. Die Linien der vierten Art (in der Figur gestrichelt) verteilen sich 
auf zwei Gruppen von je sechs, die aber keinen wesentlichen Unterschied von 
einander erweisen. Die erste dieser Gruppen besteht aus den sechs Geraden, 
welche ausser der Grundlinie durch den centralen Punkt A der Figur hindurch- 
laufen, nebst den zugehorigen Verlangerungen an den Kanten der Figur. Jede 
dieser Linien ergibt sich aus einfacher Drehung der ganzen Grundlinie urn den 
Punkt A, also durch Anwendung der Substitutionen S, S^j . . . . S^. Sie 
schneiden sich auf der Grundlinie in zwei weiteren Punkten a, und zwar in 
denjenigen, die bei den in der G^ enthaltenen Substitutionen von der Periode 3 
aus A hervorgehen. Sonst schneiden sie weder die Grundlinie noch einander. 

Die zweite Gruppe besteht aus den sechs Linien, welche sammtlich durch 
die ubrigen 3 Punkte a der Grundlinie hindurchlaufen, und aus der Grundlinie 
bei den Substitutionen ST, S^T, . . . . /S'* 7" hervorgehen. 

Gegenfiber der G^ spalten sich diese 1 2 Linien auf etwas andere Weise ; 
doch ist die Spaltung wieder in zwei Gruppen von je sechs, und zwar enthalt 
die erste Sechs drei Curven, welche durch die ersten drei Punkte a gehen, sowie 
drei Curven durch die zweiten drei Punkte a, wahrend die zweite Sechs diejen- 
igen sechs Curven enthalt, die zu denen der ersten Sechs bezuglich der Grundlinie 
symmetrisch sind. 
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§4. 

Festlegung der zum FuTidamentalpolygon gehorigeti Normalgleichung. 

Wie oben schon erwahnt wurde, reducirt sich die Untersuchung aller zum 
Fundamentalpolygon gehorigen Functionen auf die Betrachtung zweier Funda- 
mentalfunctioneu ^:(i:v, zwischen denen die algebraische Relation besteht : 

Alle im Fundamentalpolygon eindeutigen Functionen ohne wesentlich singulare 
Punkte sind namlich rationale Functionen der Verhaltnisse 2,:fi:v . In diesem 
Sinne bilden X:(i:v ein voiles System der zugehorigen Functionen. 

Die angegebene Gleichung wird wegen ihrer Einfachheit die Normalgleichung 
genannt. Dieselbe ist, wie in §2 gesagt wurde, eine Gleichung mit 168 linearen 
Substitutionen in sich. Diese Gruppe von 168 Substitutionen entsteht durch 
Wiederholung und Combination der beiden folgenden erzeugenden Substitu- 
tionen, welche den r-Substitutionen entsprechend auch mit S und T bezeichnet 
werden mogen : 

AS'(von der Periode 7) : 

^(von der Periode 2) : 

fi' = BX+ 0(1+ Av, 
wobei gesetzt wird : 

^_,^ ^_z!_-_/ ^- /-/ G-^^-^ * 

Die Aufgabe der Untersuchung der Normalgleichung ist zunachst eine rein 
algebraische. Es wird aber kiirzer und bequemer sein, wenn wir die dabei 
auftretenden Satze gleich in geometrischer Sprechweise formuliren. Deuten wir 
also ^'.(iiv als Punktcoordinaten in der Ebene, so stellt die Gleichung eine 
Curve vierter Ordnung ohne DoppelpunTct und ohne Ruckkehrpunkt, also eine Curve 
mit 24 Wendepunkten und 28 Doppeltangenten dar. Wir berichten nun weiter, 
dass die Punkte a, h^ c des Fundamentalpolygons eine sehr einfache Bedeutung 
haben. Den 24 Punkten a entsprechen namlich die 24 Wendepunkte, den 56 



*In den sp&teren Berechnungen werden folgende identische Belationen zwischen den Grossen 

A^ B ^ C ntitzlich sein : 

^-|-B-|-C-|-1 = 0, JlB + BC+C^zzO, 

il»B-|-B»C+CM = 0, il*B + B*C+CM=0, 

7ABC= 1 . 
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Punkten h entsprechen die 56 Beriihrungspunkte der 28 Doppeltangenten. 
Endlich besitzt die Curve 84 sogenannte sextaktische Punkte, und dieselben 
entsprechen den 84 Punkten c. Es werden in der Folge der Bequemlichkeit 
halber diese merkwiirdigen Punkte auf der Curve ebenfalls mit den Namen 
a, bf c bezeichnet. 

Was die Configuration der merkwiirdigen Punkte angeht, so sind folgende 
Satze von besonderer Wichtigkeit : 

1. Die 24 Punkte a (die Wendepunkte) verteilen sich auf 8 Tripel, indem 
jedesmal die 3 Punkte eines Tripels die Ecken eines Dreiecks sind, dessen Seiten 
die zugehorigen Wendetangenten bilden. 

2. Unter den Collineationen der Curve in sich gibt es 21 von der Periode 
2, welche also Perspectivitaten sind. Jede Perspectivitatsaxe schneidet die Curve 
in 4 Punkten, welche bei der betreffenden CoUineation festbleiben, und diese 
21 .4 = 84 Punkte sind eben die 84 sextaktischen Punkte c. 

Wir woUen endlich noch in diese m Kapitel die Formeln angeben, welche 
die Abhangigkeit der X:ii:v von r ausdriicken. Dieselbe driickt sich durch 
3-Reihen aus. Urn nicht zu viele neue Bezeichnungen einzufiihren, telle ich 
dieselben in folgender einfachster Form mit : 

pX = _ gT y^ (_ 1) Y* (* + 1)[^(2* + 1) _ ^-(«* + l)] ^ 



* = 



oo 

wobei q = e*" und p ein Proportionalitatsfactor ist. 

ZWEITER AbSCHNITT. 

Deutung der reellen Elemente der Gleichung durch eine Curve in der Ebene. 

Als Vorbereitung zu der spateren Entwickelung der in der Einleitung 

beschriebenen mehrfachen Ueberdeckung der Ebene sollen jetzt die reellen 

Elemente der Gleichung : 

XV + A + v^X=0 (1) 

festgestellt werden und die geometrische Deutung derselben, zunachst im Sinne 
der Punktgeometrie, dann aber in engerer Beziehung zu dem Folgenden im 
Sinne der Liniengeometrie gegeben werden. 
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§5. 

Der reelle Gurvenzug. 

Bei der folgenden Untersuchung konnen wir einerseits von der Gleichung (1), 
andererseits von der Darstellung von ^-.^lw durch Potenzreihen, die nach 
q = c**^ fortschreiten, ausgehen. Schreiben wir dieselben in der zu der Berech- 
nung zweckmassigen Form : 

pX = - }T(_ j-» 4- 1 + jio_ . . . .), 

_4 

Pi^= 9'(— ?"* + ?'+9' )» 

16 
r= 9^— 9"^+?^+?^ — ), 



ISO ist zunachst klar, dass die Werte T = a + 2>i und t= — a + 6i conjugirt 
imaginare Werte von j, also auch conjugirt imaginare Werte von 2.:[i:v ergeben. 
Es werden also nur solche Werte Xiftiv reelle sein, welche bei Spiegelung gegen 
die Axe des Imaginaren in der r-Ebene ungeandert bleiben. Nun betrachte 
man das in der T-Ebene gelegene Fundamentalpolygon, welches die Gesammtheit 
der Wertsysteme Jl : jt^ : r wiedergibt. Offenbar miissen jedenfalls die Punkte der 
Mittellinie (Axe des Imaginaren) reelle Xifxiv ergeben. 

Ausserdem ergeben reelle ^:[i:v solche Randstiicke des Polygons, welche 
mit denjenigen Kandstiicken, die in Bezug auf die Mittellinie ihre Spiegelbilder 
sind, gerade zusammengeordnet sind. Es sind dies, wie aus Figur 3, resp. aus 
der Tabelle auf Seite 13 zu ersehen, nur bei folgenden Stiicken der Fall : 

1. Die beiden begrenzenden Halbkreise, welche im Punkte t=0 mit der 

Mittellinie zusammenstossen ; 

7 

2. Die beiden begrenzenden verticalen Geraden durch die Punkte t = — - , 

7 
resp. t = — — ] 

3. Die begrenzenden Halbkreise durch dieselben Punkte ; 

4. Diezwei Paare begrenzender Halbkreise, deren Diameter die Strecken 

. , 16 -. 7 , 7 , . 17 

sind : ifc -jy- bis rfc — , und ifc — bis dr -^r- . 

Das sind nun gerade diejenigen Stiicke, die mit der Mittellinie zusammen 
nach unseren friiheren Angaben, wie der Vergleich der Figuren der T-Ebene 
und der s-Ebene zeigt, die eine Symmetrielinie, die wir als Grundlinie genommen 
haben, ausmachen. Wir haben daher folgenden 
3 
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Satz : Die Ihmkte der von una hereits ausgezeichneten Symmetrielinie ergehen 
sdmmtlich reelle Werte von Jl : /i : r , mid sie Bind die eimdgen Punkte, die diese Eigen- 
schaft hesitzen. 

Iq dieser Thatsache liegt auch der Grand dafiir, dass wir diese Symmetrie- 
linie als Grundlinie angenommen haben. Uneere Curve hat also einen und nur 
einen reellen Curvenzug. Derselbe entepricht genau der Symmetrielinie, und 
muBS also eine geschlossene Curve bilden ; femer milssen merkwiirdige Punkte 
a, h, c in der bekannten Anzahl und Aufeinanderfolge, welche durch die drei- 
malige Wiederholung des Schemas : 

(ahc hac) 
angegeben wird, darauf liegen. 

Um jetzt dieaen einen reellen Curvenzug zu zeichnen, folgen wir dem Princip. 
Gleichberechtigtes auch fiir das Auge moglichst gleichartig hervortreten zu lassen. 
Wir wahlen also das Coordinatendreieck (/L, (t, v) als gleichseitiges Dreieck und die 
X-.fi-.v mit den Abstanden von den Dreieeksseiten selbst proportional, wobei 
X -{- (I + V =■ die Gleichung der unendlich fernen Geraden iet. Dann erhalt 
man fiir den reellen Curvenzug die einfache Gestalt der Figur 4. 
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• 

Hierbei sind die merkwiirdigen Punkte alle mit den zugehorigen Buchstaben 
a, b, c bezeichnet, und haben ofFenbar die angegebene Reihenfolge. Die Figur 
ist femer symmetrisch in Bezug auf drei Geraden durch den Mittelpunkt der 
Figur. Diese drei Symmetrieaxen sind als Perspectivitatsaxen aufzufassen, 
wobei die zugehorigen Perspectivitatscentra in einer Richtung die gegen die 
bezugliche Perspectivitatsaxe senkrecht steht im Unendlichen liegen. Die reellen 
Punkte c liegen zu je 2 auf diesen 3 Geraden, wahrend die Punkte a auf einem 
Kreis, die Punkte b auf einem zweiten Kreis, um den Mittelpunkt der Figur 
liegen. Endlich bilden die Ecken des Coordinatendreiecks ein solches Wende- 
tripel, wie wir gegen Ende des vorigen Paragraphen schon definirt haben, und 
vermoge der Symmetrie der Figur bilden die iibrigen Punkte a ebenfalls ein 
solches Wendetripel. Ich werde in den folgenden Paragraphen zunachst angeben, 
wie diese Figur construirt worden ist. 

§6. 
Die reellen Punkte a und b. 

I. Die Punkte a. Drei reelle Punkte a folgen sofort aus der Form der 

Curvengleichung. Denn, setzen wir da yl=0 hinein, so folgt |[^V = 0. Die 

Gerade yl = schneidet die Curve also wenn v = einfach, wenn fi = dreifach. 

Es ist also A, = eine Wendetangente im Punkte [i=^0. Ebenfalls sind auch 

die Geraden jt^ = und r = Wendetangenten im den Punkten r = , resp. 

X=0. Es ist also die Behauptung, dass die Ecken des Coordinatendreiecks ein 

Wendetripel bilden, bestatigt. Wir haben somit fiir diese 3 Wendepunkte resp. 

folgende Coordinaten : 

0:0:1, 1:0:0, 0:1:0. 

Um die drei anderen reellen Wendepunkte zu finden, ziehe ich die Untergruppe 

von sechs Collineationen heran, durch welche der reelle Curvenzug in sich 

iibergeht. Diese Collineationen transformiren reelle Punkte in reelle Punkte 

und sind daher reell. Sie entsprechen genau den Substitutionen der G^y bei der 

die Grundlinie des Fundamentalpolygons in sich iibergeht. Die Collineationen 

von der Periode 3 lassen sich sofort aus der Form der Gleichung erschliessen. Die 

eine lautet namlich : 

U:* X = ii, fi' = v, r' = ;i, 

* Dass diese CoUineation sich gerade so aus den erzeugenden CoUineationen S und T zusammen- 
setzen Iftsst, wie die entsprechende Substitution des Fundamentalpolygons, ist durch einf ache Rechnung 
za beweisen. 
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und die andere ist die Wiederholung von dieser. Die drei reellen CoUineationen 
von der Periode 2 stellen einfach die Spiegelungen der Curve gegen die drei 
schon genannten Symmetrieaxen dar. Von diesen ist die eine diejenige CoUine- 
ation, die wir friiher mit Tbezeichnet haben : 

^^ = Ak + Bii+ Gv, 
fi' = B2.,+ G(i + Av, 
v'= GX + Afi + Bv. 

Bei den Substitutionen der Periode 3 permutiren sich die schon gefundenen 
Wendepunkte cyclisch. Bei den perspectivischen CoUineationen dagegen gehen 
dieselben in die drei Punkte iiber : 

G:A:B, A:B:G, B:G:A. 

Diese drei Punkte sind also die anderen reellen Wendepunkte der Curve, und 
bilden untereinander auch ein Wendetripel. 

Aus diesen CoUineationen erfahren wir nebenbei noch die Gleichungen der 
Perspectivitatsaxen. Denn dieselben teilen ofFenbar die inneren Winkel je zweier 
symmetrisch liegender Wendetangenten in zwei gleiche Halften, und laufen dabei 
durch den Mittelpunkt der Figur (1:1:1). Es lautet daher die Gleichung der 
einen Perspectivitatsaxe : 

X + X = iJt^ + (i = v' + v = 0, 

die sich auch auf die Form bringen lasst : 

BG:i + AB(i+ GAv = 0. 

Die Gleichungen der beiden anderen Perspectivitatsaxen ergeben sich hieraus 
sofort durch cyclische Vertauschung der CoeflBcienten von ^ , ^ , r . 

II. Die Punkte b. Die Berechnung der reellen Doppeltangenten, bezw. 
ihrer Beriihrungspunkte geschieht am einfachsten, wenn man zunachst die 
folgende Identitat betrachtet : 

= 49{X + (i + v){G^^ + B'ix + A'v){&^ + Ay + G\){A^% + G^ + B'v) 

— \7} + i^ + v^ + Z (V + iiv + vX)Y = 0. 

Aus dieser Form der Gleichung geht ohne Weiteres hervor, dass die reellen 
(Jeraden: ;t + /< +V =0, 
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alle Doppeltangenten der Curve sind, und zwar liegen ihre Beriihrungspunkte 
sammtlich auf dem Kegelschnitt (der sich vermoge der Symmetrie des Coordina- 
tensystems als ein Kreis erweist) : 

2? + lx^ + v^ + S {Xfi + (iv + vX) — . 

Die erste dieser Doppeltangenten ist die unendlich feme Gerade, und ihre 
Beriihrungspunkte sind die imaginaren Kreispunkte : 

1 : a : a* und 1 : a* : a . 

Die iibrigen 3 Doppeltangenten haben aber reelle Beriihrungspunkte, und diese 
sechs Punkte sind die gesuchten sechs reellen Punkte b . 

§7. 
Berechnung der Pmikte c und einzelner intermedidrer Punlcte. 

Wir haben oben schon bemerkt, dass die Punkte c auf der Curve von den 
21 Perspectivitatsaxen ausgeschnitten werden. Da die Elimination zwischen 
der Gleichung einer Axe und der Curvengleichung zu einer Gleichung vierten 
Grades fiihrt, deren Auflosung betrachtliche Schwierigkeiten darbieten wiirde, 
wenn man ohne besonderen KunstgrifF verfiihre, wird folgendermassen verfahren. 
Bei einer CoUineation der Periode 4 bleiben drei Punkte der Ebene fest. Die 
Wiederholung einer solchen CoUineation ergibt eine CoUineation der Periode 2, 
also eine Perspectivitat, bei welcher ein Punkt, das Perspectivitatscentrum, 
festbleibt, und eine gerade Linie, die Perspectivitatsaxe, Punkt fiir Punkt unge- 
• andert bleibt. Die CoUineation der Periode 4 ist daher fiir die Punkte der 
Perspectivitatsaxe nur von der Periode 2. Von den drei Fixpunkten dieser 
CoUineation fallt dabei der eine notwendig mit dem betreflfenden Perspectivi- 
tatscentrum zusammen, wahrend die beiden anderen auf der zugehorigen Perspec- 
tivitatsaxe liegen. Die Punkte der Axe liegen also paarweise involutorisch, 
und die beiden Fixpunkte sind die Doppelpunkte dieser Involution. Wir wissen 
nun, dass irgend zwei zusammengehorige Punkte bei einer Involution zu den 
beiden Doppelpunkten derselben harmonisch liegen. Aber die Punkte c, die 
eine Axe aus der Curve ausschneidet, gehen bei der CoUineation von der 
Periode 4 notwendig in sich iiber. Sie verteilen sich also auf zwei zu den auf 
der Perspectivitatsaxe gelegenen Fixpunkten harmonische Paare. Wir sind 
hiermit auf folgende Art der Berechnung gefiihrt. 
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Es werden zuerst die beiden Fixpunkte auf der Perspectivitatsaxe aus den 
Transformationsformeln berechnet, was mit Hilfe einer Quadratwurzel geschehen 
wird, und dann erst mit deren Zuhilfenahme die Schnittpunkte der Axe mit der 
Curve vierter Ordnung. Bei letzterem Ansatze werden wir dabei notwendiger- 
weise auf eine Gleichung vierten Grades gefiihrt, in der die CoefEcienten der 
ersten und dritten Potenzen der Veranderlichen Null sind, deren Auflosung also 
nur zwei Quadratwurzeln erfordert. 

Ich werde dies jetzt ausfiihren. Zu dem Zwecke wahle ich die perspec- 
tivische CoUineation Taus, und berechne die zugehorige CoUineation der Periode 
4, indem ich die entsprechenden Congruenzen der r-Ebene zuhilfe nehme, und 
die Bildung derselben aus den erzeugenden Congruenzen untersuche. Es ergibt 
sich dass die Congruenz 

eine solche Congruenz von der Periode 4 ist, deren Wiederholung die erzeugende 
Congruenz : 

T: 1^ = —^ (mod 7) 

ergibt. Es kommt jetzt darauf an, B als Combination von S und T darzustellen. 
Es ergibt sich leicht : 

Dementsprechend lasst sich die gesuchte CoUineation der Curve durch die ent- 
sprechende Combination der Collin eationen S und Terzeugen. Ich unterdriicke 
die Zwischenrechnung, da sie durchaus einfacher Natur ist. Das Resultat ist, 
dass sich die CoUineation R folgendermassen darstellt : 

R: i p|u' = y» (^y«A + 5y V + Cyh), 
^ f,v' = / (-B/a + 6VV + -^fv) . 

Zur Kontrolle bilden wir uns die Wiederholung dieser CoUineation : 

pX" = {C^/ + Ay + B'y)7^ + {GA + ABy + BGf)(i + {BCf + GAy' + AB) v 

= A%-V Bii-\- Gv, 
pfi" = {CA + ABy + B Gy^) % + {Ay + jB»/ + Cy ) fi + {ABy* -\- BG-\- GAy*) v 

= BX+ G(i + Av, 
pr" = (5 C7y» + GAy^ + AB) A, + {ABy' + BG+ GAy*) (i + (5*y +Gy + Ay) v 

= Gy, -\- An -\- Bv. 
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Es ist also in der That die Collineation B eine solche, deren Wiederholung die 
CoUineation T.ergibt, d. h., die Collineation R ist eine derjenigen zwei, die wir 
suchen. 

Setzen wir hier A,' = A, , fi' ^=fi, r' = r , so bekommen wir fiir p die drei Werte : 



p=l, +V— 1, -V-1, 
und die Fixpunkte der Collineation B sind demnach das Perspectivitatscentrum : 

X:(i:v = BC:AB: GA, 
und die beiden auf der entsprechenden Perspectivitatsaxe liegenden Punkte: 

1 + V7.fi^ 1 + VJ.A^: 1 + V7". a^ 
1_V7.52: 1—\^7.A': 1 — V? . (7^ 

Urn nun die Schnittpunkte dieser Perspectivitatsaxe mit der Curve zu 
berechnen, setzen wir nach den Vorschriften der analytischen Geometrie 

X = {1 + V7". ^) + p (1 — V7 .5«) , 

^ z= (1 + Vl.A^) + p (1 — V7. A^), 

V = (1 + \/7. CT') + p (1 — vt". a*), 

wo p ein Proportionalitatsfaetor ist, in die Gleichung der Curve hinein. Wir 

bekommen so eine Gleichung vierten Grades in p, die sich auf folgende Form 

reducirt : 

(21 — 8 V7) p^ + 6p* + (21 + 8 V7) = , 

WO also in der That die Glieder mit p' und p fehlen. Hieraus ergeben sich dann 
mit Hiilfe von nur 2 Quadratwurzeln folgende Werte von p : 

± 1 



p = ±V21 + 8V7undp = ^^^^=-^=^, 

von denen die beiden ersten Werte reell, die beiden letzten dagegen imaginar 

sind. 

Damit haben wir die zwei reellen Punkte c gefunden, die auf der gewahlten 

Axe liegen. Hieraus folgen aber sofort alle sechs reelle c, denn es liegen auf 

jeder der reellen Axen zwei. Die Coordinaten der ersten zwei reellen c, die 

auf der Axe : 

BGX + ABfi^ GAv = 
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liegen, werden durch die Pormeln gegeben : 



• p;i = (H- V7.5»)d= V21 + 8\/7.(l— \/7".5»), 
pit^ z= (1 + Vf. A*) =b V2I + 8\/7".(l — Vf.^*), 
pi- = (1 + \/T.G^) zb V21 + 8\/7.(l — V7. (7*) , 

oder, numerisch : ^:fi:v=^ 2.24 : — 0. 15 : 0.91 

und X : (i: V = — S .01 : 4 .Ti : 1 .28 , 

und die Coordinaten der entsprechenden Punkte c auf den anderen Axen ergeben 
sich durch cyclische Vertauschung der hiermit gegebenen. 

Die Coordinaten dieser Punkte a, b, c konnen wir natiirlich auch aus den 
Reihen in r berechnen. Indessen habe ich der algebraischen Methode den 
Vorzug gegeben, da die Beziehung zur Gruppe von 168 Transformationen dabei 
deutlicher hervortritt. Die r-Reihen habe ich noch benutzt, um neben den 
jetzt gefundenen a, b, c einige intermediare Punkte des reellen Curvenzugs zu 
berechnen. Ich gebe eine kleine Tabelle solcher Punkte, und bemerke nur noch, 
dass jeder Punkt, dessen Coordinaten in der Tabelle angegeben worden sind, 
eigentlich vermoge der dreifachen Symraetrie der Figur als Reprasentant eines 
Systems von sechs Punkten angesehen werden darf. insofem nur die georaetrische 
Construction der Curve in Betracht kommt. 

X [jL V 

— 0.003 0.273 2.730 

— 0.06 0.71 2.35 

— 0.28 1.09 2.18 

— 0.36 1.19 2.17 

— 0.92 1.67 2.26 

— 1.59 2.31 2.38 

Au8 den in §§6, 7 nunmehr gefundenen Punkten ist Fig. 4 construirt worden. 

§8. 

Reelle Verbindv/ngslinien imagindrer Pv/ahte a. 

Die iibrigen Punkte der Curve sind nun alle imaginar ; sie kommen aber 
immer paarweise conjugirt vor, wo jedes Paar durch eine reelle Gerade ver- 
bunden ist. Wir interessiren uns natiirlich hauptsachlich fiir die Verbindungs- 
linien, welche die imaginaren Punkte a, 6, cin diesem Sinne besitzen. Von 
denselben stehen einige in sehr einfacher Beziehung zu den schon bestimniten 
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Linien der Figur. Wir finden beispielsweise folgende Satze iiber die Lage der 

Verbindungslinien imaginarer a . 

Die 18 imaginaren Punkte a ergeben sich aus den reellen a des zweiten 

Dreiecks durch Anwendung der Collineationen S, S^, . . , . S^. Nun gehen aus 

dem Punkte : 

T^i^iw =:- A\ B:C 

bei den Substitutionen S, resp. S^ folgende conjugirt imaginare Punkte hervor : 

yA'.Y^B'.Y^G, 

Y^A:fB:Y^C, 

und die Gleichung der reellen Verbindungslinie derselben lautet : 

Die drei in Bezug auf das Coordinatendreieck syrametrisch liegenden Verbind- 
ungslinien, von denen die eine die eben angegebene ist, bilden ein Dreieck, 
dessen Ecken die Schnittpunkte folgender Paare von reellen Wendetangenten 

sind : 

a = , X' = ^;i + i?^ + Cr = 0, 

li = {)^v' = G% + Afi^ Bv = 0, 

r = 0, ii! = B'K'{- Cfi-^- Av = 0, 

Ganz ahnliche Satze gelten fiir die iibrigen sechs Verbindungslinien conjugirt 

imaginarer Punkte a. Diese neun Verbindungslinien finden sich punktirt in der 

Figur vor. 

Es besteht auch zwischen diesen Verbindungslinien und den reellen Doppel- . 

tangenten eine sehr einfache Relation. Es verbindet namlich die Doppel- 

tangente : 

a-;i + B'fi + Ah' = 

die Schnittpunkte folgender sechs Paare von Geraden, von denen die einen reelle 
Wendetangenten, die anderen reelle Verbindungslinien imaginarer Wendepunkte 

sind : 

yi = 0, ABJ^+'B'u +Ah =0, 

u = 0, C'X + CAu + Ah' = 0, 

r = 0, C'?i +B'(i +BCv = 0, 

X^ = 0, BGa + Cy +B'v =0, 

// = 0, A'7i +ABI1 + &V =0, 

r' = 0, A'X + G'fi + GAi = 0. 
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Ganz ahnliche Satze gelten auch fiir die beiden anderen im Endlichen gele- 
genen reellen Doppeltangenten, wie sofort an der Figur nachzuweisen ist. 

§9. 

i 

Reciprocation der Figur. 

Der Zielpunkt vorliegender Arbeit ist die Bildung der zu unserer Normal- 
gleichung im Sinne der Einleitung gehorenden mehrfachen Ueberdeckung der 
Ebene. Hierbei darf man aber ^i^iw nicht mehr als Punktcoordinaten 
betrachten, man muss sie vielmehr als Liniencoordinaten einfiihren. Um also 
die eigentliche Grundlage fiir diese Arbeit zu erhalten, miissen wir die Unter- 
suchung der vorigen Paragraphen umkehren, und die Figur der reciproken Curve 
betrachten. Wir bekommen dabei, allgemein zu reden, eine Curve vierter 
Classe mit 24 Spitzeu und 28 Doppelpunkten. 

Speciell, die Reciprocation des reellen Curvenzugs ergibt einen reellen Cur- 
venzug mit 6 reellen Spitzen und 3 reellen Doppelpunkten. Ausserdem besitzt 
die reciproke Curve, der isolirten unendlich fernen Doppeltangente entsprechend, 
welche die Curve vierter Ordnung hatte, ihrerseits einen reellen isolirten Doppel- 
punkt, der notwendigerweise im Mittelpunkte der Figur liegt. 

Um dies jetzt constructiv durchzufiihren, wird es ofFenbar vorteilHaft sein, 
in Bezug auf einen solchen Kegelschnitt zu reciprociren, dass die Coordinaten 
eines Punktes der einen Curve unter Festhaltung des Coordinatensystems unver- 
jindert die Coordinaten der entsprechenden Tangenten zur reciproken Curve 
wiedergeben. Eine solche Reciprocation wird mittelst des Kegelschnitts 

^^ + f^ + v'=0 
geleistet, denn die Gleichung der Polargeraden eines Punktes >li : /Wi : vi lautet : 

hat also dieselben Grossen A^i, iii, vi zu Coordinaten wie der Punkt selbst. Dieser 
Kegelschnitt ist aber, wenn wir dasselbe Coordinatensystem benutzen wie vorhin, 
ein imaginarer Kreis, und wir miissen zunachst die geometrische Deutung einer 
auf diesen imaginaren Kreis beziiglichen Reciprocation untersuchen. 

Will man in Bezug auf einen imaginaren Kreis reciprociren, dessen Gleich- 
ung in gewohnlichen rechtwinkligen Coordinaten lautet : 

x* + y» + ^ = 0, 
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80 ist das dasselbe, als wenn man in Bezug auf den reellen Kreis 

^ + y^ — t' = 

reciprocirt, und dann die ganze Figur urn 180° um den Mittelpunkt herumdreht. 
Urn da& entsprechende Resultat fiir unseren Fall durchzufiihren, setzen wir : 

^i + afi + a^v = X + yi, 



2iv 



wo 



a = e 



8 



Diese Transformation entspricht einer Transformation auf ein rechtwinkliges 
Coordinatensystem (a, y), wo die x-Axe parallel zur Geraden ;i= durch den 
Mittelpunkt des Coordinatendreiecks gezogen ist, und die y-Axe senkrecht zur 
x-Axe steht und ebenfalls durch den Mittelpunkt des Coordinateiisystems lauft, 
wie in folgender Figur gezeigt wird : 




Fio. 5. 

Aus den Transformationsformeln haben wir sofort : 

X^ + fi^ + v'^+ 2{?i(i + (iv + v?i) = t\ 
7i? + ti^ + v^— (V + f^^ + rX) = 7? + y^. 
Also lautet die Gleichung des imaginaren Kreises in rechtwinkligen Coordinaten : 

und die Gleichung des entsprechenden reellen Kreises : 

2 (cB« + y«) — ^ = 

lautet in homogenen Coordinaten ^, [i^ v: 

?? + f? + v^ — 4 {'Kfi + iiv + vX) — 0. 
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Wir konnen also die Reciprocation auf die Weise geometrisch durchfuhren, dass 
wir in Bezug auf den letztgenannten Kreis (der iibrigens in der Figur ganz genau 
gezeichnet ist) reciprociren, und dann die ganze Figur um 180° um den Mittel- 
punkt herumdrehen. 

Es fuhrt indessen zu einer genaueren Zeichnung, wenn wir nicht die neue 
Figur in der hiermit geschilderten Weise aus der urspriinglichen Figur geome- 
trisch herleiten, sondern die Punktcoordinaten der hauptsachlichen Punkte der- 
selben algebraisch berechnen und darnach die Figur unabhangig construiren. 
Wir fiihren also die Construction der Curve vierter Classe in der Weise aus, dass 
wir erst die Gleichungen der Tangenten in den einzelnen von uns festgelegten 
Punkten der Curve vierter Ordnung berechnen ; wir haben dann in den CoeflS- 
cienten einer golchen Gleichung die Coordinaten des entsprechenden Punktes der 
Curve vierter Classe, und tragen diese in die Figur ein. Die Curve hat dann 
diefolgende Gestalt: 




FIQ. 6. 
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Die genauere Ausfiihrung dieser Figur wird sofort angegeben. Wir bemerken 
zunachst, dass diese Curve auch wieder in Bezug auf dieselben drei Symmetrie- 
axen symmetrisch liegt, wie die urspriingliche Curve vierter Ordnung ; es war 
dies von vornherein zu erwarten. 

§10. 

Die ainguldren Punhte der redprokeii Curve. 

Ich gehe jetzt zur Berechnung der merkwiirdigen Stellen der Curve vierter 
Classe iiber. Hierbei werde ich nach wie vor immer von den *' Punkten" a, b, c 
sprechen, indem ich so die Stellen bezeichne, die den friiheren a, h, c correspond- 
iren, und die also den Tangenten entsprechen, welche die Curve vierter Ordnung 
in den Punkten a^ h, c besass. Dieselben erweisen sich von principieller Wich- 
tigkeit fiir die zu bildende Ueherdeckung der Ebene. 

I. Die 6 reellen Punkte a. Es hat sich bei der Curve vierter Ordnung erge- 

ben, dass die 6 reellen Wendetangenten zwei Dreiecke bilden, deren Ecken 

gerade die Wendepunkte sind. Dem genau entsprechend, bilden hier bei der 

Curve vierter Classe die 6 reellen Spitzentangenten zwei Dreiecke, deren 

Ecken die Spitzen sind. Von diesen Dreiecken ist das eine, wie sofort aus den 

entsprechenden Formeln fiir die Curve vierter Ordnung zu ersehen ist, das 

Coordinatendreieck (Jl, /t/, v) selbst. Das zweite Dreieck wird aus denselben 

Griinden eben von denselben Geraden gebildet, wie das entsprechende Dreieck 

{pj^ fi'j v') der Curve vierter Ordnung. Die Coordinaten der Spitzen a sind also 

identisch mit den Coordinaten der Wendepunkte, und somit bezw. durch die 

Formeln gegeben : 

0:0:1, 1:0:0, 0:1:0, 

C:A:B, A:B:C, B:G:A. 

II. Die reellen Pv/nkte b. Es gibt, wie oben schon bemerkt, vier reelle Dop- 
pelpunkte, von denen der eine im Mittelpunkt der Figur isolirt liegt. Dieselben 
vereinigen in sich je 2 Stellen b , je nachdem man namlich den einen oder den 
anderen Ast der Curve, der durch sie bezw. hindurchgeht, meint, und ihre Coordi- 
naten ergeben sich sofort aus den Gleichungen der entsprechenden Doppeltan- 
genten der Curve vierter Ordnung : 

1:1:1 (der isolirte Punkt) , 
G':&:A\ ffiA'-.C, A^iC'iff. 



30 Haskell : Ueher die zu der Curve X^u + /t/^r + r'X = im prqfecdven 

III. Die 6 reellen Punkte c. Da die algebraischen Formeln fiir die sextak- 
tischen Punkte sehr complicirt sind, begniige ich mich damit, dass ich die Coordi- 
naten derselben numerisch angebe. Auf der Symmetrieaxe, deren Gleichung 
lautet : - bG\ + AB^i + GAv = 

liegen die beiden Punkte c: 

— 0.30:2.20:1.09 

und 1.40:0.63:0.98, 

wahrend die entsprechenden Punkte auf den anderen beiden Syminetrieaxen 
sich durch cyclische Vertauschung dieser Coordinaten ergeben. 

IV. Schnittpunktt imayinilrer Spitzentangenten, Es geht bei der Reciproca- 
tion jedes Paar conjugirt imaginarer Punkte der Curve vierter Ordnung mit 
reeller Verbindungslinie in zwei conjugirt imaginare Tangenten der Curve 
vierter Classe mit reellem Schnittpunkt iiber. Was die Lage der Schnittpunkte 
der imaginaren Spitzentangenten angeht, so haben wir, dem §8 dualistisch 
entsprechend, folgende Satze : 

1. Die drei Schnittpunkte dieser Art, deren Coordinaten bezw. sind: 

BC.G^x&, C^:&:BC, B^:BC:C^ 

sind die Ecken des aus den Verbindungslinien folgender Paare von reellen 

Punkte a gebildeten Dreiecks : 

1:0:0, A:B\ (7, 

0:1:0, G:A:B, 

0:0:1, B: C:A. 

Fiir die beiden anderen Tripel von Schnittpunkten conjugirt imaginarer Spitzen- 
tangenten gelten ahnliche Satze, wie aus der Figur zu ersehen, wo alle genannten 
Punkte und Linien eingetragen sind. 

2. In dem Doppelpunkte p^- A^- H- 

stossen die Verbindungslinien der folgenden sechs Punktepaare zusammen, wo 
jedesmal der eine Punkt eines Paares eine reelle Spitze ist, der zweite Punkt 
der reelle Schnittpunkt zweier conjugirt imaginarer Spitzentangenten: 

1:0:0, AB :B^ :A\ 

0:1:0, G^ :GA:A\ 

0:0:1, G^ :& :BG, 

A:B:G, BG:G^ :EP. 

B:G:A, A^ :AB:B', 

G:A:B, A^ : G^ :GA. 
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Dritter Abschnitt. 

Einfuhrung und HaupteigeTischaften der zu der Curve vierter Glasse gehdrenden 

mehrfachen Ueherdeckung der Ebene. Au/gabenstellung. 

An die nunmehr gezeichnete Curve vierter Classe schliesst sich die schon 
besprochene mehrfache Ueherdeckung der Ebene an, deren Gesammtverlauf jetzt 
untersucht werden soil. 

§11. 

Die Ueherdeckungen verschiedener Telle der Ebene. 

Die Frage nach der Anzahl der Blatter, mit welcheu jeder Teil der Ebene 
iiberdeckt zu denken ist, ist identisch mit der Frage : wie viele von den Tan- 
genten an die Curve von jedem Punkte des betreffenden Teils der Ebene aus 
sind imaginar? Dies lasst sich durch folgende einfache Betrachtung sofort 
erschliessen. Von jedem Punkte der Ebene aus laufen an die Curve vierter Classe, 
algebraisch zu reden, vier (reelle oder imaginare) Tangenten. Fiir einen gewohn- 
lichen Punkt auf der reellen Curve fallen von diesen Tangenten zwei zusammen. 
Nehmen wir nun zwei benachbarte Stellen auf der einen, resp. auf der anderen 
Seite der Curve. An Stelle der zusammenfallenden Tangenten des Curven- 
punktes treten an der convexen Seite der Curve zwei reelle und verschiedene 
Tangenten ein, an der concaven Seite dagegen zwei imaginare Tangenten. Das 
Verhalten der ubrigen Tangenten, wenn wir von dem einen Punkte zum anderen 
gehen, bleibt ungeiindert. Wir haben somit folgende 

Regel : Beim Uebergang von der convexen zur concaven Seite den reellen Gurven- 
zugs wird die Anzahl der imagindren Tangenten von einem Punkte aus um zwei 
vermehrt. 

Die Anzahl der imaginaren Tangenten von jedem Punkte der einzelnen 
Gebiete oder, was auf dasselbe hinauskommt, die Anzahl der Blatter'der mehr- 
fachen Ueherdeckung, wird dann durch die Ziffern der folgenden Figur ange- 
geben. Denn es laufen nach der gegebenen Regel von den Punkten des ausseren 
Gebietes zwei imaginare Tangenten weniger an die Curve als von den Punkten 
des inneren Gebietes, in welchem der isolirte Doppelpunkt sich befindet, und 
zwei imaginare Tangenten mehr als von den Punkten der ubrigen drei dreieck- 
fbrmigen Gebiete, und die Anzahl solcher imaginarer Tangenten betragt hoch- 
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Fig. 7. 

stens vier. Es lasst sich auch leicht unmittelbar sehen, dass von jedem Punkte 
eines der dreieckformigen Gebiete in der That vier reelle Tangenten an die 
Curve laufen. 

§12. 

Von dem ZiLsammenhange der verschiedenen Ueberdeckungen. 

Jetzt kommt der Gedanke zur Geltung, den wir schon in der Einleitung 
besprochen haben. Wir ordnen jede Gerade unseres algebraischen Gebildes in 
der Weise einem Punkte zu, dass jede imaginare Tangente ihrem einen reellen 
Punkt und dementsprechend jede reelle Tangente ihrem Beriihrungspunkt 
entspricht. Damit diese Beziehung ein-eindeutig wird, denken wir uns die 
Ebene in jedem Teile aus so vielen Blattern bestehend, wie die Anzahl der 
von einem Punkte desselben zu vertretenden Tangenten betragt, wobei der 
Punkt in dem einen oder in dem anderen Blatte gelegen zu denken ist, je nach- 
dem die eine oder die andere Tangente in Betracht zu ziehen ist. Diese Anzahl 
ist nun gerade in der obigen Figur angegeben. 

Diese Blatter sind dabei insoweit paarweise zusammengeordnet, als die 
Tangenten eines jeden Punktes paarweise conjugirt imaginar vorkomraen, und 
wir werden von dem oberen, bezw. dem unteren Blatte jedes solchen Paares reden 
diirfen. In jedem Blatte denken wir uns nun die Flachennormale aach aussen 
hin gerichtet, also in einem oberen Blatte nach oben, in einem unteren Blatte 
nach unten. Demnach sprechen wir von der positiven oder von der negativen 
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Seite eines Blattes, je nachdem die FUichennormale nach der betreffenden Seite 
hin gerichtet ist, oder nicht. Was den Zusammenhang der verschiedenen Blatter 
angeht, konnen wir folgende Angaben machen, deren nahere Untersuchung, resp. 
Beweis bis auf ein weiteres Kapitel verschoben wird. 

Im Unendlichen zeigen sich keine wesentlichen Singularitaten. Es gehen 
demnach die beiden Blatter ohne Verzweigung in einander iiber, das obere Blatt 
in das untere, und umgekehrt, — und zwar die positive Seite des oberen Blattes 
in die positive Seite des unteren Blattes, die negative Seite in die negative. Dies 
stimmt mit unserer Angabe des Sinnes der Flachennormale, denn dieselbe dreht 
sich, den Vorstellungsweisen der projectiven Geometrie entsprechend, um 180°, 
wenn man durch das Unendliche hindurchlauft, und ein Punkt auf der positiven 
Seite des einen Blattes muss dabei ins andere Blatt geraten, damit er auf der 
positiven Seite bleibt. 

Langs des reellen Curvenzugs sind jedesmal solche zwei Blatter zusammen- 
gebunden zu denken, welche dort iiberhaupt aufzuhoren scheinen, wobei wieder 
die positive Seite des einen Blattes in die positive Seite des anderen Blattes 
ubergehen muss und umgekehrt. Es hangen also die zwei Blatter, welche nur im 
innersten Gebiete existiren, langs ihrer ganzen, von drei krummlinigen Stiicken 
gebildeten Contour mittelst einer Falte zusammen, wahrend die beiden anderen 
Blatter die ganze Ebene mit Ausnahme von den drei iiusseren dreieckformigen 
G^bieten iiberdecken und langs der Contour der letzteren mittelst einer Falte 
zusammenhangen. 

Zu dem isolirten Doppelpunkt gehoren zwei Paare zusammenfallender Tan- 
genten. Dieser Punkt zahlt also als gemeinschaftlicher Punkt der beiden oberen 
Blatter, bezw. der beiden unteren. Es zeigt sich ferner, dass man erst nach 
zweimaligem Umlauf um diesen Punkt herum nach einem gegebenen Punkt seiner 
Umgebung wieder zuriickgelangt. Der isoUrte Doppelpunkt ist also ein Doppel- 
verzweigungspunht der Ueherdeckung^ d. h., ein einfacher Verzweigungspunkt 
sowohl fur die beiden oberen Blatter, wie fur die beiden unteren. Es besteht also 
um den Mittelpunkt herum ein Zusammenhang zwischen jedem der beiden grossen 
Blatter und dem zugehorigen kleinen Blatte. Um daher von einem grossen Blatte 
in das zugehorige kleine Blatt zu gelangen, und umgekehrt, miissen wir uns diese 
beiden Verzweigungspunkte durch einen Verzweigungschnitt, oder auch durch 
irgend eine ungerade Zahl von Verzweigungsschnitten verbunden denken. Man 
weiss von der gewohnlichen Riemann^schen^ Flache, dass diese Verzweigungs- 
5 
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schnitte in hohem Masse willkurlich sind. Der Symmetrie halber ziehe ich drei 
solche Verzweigungsschnitte, und zwar in der Figur geradlinig, indem ich jedes- 
mal durch einen der Doppelpunkte des reellen Curvenzugs hindurchgehe. Ein 
solcher Yerzweigungsschnitt erstreckt sich dann vom Mittelpunkte aus zunachst 
in den beiden oberen Blattern verlaufend bis zu einem der drei Doppelpunkte bin, 
um dann von diesem in den beiden unteren Blattern verlaufend wieder zum 
Mittelpunkte zuriickzukehren. 

Wir haben nun endlich in der folgenden Figur ein Bild der Ueberdeckung, 
wobei der Zusammenhang der beiden oberen Blatter durch Punktirung eines Weges 
angedeutet ist, und das grosse Blatt als iiber dem kleinen Blatt gelegen* zu 
denken ist. 




Fig. 8. 



ViEBTER AbSCHNITT. 



Uebertragung der Symmetrielinien auf die mehr/ache Ueberdeckung der Ebene. 

Es ist nun die Aufgabe, die Beziehung der mehrfachen Ueberdeckung der 
Ebene zum Fundainentalpolygon so deutlich wie moglich hervortreten zu lassen. 
Hiernach werden wir vor alien Dingen verlangen, dass in diese Figur die den 28 
Symmetrielinien entsprechenden Curven hineingetragen werden, wobei dieselbe 
in 2.168 Dreiecke zerlegt wird, welche einzeln den Dreiecken des Fundamental- 
polygons genau entsprechen. 
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§13. 

Allgememer Ansatz. 

Es ist oben schon gezeigt worden, dass bei den 168 Transformationen des 
(geschlossenen) Fundamentalpolygons in sich jede der 28 Symmetrielinien stets 
wieder in eine solche iibergefuhrt wird. Es is nun die Frage, wie wird dieses 
Vorkommen auf der mehrfachen Ueherdeckung der Ebene wiedergegeben ? Um 
diese Frage zu beantworten, bemerken wir zunachst, wie wir schon hervorge- 
hoben haben, dass der reelle Curvenzug der einen Symmetrielinie, die wir die 
Grundlinie genannt haben, entspricht. Es bleibt also iibrig, die Natur der 
reellen Ourven zu untersuchen, in die der reelle Curvenzug vermoge unserer 
Festsetzungen bei der Gruppe der 168 Collineationen transformirt wird. Bei 
den 6 reellen Collineationen zunachst geht derselbe einfach in sich iiber. Wendet 
man aber eine imaginare CoUineation auf ihn an, so gehen seine reellen Tangenten 
zunachst in ein Aggregat von imaginaren Tangenten iiber, von welchen jede ihr 
Bild auf der mehrfachen Ueherdeckung der Ebene in ihrem einen reellen Punkte 
findet. Dieses Aggregat von Punkten stellt ersichtlich eine zweite Symmetrie- 
linie des Fundamentalpolygons dar. Ich behaupte und werde sofort beweisen : 

Jedes solche Aggregat von Punkten, welches auf der mehrfachen Ueherdeckung 

der Ebene einer Symmetrielinie des Fundamentalpolygons entspricht^ hildet den 

reellen Zug einer algehraisclien Curve ; und zwar geht diese Curve aus der Qrund- 

curve durch eine quadratische Transformation hervor. 

Beweis : Es sei 

7iu + (/I? + ^w? = 

die Gleichung einer reellen Tangente der Curve vierter Classe. Wendet man 
irgend eine imaginare CoUineation 2 der Gruppe auf dieselbe an, so entsteht die 
Tangente : 

wo ^'.'^\x lineare Functionen von X-.^iw sind. Dieselbe wird auf der mehr- 
fachen Ueherdeckung der Ebene durch ihren einen reellen Punkt, den Schnitt- 
punkt der conjugirt imaginaren Tangente : 
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vertreten. Die Coordinaten des betreffenden reellen Schnittpunktes sind dem- 
nach durch die Formeln gegeben : 

Q: pv =x^' — Z'^^ 

pw = 4>^' — 4^'^> 

und diese Formeln stellen ofFenbar eine in den X^ (i, v quadratische Transforma- 
tion dar, Eliminirt man nun die drei Grossen p, ^:(i:v zwischen diesen drei 
Gleichungen und der Curvengleichung 

so bekonunt man eine algebraische Gleichung in u:v:w, die Gleichung der 
Symmetrielinie, die wir suchen. 

Dass die gesuchte Symmetrielinie im Allgemeinen gerade den reellen Zug 
der auf diese Weise gefundenen Curve bildet, ergibt sich sofort aus der Form der 
Transformationsgleichungen Q. Diese Gleichungen haben namlich reelle CoefB- 
cienten und transformiren reelle 2.:[i:v in reelle u:v:Wj imaginiire ^ifiiv in 
imaginiire u:v:w. Die einzige Ausnahme bildet der in der That vorkommende 
Fall, dass zwischen den Transformationsgleichungen eine lineare, von X (i:v 
unabhangige, algebraische Relation besteht. In diesem Falle geht bei der 
Transformation die ganze Ebene in eine gerade Linie iiber, und die gesuchte 
Symmetrielinie bildet nur einen Teil der ganzen Linie. 

Was den Grad der so entstehenden Curven angeht, so beachte man folgendes. 
(Der Ausnahmefall wird einstweilen bei Seite gelassen.) Die drei Kegelschnitte 

(I) '^x'-<^X = ^^ 

(II) ^<?>'-%'<?> = o, 

(III) <^4.' — <^''J.= 

haben immer 3 Punkte gemeinsam. Denn aus den Gleichungen (I) und (II) 
folgt sofort (III), sofern man von dem einen Schnittpunkte von (I) und (II) 
absieht, welcher in ;^ = ;^' = hineinfallt. Die Transformation Q ist also nach 
bekannten Principien der analytischen Geometrie immer eine eindeutig umkehr- 
bare (eigentliche quadratische) Transformation. Die drei gemeinsamen Schnitt- 
punkte der drei Kegelschnitte (I), (II) und (III) nennen wir die Fundamental- 
punlde der Transformation. 

Die Umkehrtransformation lautet dann etwa : 

cf'k=- ^{u, V, w), 

Ofl = ^(?/, V, w), 

ai' = X (w , V , to) , 
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wo4>, V, X Formen zweiter Ordnung sind. Setzt man diese Werte fur ^, ^, v in 
die Gleichung der Curve 

hinein, so bekommt man eine Gleichung 8**" Grades in u:v:w. Lauft aber die 
Grundcurve durch einen oder mehrere der Fundamentalpunkte, so treten in 
diese Gleichung 8*®° Grades, der bekannten Theorie der quadratischen Trans- 
formation zufolge, lineare Factoren ein, von denen man absehen kann. Denn 
in diesem Falle entspricht einem solchen Punkt 2,:fi:v nicht ein bestimmter 
Punkt u:v:w^ sondern eine ganze gerade Liuie, die nichts mit der gesuchten 
Curve zu thun hat.* Es reducirt sich dann die gesuchte Gleichung auf eine 
Gleichung bezw. des siebenten, sechsten oder fiinften Grades. 

Um auf den oben erwahnten Ausnahmefall zuriickzukommen, bemerken wir : 
in diesem Fall haben die drei Kegelschnitte vermoge der zwischen ihren Gleich- 
ungen bestehenden linearen Relation nicht nur drei, sondern sogar vier Schnitt- 
punkte gemein, und bilden drei Curven eines Curvenbiischels durch die vier 
Punkte. Eine solche Transformation nennt man eine uneigentliche quadratische 
Transformation. Ihre Bedeutung ergibt sich spater so einfach, dass von einer 
vorherigen allgemeinen Brlauterung abgesehen werden kann. 

§14. 

Reduction der Aufgahe. 

Ehe wir jetzt gleich zur Berechnung der einzelnen Symmetrielinien iibergehen, 
wird es vorteilhaft sein, zu untersuchen, in wie fern sich die Aufgabe vermoge 
der einfachen Bedeutung der reellen CoUineationen vereinfachen lasst. Unter 
der Festsetzung eines gleichseitigen Dreiecks als Coordinatendreieck haben wir 
gesehen, dass die Operationen der (?^, welche den reellen Curvenzug in sich iiber- 
fiihren, folgende Bedeutung haben. Die Transformationen der Periode 3 stellen 
eine Drehung um den Mittelpunkt der Figur herum dar. Die Transformationen 
der Periode 2 ergeben eine Spiegelung der Figur im gewohnlichen Sinne in Bezug 
auf die drei Symmetrieaxen derselben. Dieselbe Bedeutung miissen diese 
Transformationen auch fur die ganze Ueherdeckung der Ebene haben. 

Jetzt ist es klar, warum wir schon im Fundamentalpolygon die Symmetrie- 

* Salmon, Higher Plane Curves, Art. 358. 
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linien in Bezug auf die entsprechende Untergruppe (?« in Classen zerlegt haben. 
Denn von jeder Gruppe von Ourven, welche bei den Transform ationen dieser Q^ 
in einander iibergehen, brauchen wir jedesmal nur eine zu beriicksichtigen, und 
ihre Gleichung zu berechnen. Die anderen ergeben sich dann sofort bei Anwen- 
dung der einfachen Transformationen der reellen Q^. 

In Bezug auf die O^ gab es nun vier verschiedene Classen von Symmetrie- 
linien im Fundamentalpolygon der ff-Bbene : (1) die drei Curven, welche sich 
selbst symmetrisch liegen, von denen jede durch zwei Punkte c der Grundlinie 
hindurchlauft ; (2) die drei Paare symmetrisch liegender Linien, von denen jedes 
Paar durch zwei Punkte h der Grundlinie hindurchlauft; (3) die drei Paare 
symmetrisch liegender Curven, welche die Grundlinie gar nicht schneiden ; 
(4) die sechs Paare symmetrisch liegender Curven, van welchen drei Paare durch 
drei zusammengehorige Punkte a der Grundlinie, die iibrigen drei Paare durch die 
anderen drei Punkte a der Grundlinie hindurchlaufen. 

Wir bemerken nun, dass symmetrisch liegende Linien des Fundamental- 
polygons iibereinanderliegende Curven der mehrfachen Ueberdeckung der Bbene 
ergeben. Denn symmetrisch liegende Punkte des Fundamentalpolygons ergeben 
conjugirt imaginare Tangenten der Curve vierter Classe und werden daher durch 
iibereinanderliegende Punkte der mehrfachen Ueberdeckung dargestellt. Jedes 
Paar von symmetrisch liegenden Linien des Fundamentalpolygons wird also durch 
eine und dieselbe Curve der uvio-Eh^ne reprasentirt. Wir bekommen also in 

der i^tw-Bbene 

3 Symmetrielinien der ersten Art, 

3 Symmetrielinien der zweiten Art, 

3 Symmetrielinien der dritten Art, 

6 Symmetrielinien der vierten Art, 

wobei wir jedesmal nur eine, reprdsentirendeGurve auswahlen, und ihre Gleichung 
berechnen, indem die anderen aus ihr durch die 6 reellen Collineationen hervor- 
gehen. 

§15. 

Die Symmetrielinien der ersten Art 

Von den Symmetrielinien der ersten Art greifen wir diejenige heraus, die 
wir schon genauer betrachtet haben, und die bei den conjugirten Transforma- 
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tionen S^TS, resp. S^TS^ aus der Grundlinie hervorgeht Die enti^rechende 
Collineation S^TS wird durch die Formeln gegeben : 

pX = y {Ay^X + By^fi + Gyv), 
pfi^ = y* {By'X + Cfli + Ayv) , 
pi/ = y» ( Cy^X + Ay^fi + Byv) 

und die Collineation S^TS^ ist einfach die conjugirt imaginare Collineation. 
Fiir die gesuchte Curve lauten alsdann die Transformationsformeln : 

au = (^V) = A (X'BG + (i^CA + v'AB + izvG' — vX {& + G') + XfiB"), 
av = (i/;i'0= G(X'GA + (I'AB + v^BG+ fivA' + rXB" - 7i[i {A' + JS«)), 
(Tt(? = (;iy) = B (X'AB + (I'BG + T^GA - fiv {G' + A^) + vXG^ + X[iA'). 

Hier bemerkt man sofort, dass zwischen diesen Transformationsformeln eine 
Yon X:(i:v unabhangige Relation besteht, namlich : 

u , V , w 



A ^ G ^ B 

Oder, BGu + ABv + GAw = 0, 

welches die Gleichung von einer der reellen Symmetrieaxen der Figur ist. Bei 
dieser Transformation geht also die ganze Ebene in diese eine Gerade iiber, und 
die von uns gesuchte Symmetrielinie bildet jedenfalls einen Teil der G^raden. 

Die beiden anderen Symmetrielinien der ersten Art sind die entsprechenden 
Teile der beiden anderen reellen Symmetrieaxen. Ihr Verlauf auf der mehr- 
fachen Ueberdeckung wird spater (§20) gegeben. 

§16. 

Die Symmetrielinien der zweiten Art. 

Von den Symmetrielinien der zweiten Art im Fundamentalpolygon schneidet 
jedes Paar symmetrisch liegender Linien die Grundcurve in zwei Punkten b. 
Diese Punkte b sind jedesmal diejenigen, deren Vertreter auf der mehrfachen 
Ueberdeckung zu einem Doppelpunkt der Curve vierter Classe sich vereinigen. 
Daraus schliessen wir sofort, dass von den betreffenden Symmetrielinien der 
zweiten Art auf der mehrfachen Ueberdeckung jede einen Doppelpunkt besitzt, 
der mit einem der reellen Doppelpunkte der Curve vierter Classe zusammenfallt. 
Als BLeprasentanten dieser Art nehmen wir diejenigo Curve, welche die beiden 
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symmetrisch liegenden Linien, die aus der Grundlinie bei den Transformationen 
S^TS^, bezw. S^TS^ hervorgehen, vertritt. Die entsprechende CoUineation 
S'TS' lautet ^^, _ ^ ^^^^ ^ ^^5^ ^ ^^^^^ ^ 

pr' = / ( (7y«a + Af^L + 5y V) , 

und die CoUineation S^TS^ ist einfach die conjugirt imaginare CoUineation. Bei 
Zusammensetzung dieser beiden CoUineationen auf die vorgeschriebene Weise, 
erhalt man folgende quadratische Transformation : 

au=7?BG^ +(i^AC^ + v^ABC + [ivABG + 2vXA*B + 2XuABC, 
av = Ji?ABG + (i^AB" + v^&G + 2(ivABG + vXABC + 2^}iG^A , 
aw = 7?A^B + ii^ABG + v^A^G + i^ivB^G + 2vXABG + XfiABG. 

Um die Fundamentalpunkte dieser Transformation zu berechnen, bemerke 
man zunachst, dass die beiden CoUineationen S^TS^ und S^TS^ nicht nur conju- 
girt imaginare ColUneationen, sondern auch gerade die Wiederholungen von 

einander sind. Es ist 

{S'TS'Y = S'TS\ 

und umgekehrt {S' TSJ = S' TS\ 

Es ist hiernach klar, dass aUe drei Kegelschnitte : t^ = , t? = und w=^0 durch 
die drei bei diesen CoUineationen festbleibenden Punkte laufen mussen, und 
diese Punkte sind : erstens, der Punkt 

X:fi:v = B^:A^:G\ 

welcher nicht auf der Grundcurve Uegt, und dann die beiden Beriihrungspunkte 
der Doppeltangenten : j^^ ^ ^,^ ^ ^,^ ^ ^ ^ 

deren Coordinaten bezw. sind : 

3 1 J 1^ 

_ _ 1 J 1 

^ = ^ = " - ^ (y + aY) '• C{f-\-ay) 'B{f-\- aV) ' 

2ifr 

WO a = e * . 

Die transformirte Curve wird also von der sechsten Ordnung sein. Die 
HersteUung der Gleichung derselben bietet keine principicUen Schwierigkeiten, 
ist indessen so umstandlich, dass ich mich damit begniige, dass ich ein Bild der- 
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selben angebe, das sich vermittelst der Transformationsformeln leicht construiren 
lasst. Hjerbei ist hervorzuheben, dass sowohl bei dieser Figur wie in der Folge 
die einzelnen Linien durch verschiedenerlei Punktirung gerade so unterschieden 
sind, wie scbon die entsprechenden Linien im Polygon der «-Ebene. 




Fia. 9. 



§17. 

Die Symmetrielinien der dritten Art. 

Die Symmetrielinien der dritten Art im Fundamentalpolygon batten mit 
der Grundlinie keinen Pmikt gemein. Die entsprechenden Curven der mehr- 
6 
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fachen Ueberdeckung der Ebene diirfen also den reellen Curvenzug unserer 
Figur nicht trefFen. Jedes Paar im Fundamentalpolygon symmetrisch liegender 
Curven dieser Art schneidet sich in zwei symmetrisch liegenden Punk ten c. 
Wir schliessen daraus, dass die entsprechende Curve der mehrfaehen Ueberdeck- 
ung jedenfalls einen reellen Doppelpunkt besitzt. 

Als Reprasentanten dieser Art wahlen wir diejenige Curve, welche zugleich 
die beiden symmetrisch liegenden Linien des Fundamentalpolygons, die aus der 
Grundlinie bei den Transformationen S^TS^ bezw. /S'^ T^S^ hervorgehen, vertritt. 
Die entsprechende CoUineation S^TS lautet: 

p^' = y^ [BfX + Cy^ii + Ay'v) , 

py = / ( (7/X + ^y V + ^/^) 
und die CoUineation S^TS^ ist die conjugirt imaginiire CoUineation. Die Combi- 
nation dieser beiden CoUineationen in der vorgeschriebenen Weise ergibt die 
folgende quadratische Transformation : 

au = — A(7i?BC + ii^CA +v^AB + (ivB {A +1) + v^B {C — 1) + TifiG (A +1)), 
av =—G(X'CA + (I'AB + v^BC + (ivB {C + 1)+ 2'}iA{G + 1) +7i(iA{B —1)), 
aw z=:—B(7i?AB + fi^BC + v^CA + (ivC{A—l) + vXA{B +1) + \uG{B +1)). 

Wir haben sofort aus diesen Formeln : 

— a {u + v + w) = BG?? + ABfi^+ GAv^ — BGfiv — A Bv% — GA Xfi 

= {BGX + AB(i+ GAv)i^ + [i + v). 

Haben nun die Kegelschnitte : tt=0, t7 = 0, t^?=0 der Jl, /t^, y-Ebene 
gemeinschaftliche Schnittpunkte, so muss der zerfallende Kegelschnitt 

u+v+w=0 

auch durch dieselben Punkte laufen. Wir finden in der That, dass die Kegel- 
schnitte drei reelle Schnittpunkte haben, und zwar liegt der eine : 

X:(i:v = BG:AB:GA 

auf der unendlich weiten Geraden 

die beiden anderen liegen auf der Perspectivitatsaxe 

BGyi.+ AB[i+ GAv = 0, 
und ihre Coordinaten sind bezw. 



^:ii:v = A{B ± V G + 1) : GA: — B {A + B ± V G + 1). 
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Von diesen drei Fundamentalpunkten der Transformation liegt keiner atif der 
Grundcurve. Die transformirte Curve ist also, algebraisch zu reden, eine Curve 
achter Ordnung mit drei vierfachen Punkten. Um die Gleichung derselben zu 
erhalten, verfahren wir folgendermassen. Aus den Transformationsformeln folgt 

sofort : 

— a{uB — vA) =(BGX+ ABfi + GAv){Bv — AX) 

— a{vA— wG) = {BOX + AB^i + GAv){A% — G^i). 

Es ist also : uB — vA _ vB — XA 

vA — wG XA — fiG' 
und wir konnen schreiben : 

J;i = t.Av + ^1 

G(l=: T. Gw + X, 

Bv = r.Bu +Xj 
wo das Verhaltnis r : x noch zu bestimmen ist. Es besteht zunachst die Relation : 

2. + ii + v = riu + v + w) + x(^ + -^ + -^^ 

und auch : 

BGX + ABfi + GAv = r{BGv + ABw + GAu) + 2x. 

Nun batten wir schon die Gleichung : 

— a{u'\-vVw) = {BGX-\- ABfi + GAv){X + fi + v). 
Es ist also : 

— a {u + V + w) =r {u + V + w)li {B Gv + ABw + GAu) + 2x] 

woraus folgt, da {u + v-\- w) im AUgemeinen nicbt gleich Null ist : 

— a = r^ {BGv + ABw + GAu) + 2rx. 

Ferner ist, aus den Transformationsformeln : 

— a {BGu + ABv + GAw) = A^B(iv + G^AvT. + B^GXyi 

= T^ {^Bvm + G^Auv + B^Gmo) 

rA^B^-G^ . G^A-^-B^ . B^G-^A^ -i 
+ 'rx[ ^ u-\ ^g vH 2 "^J- 

Bei Elimination von a ergibt sich : 

x^ _ A^Bwu + G^Auv + B^Gvw— {BGv + ABw + GAu){BGu + ABv + CA w) 
r ~ — {GAu + BGv + ABw) 
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Setzt man also ^=GAu-\- BGv + ABw, 

^*^ '^* ^=iABG{Cu + Bv + Aw) + ^ C7«tJ?c + A*E^wu + C»^«t*t; , 

und wir bekommen die endgilltigen Foirmein der Umkehrtransformation in der 
Form: 

= G{BGu*-\- GAi^ + ABu? + A{B— I) wo + B {G + 1) ton -\- A {G -\- 1) uv) 

= B{GAu* + ABi? -\- BGv^ -{■ G{B+ l)vw+ G{A — l)wu + A{B + 1) uv) 
pr = p (t« + -J-) 

= A(ABu + BGv+GAw+ G{A+ l)vw + B{A-\- l)vm +B{G—l)vv). 

Die Gleichung der transformirten Curve geht bei Einsetzung dieser Werte 
fur X'.fiiv aus der Gleichung der Grundcurve hervor. Die Form der Curve ist 
in Figur 10 angegeben, wobei man ohne Weiteres sieht, dass die beiden mehr- 
fachen Punkte der Curve nicht Doppelpimkte der einzelnen Symmetrielinien auf 
der Flache sind, denn die beiden Aeste der einzelnen Curve laufen jedesmal auf 
verschiedenen Blattem durch die Doppelpunkte hindurch. 







Fla. 10. 
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§18. 

Die SymmetrieKnien der vierten Art. 

Als Reprasentanten dieser Art wahlen wir diejenige Curve, die die beiden 
Linien des Fundamentalpolygons, welche aus der Grundlinie bei den Substitu- 
tionen S, bezw. S^ hervorgehen, vertritt. Die entsprechenden OoUineationen 
S und S^ lauten : 

S^:p2."=/X, p[i" = y^ii, p'' = yV. 

Die entsprechende quadratische Transformation fiir den reellen Ourvenzug heisst 

dann einfach : 

au = Afiv, 

av = (Tivl, 

aw = BXfi . 

Die drei Fundamentalpunkte der Transformation sind einfach die Ecken des 

Coordinatendreiecks, und die Transformation lasst sich bekanntlich sofort in die 

folgende Gestalt umkehren : 

rX = Avw, 

rii= Gwu, 

rv = Buv . 

Substituiren wir diese Werte von X, [i, v in der Gleichung 

so erhalten wir 

umo {A^Cv^vT^ + C^B v?v? + B^A uh^) = . 

Hierbei ist der Factor uvw unwesentlich, denn es entsprechen die drei Geraden 
u = 0, t7 = 0, w=^0 bezw. den drei Fundamentalpunkten der Transformation. 
Die gesuchte Gleichung der Symmetrielinie lautet demnach : 

A^G^w''+ C^Bv^v? + B^Au^i^=0. 

Diese Gleichung stellt eine Curve fiinfter Ordnung mit drei reellen Spitzen dar. 
Dieselben sind, wie sofort aus der Form der Gleichung zu ersehen, eben die drei 
Ecken des Coordinatendreiecks, und die Spitzentangenten sind die Seiten 
desselben. . 
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Man erhalt die iibrigen Symmetrielinien dieser Art, indem man diese Curve 
um den Mittelpunkt der Figur um 120°, resp. 240° dreht, oder gegen die drei 
Symmetrieaxen spiegelt. Die Gleichungen derselben ergeben sich aus der 
gefundenen Gleichung bei einfacher cyclischer Vertauscbung der Buchstaben, 
resp. bei Ersetzung der Variabeln u, v, w beispielsweise durch Au + ^v + Gto, 
bezw. Bu + Gv + Aw und Gu + Av + Bw . 



FiJNPTBR Abschnitt. 

Erhringung der noch aibsstehenden Beweise und Schilderung der endguUigen Figur. 

Es handelt sich jetzt in der Hauptsache um den Beweis solcher Satze, die 
in allgemeiner Form im oben citirten Aufsatze von Herm Klein* bereits aufge- 
stellt worden sind, und die wir in ihrer Bedeutung fur unsere Curve schon in 
den vorangehenden Abschnitten erlautert haben. Der Beweis derselben. wird 

*Math. Annalen, Bd. 10, L c. 
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hier einfacher, well wir una immer auf die Beziehung zum Fundamentalpolygon 
stutzen konnen. Es soil iibrigens im letzten Paragraphen ein genauer Nachweis 
dieser Beziehung sich vorfinden. 

§19. 
Zvsammenhang der Ueberdeckung Idngs dee reellen Cv/rvenzuges. 

m 

Schon in §12 ist der Satz ausgesprochen worden : Langs des reellen Curven- 
zuges hangen immer zwei Blatter zusammen. Dieser Satz lasst sich aus einfacher 
Betrachtung der Lage zweier im Fundamentalpolygon in Bezug auf die Grund- 
linie symmetrisch liegender Punkte herstellen. Denn betrachten wir irgend 
zwei Dreiecke, welche einen Teil der Grundlinie zur gemeinschaftlichen Begren- 
zung haben, so lauten symmetrisch liegende Punkte 

T= db a + ii, 

und die entsprechenden Werte von T^i^iiv sind conjugirt imaginar und werden 
von einem und demselben Punkt der wtnfj-Bbene dargestellt. Die beiden Dreiecke 
werden also durch zwei libereinanderliegende Dreiecke der mehrfachen Ueber- 
deckung dargestellt, und da die beiden Dreiecke des Fundamentalpolygons langs 
der Grundlinie zusammenhangen, miissen sie auf der mehrfachen Ueberdeckung 
langs des reellen Curvenzuges zusammenhangen. 

Welche zwei Blatter aber langs der verschiedenen Telle des reellen Curven- 
zuges zusammenhangen, ist auch ohne weiteres klar. Denn die mehrfache Ueber- 
deckung der Ebene entspricht dem Fundamentalpolygon Punkt fur Punkt, und 
das zusammengeheftete Polygon besitzt keinen Rand. Die mehrfache Ueber- 
deckung der Ebene kann also auch nicht berandet sein, und ea miissen alsojedes- 
mal ddejenigen zioei Blatter, welche an einem hestimmten Stiicke des reellen Curven- 
zuges au/zvihdren scheinen, dort zusammenhangen. 

§20. 

Der Doppelverzweigungspunkt. 

Damit nun die ganze Figur ein zusammenhangendes Gtinze bilde, miissen 
die grossen Blatter irgendwo in die kleinen libergehen, und es muss also inner- 
halb des inneren Teils der Figur ein Verzweigungspunkt existiren. Wahrend 
nun im AUgemeinen von jedem Punkte dieses Teils der Ebene vier getrennte 
imaginare Tangenten an die Curve laufen, so laufen jedoch von einem Punkte, 



48 Haskell : Ueher die zu der Curve 2P(i + fih' + v^^ = im prqjectiven 

» 

namlich vom isolirten Doppelpunkte aus nur zwei solche. Also miissen die 
Blatter in diesem Punkte paarweise zusammenhangen, und zwar besteht jedes 
solche Paar aus einem grossen und einem kleinen Blatt. Bs wird hiernach 
behauptet und sogleich noch naher bewiesen: cfe?' isolirte Doppelpunkt ist ein 
Verzweigungspunkt der mehrfachen Ueberdeckung der Ebene. 

Um diesen Satz zu beweisen, untersuchen wir das Verhalten der durch den 
betreffenden Punkt hindurchlaufenden Symmetrielinien der ersten Art. Wir 
haben schon gezeigt, dass dieselben bezw. auf den drei Symmetrieaxen der Figur 
liegen. Laufen sie einfach durch diesen Punkt hindurch, so ist derselbe kein 
Verzweigungspunkt. Ich werde aber zeigen, dass sie nicht durch den Punkt 
hindurchlaufen, sondern bloss bis an den Punkt heran, und dann gleich wieder 
zuriick. Die beiden Teile einer Symmetrielinie diirfen aber auf der mehrfachen 
Ueberdeckung der Ebene nicht zusammenfallen ; sie miissen also in verschiedenen 
Blattern liegen, und zwar liegt der eine Teil in einem grossen Blatt, der andere 
Teil in dem zugehorigen kleinen Blatt. Wenn nun keine Verzweigung statt 
fande, so ware es moglich, auf einem dem Doppelpunkt unendlich nahe liegenden 
Wege von der einen Seite der Symmetrielinie ohne Ueberschreitung derselben 
an die andere Seite zii gelangen. Dies ist aber aus der Natur der Sache unmog- 
lich, und der Doppelpunkt ist also ein Verzweigungspunkt. 

Dass die Symmetrielinien nicht durch den Doppelpunkt hindurchlaufen, wird 
am einfachsten folgenderno^sen bewiesen. Wir wahlen beispielsweise die Sym- 
metrielinie, die auf der Symmetrieaxe 

BGu + ABv+CAw = 

liegt. Dieselbe geht aus der Grundcurve hervor durch folgende Transforma- 
tion (§15): 

au=A {X^BG + ii^GA + v^AB ^(ivG^ — v% {& + G^) + ^/t^fi^), 
(Tt, = g\7?GA + iL^AB + v'BG + ^lvA'' + r;i5» — V(^* + J?^)), 
aw = B\%^AB'^i^BG'^'i^GA — iLv{G^ + A^) + v%G^ -f V^»), 

und zwar gehen die beiden Beriihrungspunkte die auf der Doppeltangente 

liegen, in den Doppelpunkt 1:1:1 uber. Von diesen beiden Beriihrungspunkten 

ist der eine 

1^ 1 1 

^•^ -^ - G[fa -f fa^) 'B(y'a + ya') ' A{y'a + yV) ' 
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Entwickeln wir nun u:v in der Nahe dieses Punktes. Bs ist 

vdu — vdv ^ . du — dv 



t/ v \ V J V t^ 



= 1 + 



wenn u:v=l. Est ist nun : 

a.du=A\dX{2BC:i + &fi — {B'+ C^)v) 

+ dv{—{&+C^)J^ + G'li + 2ABv)\ 
-f- .... I 
a.dv= G{d7i(2GA2. — {A* + B')(i + B*v) 

+ dii(—{A' + B^X-i-2ABii + A'v) 
+ dv (5»X + A'li + 25 Gv) \ 

■^~ • • • • 

woraus folgt : 

a{du — do) = — \dX{2A^^ + C7» (5 + 1)/^ + A^v) 

+ dii(C\B+l)X+ 2C^B + l)ii + B'Gv) 
+ cii; {A'X + B'Gfi + 2B'Gv) \ 
+ Glieder hoherer Ordnung, 

Eine einfache Rechnung ergibt, dass diese CoeflScienten mit A^ : G^i B^ pro- 
portional sind. Piir Punkte der Curve in unmittelbarer Nahe des betreflFenden 
Beruhrungspunktes ist aber: 

A^d2. + G^dfi + B^dv = , 

denn diese Gleichung ergibt die Richtung der Tangente in diesem Punkt Die 
Reihenentwickelung far u:v fangt also fiir Punkte der Symmetrielinie mit 

Gliedem der zweiten Ordnung an, und d — hat denselben Wert, ob wir in der 

V 

einen oder in der anderen Richtung auf der Grundcurve fortfahren. Dasselbe gilt 
fiir u : Wf wie leicht aus einer ahnlichen Berechnung zu ersehen, und damit ist 
unser Satz bewiesen. 

. Wir sind nunmehr im Stande zu entscheiden, welche Teile einer Symmetrie- 
axe eigentlich als Symmetrielinie erster Art auftreten, und wie uberhaupt sich 
die letztere iiber die verschiedenen Blatter der mehrfachen Ueberdeckung hin- 
uberzieht. 

Das Verhalten wird offenbar durch folgende Zeichnung dargestellt, wobei ich 
mir die kleinen Blatter zwischen den grossen Blattern gelegen denke, und die 
7 
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verschiedenen Teile der Symmetrielinie, welche eigentlich genau iiber einander 
liegen, der Deutlichkeit halber etwafi getrennt gezeiqhnet habe. 



> :& 



-d. 
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§21. 

WinJcelabbildimg auf der Figur. 

Es bleibt jetzt noch ubrig, bei der Abbildung des Pundamentalpolygons auf 
die mehrfache Ueberdeckung der Ebene das Gesetz zu ermitteln, welches an 
Stelle der gewohnlichen Kegel tritt, derzufolge die Beziehung zweier Riemann'scher 
Flachen conform sein solL Es ist namlich jede Abbildung einer Flache auf eine 
zweite immer winkeltreu, sofern man nicht nur die Richtungen, die den Winkel 
einschliessen, sondern auch die Richtungen, in Bezug auf die derselbe im projec- 
tiven Sinne definirt wird, mit transformirt denkt. Denn, sind p , q irgend krumm- 
linige Coordinaten in der Ebene, und sind zwei imaginare Fortschreitungsrichtungen 

gegeben durch 

dS= Edp^ + 2Fdpdq+ Gdg^=0, 

so nennt man den "auf diese Richtungen bezogenen " Winkel zweier Bogenele- 
mente eZ', d'^ : 

_ Ed'p dl 'p + F {dip d!^q + d^^i^ d^g) + Od!q d"q 

* - arc ^ A/Edy +2Fd'pd'q + Gd'^VEd'y + 2Fd''pd^'q + Od!'^ 

und dieser Wert von ^ bleibt, wie sofort ersichtlich, bei alien analytischen Abbild- 
tmgen erhalten. 

Der wirkliche Winkel wird aus dieser Formel entstehen, wenn die angenom- 
menen Richtungen die Ricbtungen der nach den imaginaren Kreispunkten laufen- 
den Geraden sind, also, wenn jp, q insbesondere orthogonale Coordinaten sind, 
durch dp' + dq'=0 

gegeben sind, also in der r-jElbene durch 

ds^ + dy^=0, 
wenn r = a; + »y gesetzt wird. Es ist nun 

^ + ^y* = — {dx + idy){ — dx + idj/) , 
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und es entsteht die Frage, welche (imaginaren) Richtungen auf der mehrfachen 
Ueberdeckung der uvw-Ehene diesen (imaginaren) Richtungen in der r-Ebene 
entsprechen. Jeder Punkt der mehrfachen Ueberdeckung ist bestimmt als der 
Schnittpunkt zweier conjugirt imaginaxer Tangenten, deren Coordinaten X:^:v 
und W ifi^ iv^ von T=scH-iy, bezw. von t' = — x+iy abhangen. Ist also dr = 0, 
so liegt die entsprechende Fortschreitungsrichtung auf der einen dieser Tangenten ; 
ist dagegen e?T' = , so liegt dieselbe auf der anderen. Dem Winkel der r-Ebene 
bezogen auf die Richtungen 

entspricht daher der Winkel bezogen auf die zwei imaginaren Tangenten, die 
vom betreffenden Punkte aus an die Curve vierter Classe hinlaufen, und das ist 
das zu beweisende Resultat. 

§22. 

Definitive Gestalt der Figur, 

Wir sind nunmehr zur endgiiltigen Figur der mehrfachen Ueberdeckung der 
Ebene gefiihrt, welche in Tafel II gegeben ist. Hierbei sind nur die oberen 
Blatter gezeichnet, da die unteren Blatter diesen genau ahnlich sind. Ich babe 
auch der Deutlichkeit halber die beiden oberen Blatter getrennt gezeichnet. 
Dieselben sind aber nach den friiheren Angaben langs der (stark gezeichneten) 
Verzweigungsschnitte verbunden zu denken. Es bleibt uns ubrig, die genaue 
Beziehung derselben zum Fundamentalpolygon nachzuweisen. Wir haben 
zunachst schon gezeigt, dass sich jede Symmetrielinie hier wieder vorfindet, und 
dass ferner die merkwiirdigen Punkte in der bekannten Reihenfolge auf denselben 
liegen. 

Hier wieder ist die ganze Oberflache durch die Symmetrielinien in 2.168 
Dreiecke geteilt, welche, dem Fundamentalpolygon entsprechend, alternire^id 
schraflBrt und nicht schraflBrt sind. Um die Beziehung ganz genau wiederzu- 
geben, habe ich erstens die einzelnen Classen von Symmetrielinien durch Punkt- 
irung so unterschieden wie die entsprechenden Symmetrielinien des Fundamen- 
talpolygons ; dann habe ich auch die einzelnen Dreiecke mit denselben Symbolen 
bezeichnet, mit denen die entsprechenden Dreiecke des Fundamentalpolygons 
bezeichnet sind, wobei jedesmal das Symbol eines schraffirten Dreiecks beziiglich 
das darunterliegende nicht schraflSrte Dreieck des unteren Blattes zu verstehen ist. 
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TAFELU 




On a Soluble Quintic Equation. 

By Prop. Oatlet. 



Mr. Young, in his paper, ** Soluble Quintic Equations with Commensurable 
Coefficients," Am. Math. Jour. X (1888), pp. 99-130, has given, in illustration of 
his general theory of the solution of soluble quintic equations (founded upon a 
short note by Abel) no less than twenty instances of the solution of a quintic 
equation with purely numerical coefficients, having a solution of the form 
A^A + v'jB + ^y G + \/D, where A, B^ Gj D are numerical expressions involv- 
ing only square roots. But the solutions are not presented in their most simple 
form: thus in example 1, 0*^+ 3a;*+ 2x — 1 = 0, the expression involves a 
radical 



v/ 



^(21125 + 9439 V5): here (21125+ 9439) -v/ 5, =V5 (9439 + 4225 V5), 

O 

= V5.-|- (18 + 5 V5)*(l + V5)«(2 + V5), 

SO that, taking out the roots of the squared factors, we have as the proper form 
of the radical the very much more simple form V47 (2 + ^5) VS; where 
observe that (2+V5)(2— -v/5) = — 1, and thence (2 + V5) V— 47(2— V5V5 
= V47 (2 + ^5) V5, viz. the conjugate radicals V — 47(2 — a/5) a/6 and 
V47 (2+^/5)^/6 differ only by a factor 2+^5 which is rational in 1 and a/ 5. 
To avoid fractions I consider the foregoing equation under the form 

SB* + 3000x' + 20000X — 100000 = 0, 
and I will presently give the solution ; but first I consider the general theory. 
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we have AID = a^h^^y ,BO = aJb^y^. Also 

^« = ^ B'-^^ C"-^^ D'-^ 

which determine A!\ Bf', C", D" in terms of ^', B, G', D, aS, ^y; and then 

._A'A" j,_JB'B" ^_ C'C" j._D'D" 

W'' ~^' ^-~^' w 

which give A, B, G, D. 

If now we assume a = a 4-/8"+/ + h , and regard J., B, G, D, A', B', O, I/, 
A", B", G", JD", aS, fiy each as a rational function, we may express x, a?, a*, a? 
each of them by means of rational functions or of rational functions multiplied 
into a, /8 , y, 8 respectively : thus, 

a!=a + /3 + y+5 —a + ^ + y + S, 

x» = a« + ^ + y«+5» =-^y-+-^ + ^ + ^' 

+ 2a/3+2ay+2a5+2^y+2/35+2yS + ^^ + ^+2a5+2/3y+-?^+ ?^, 

etc., and we thus obtain 

x^ + qa? + ra? + 8x -\- 1 
=A+B+ G+D 

+ (20a5 + SO^y){A' + D') + 30 {aS + 20/?y)(5' + O) 

+ q. 3 {A' + B' + G + D) + r. 2{a6 + I3y) -\- t 
( G'* 5B'3y lOZ/' 

+ I0a?6*+ 205" 4- 20D" + 30/3"/+ 30D" ^| + BOa/^Jy^ 
4- 10/?y + 20D" + 20 C" + 30a*5» + 30(7'-^- + 60a/3ya 
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+ 10/3«y» + 20 A" + 205" + 30a*3« + 305" ^ + 60a/3y5 



+<w+w+'^^+'^)+<w+w)+'} 



+ 



^!»^'+^+^^+'«^'+^ 



+ .10a«5« + 20C" + 204" + 30/32y» + 30A" ^ + 60ai3y5 

If, then, »' + ga;? + ra' + «a5 + < = 0, we have the rational term = , and 
the coefficients of a, z^,/, S each = 0; in the class of equations under consid- 
eration these last equations differ only in the signs of the radicals contained 
therein, so that one of them being satisfied identically, the others will be also 
satisfied. In particular, if $ = 0, then ad + /?/ = : the rational term gives 

A + B+ C + D—10a8iA' + iy — B''^a) + t=:0, 
and the term in a gives 
6A" + UB"+ lOO'— lOD" + -^ (^* + 2ir) + -^ (C+ 2D') — 20a!'b*+e = 0. 

For the equation a* + 3000x* + 20000a! — 100000 = 0, the expression for the 
root is X = ^A + ^B + v' C + ^^D, where 

J. = 39000 + 18200 -v/6 + ( 1720 + 920-v/5) V235 + 94 V6, 
2) = 39000 + 18200 a/ 6 + (— 1720 — 920 a/ 5) V235 + 94 -v/5, 
B = 39000 — 18200 V5 + (— 1720 + 920 V&) \/235 — 94V5, 
= 39000 — 18200 -v/6 + ( 1720 — 920 VS) V235 — 94^6, 

and where also 



4'=— 150— 70a/5 + (— 10— 2V5)V235 + 94V6, 

D' = — 1&0— 70a/5 + ( 10+ 2V5)V236 + 94V6, 

J5'= — 150+ 70V5 + ( 10— 2-v/5)'v/235 — 94V6, 

C" = — 150+ 70a/5 + (— 10+ 2V5)V235 — 94V6, 
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and 



4" = — 940— 100 a/5 + (— 100+ 20\/6)V236 + 94V5, 

Z)" = — 940— 100-v/5 + ( 100— 20 V5)V236 + 94 V5, 

^'= — 940+ 100V6 + ( 100+ 20V5)V235 — 94-V/6, 

C" = — 940+ 100 a/5 + (—100— 20V6)V236 — 94-V/5. 

The foregoing forms are in some respects the most convenient, but it is to be 
observed that we have 

A — 2600V5(1+V6)( 2+ -v/5)+40(1+V5)(18+5V6)n^47V6(2+V5), etc., 
-4' = — 10-v/5(l+-v/5)( 2+ V5) — 2V5( l+V5)v'47VM2+V5), etc., 
A!i= 20 (1— V6)(18+13V5) +20V6( 1— v/5V47-v/6 (2^+6)", etc., 

or putting for shortness 

Ve = V47-v/6(2 + V5), V Cx = '^— 47V6 (2 — -v/6) , 

(so that, according to a foregoing remark, we have (2 +V5)VQ= -v^Ci). then 

we have 

A= 40(1 + V6)j66V6( 2+ V5)+(18+6V5VQ1, etc., 

A' = — 2V6 (1 + -v/S) { 5(2+ V5)+ -v/gj, etc., 

-ii"= 20(1— V6){ 18 + 13-V/6+ V6\/Q}, etc., 

where observe that the term 2 + V5 is a factor of Q. 
Starting from the values of A!, B, G\ D, we have 

^' = -2V6(l + V5)]5(2 + V6) + V«}, 

2)' = _2V5(1 + V6){5(2 + V5)-VgK 
and therefore 

A'D = 20 (1 + »/5)\2 + -v/5) { 25 (2 + -v/5) — 47 V5 f , 

where the last factor is 

= 50 — 22 V5, = — 2 V6 (11 — 5V5), = — V5 (1 — V5)^(2 — V5) . 

Hence 

A^D= — V5. 20 (— 4)»(— 1) = 320 V5, 

that is, 

A^D = (a3)*i3y = 3 20 V 5 , and similarly ffC'=ab {^yf = — 3 20 V 5 , 

whence 

a^= — 4\/5, /3y=4V5. (a5 -f- /^fy = , as above.) 
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We have, moreover, 

^' = — 2V5(1 + 'v/6){5(2 + V5) + VC f, 
B= 2V6(1 — V5)|5(2-V5) — -v/fti, 
and thence 



^'^ = 80 { - 26 - V ggi + 6 (2 — V6) V g— 5 (2 + V5) V Qi}, 
= 80{— 25— 47V6 +(5{2—a/5) — 5)a/Q\, 

that is, 

A'B-^fiy^ W6j— 26 — 47V5 + 5(1 — -v/5)V©} 

= — 20(47 + 6V6) + 20^/6(1- V6)V$, =^"; 

and similarly we verify the values of B", G" and D'. 
We have next 

A! A!' = 160V5 {(10 + 5V6 + V 0(18 + 13 V5 + \/5 V §)}, 

or observing that Qi>/b is = 235 (2 + ^5), the whole term in { } is 

= (506+ 220 -v/5) + (470 +236 a/6) + (18 + 13 -v/5 + 25+ 10V5)V6, 

= 975 + 455 V5 + (43 + 23 ^/5) -v/ Q = 65 V5 (7 + 3 \/6) + (43+23 »/b) -v/ C; 

or we have 

A! A!' = 160 \/5 { 65 V5 (7 + 3 V5) + (43 + 23 »/b) VQf , 

= 160 V6 (1 + V6) { 65 a/6 (2 + V5) + (18 + 5 -v/8) VQ}; 

and consequently 

il'^"-^/3y=40(l + V5)|65V5(2 + -v/5) + (18 -\- b*^b)»/Q\, =A; 

and similarly we verify the values of 5, C, D. 

In the proposed equation jc* + 3000a:*+ 20000x— 100000 =0, we have 
r=3000, «= 20000, < = — 100000, a5 = — 4v'6; the two equations to be 
verified thus are 

A +J5+C+2)+ 40 y 5 (^' + D' — jB' — C) — 100000 = 0, 



and 



bA' + 155" + IOC" — lOZy - ^ (C + 2iD'') 



— 160-v/6((7+ 2Z)') — 1600+ 20000 = 0. 

As to the first of these, we have J. + 5 + C7 + Z>= 166000, A -^D ^B — O 
= — 280 V6, and the equation thus is 

156000 + 40 V5 (— 280 V6) — lOOQO = 0, 
which is right. 

8 
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For the second equation, if in the calculation we keep the radicals in the 
first instance distinct, we have 

5A" +UB"+10C" —lOD" = — 18800 + 3000 a/5 

+ (— 1500+300 V6)Vg + (500+100-v/6VGi. 

— 150 */5 {C + 2D') =j — 460 — 70\/5 

+(20+4+V5Vg+(— 10+W5VCi}(— 150V5) 

— 1600 + 20000 = 18400 

— ^(C'+22)'*) = — ^{282000+416800^5 

+(— 8800— 4000V5VC+(4400— 2000-v/5V§i} • 
Substituting in the equation, we ought to have 

0= — 18800+ 3000 V5 + (— 1500+ S00a/5)a/Q+{ 600+ 100V5VCi 

+ 52500 + 67500 V6 + (—3000— 3000^5) VC + (—1500+1500 VSVCi 

+ 18400 

— 52100 — 70500 V5 + ( 5000+2200V5) VQ+ ( 2500— 1100 \/5VCi 

that is, 

= (500 — 600 V5)VQ + (1500 + 500 -v/5) VQi, 

viz. 0= 500{(1— v/5)Vg + (3 + V5)VGi}, 

which is satisfied in virtue of VQ = (2 + V5)'v/Qi : this completes the verification. 



On the Theory of Substitution- Groups and' its 
Applications to Algebraic Equations.* 

m 

By Oskab Bolza. 



The object of the following paper (which is mostly a reproduction of a 
course of lectures which I had the honor of delivering at the Johns Hopkins 
University during the months of January and February, 1889) is to give an 
elementary introduction to the theory of substitution-groups and its application 
to Galois' theory of algebraic equations. 

The paper is divided into two parts : the first develops the fundamental 
propositions on substitution-groups in connection with the theory of asymmetric 
functions of n indeterminate quantities, and concludes with a short sketch of the 
extension of the theory to groups of operations in general. 

The second part deals with Galois' theory of algebraic equations, in particular 
their solution by radicals. 

The bulk of the material is taken from : Jordan, Trait6 des Substitutions ; 
Serret, Cours d'algfebre superieure, and Netto, Substitutionen-The6rie.f 

Besides, I have chiefly consulted 

a) for the first part: J Klein, Vorlesungen fiber das Ikosaeder; Capelli, 
Sopra Fisomorfismo dei gruppi di sostituzioni, Giornale di Matematiche, Vol. 16 ; 
Dyck, Gruppentheoretische Studien, Math. Annalen, Bd. 22. 

h) for the second part : Kronecker, Entwickelungen aus der Theorie der 
algebraischen Gleichungen, Berliner Monatsb. 1879; Konig, Ueber rationale 
Functionen von n Elementen, etc., Math. Annalen, Bd. 14; Bachmann, Ueber 
Galois' Theorie der algebraischen Gleichungen, Math. Ann., Bd. 18. 

* This subject being one on which no separate work is found in the English language, Dr. Bolza ^s 
development of it is published here, in the belief that it will prove extremely helpful to all students of 
the subject, especially by supplementing and illustrating the more extended works of Jordan and Netto. 
— Thb Editob. 

t These treatises are referred to, in the following, simply as Jordan, Serret, Netto. 

X In places where the developments would have exactly coincided with Netto ^s or Serret ^s, I have 
confined myself to an analysis of the proofs, referring for the details to the originals. 
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Moreover, the whole of my paper has been strongly influenced by a course 
of lectures by Professor Klein on the same subject which he delivered in the 
University of Gkittingen during the summer of 1886. And I take the greatest 
pleasure in expressing to him my warmest thanks for his kind permission to 
make use of these lectures for the present publication. 



FIRST PART. 

Theory of Rational Functions op n Indetbrminatb Quantities and op 

Substitution-Gboups. 

§1. — Introduction: Lagrange^ a Researches. 

1. The theory of substitutions had its origin in Lagrange's discovery* that 
in all the known solutions of cubic and biquadratic equations the auxiliary irration- 
alities which enter into the expressions for the roots are rationally expressible in 
terms of tlie roots of the given equation. 

The roots of the cvhic equation^ which we may, without loss of generality, 

assume in the reduced form 

a3+jpa4-^=0, (1) 

are given by Cardanus' formula, 



(2) 



a, = o'V — -^ + vi? + o n7--|- — Vie, 

R denoting the expression ' 

-"-■ 4 ^ 27 

and a being an imaginary cube root of unity. 

In the expressions (2), the sign of the square root and the value of one of the 

*R^ei:ionB sur la rteolution alg6brique des ^uations, Oeuvres, Vol. m, p. 205. 
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two cube roots may be chosen at will ; the choice of the other cube root is then 
determined by the condition 

^_X+Vi2.Ny--|— Vi2 = -f . (3) 

which can always be satisfied, since the cube of the product on the left-hand side 
is found to be — -g^ (compare Serret, No. 505). 

The radicals which enter into the expressions (2) of the roots are, in fact, 
rationally expressible in terms of aji, ajj, x^. 

For, by multiplying the three equations (2) by 1, co^ o) respectively and 
adding, we have, since 1 + o) + "* = > 



xy-4 + v/i2= ^- + "'? + ^' ; (4) 



2 ' ^ ' 3 



by multiplying the same equations by 1 , ci,' o' and adding, we obtain 



-v/_-|-_ViE = ^^ti?|±f^. (5) 

Cubing the last two equations and subtracting the second from the first, we 

obtain 

1 

or, after an easy simplification. 



Vi? = — ig— (a^8 — ^z){^^ — aJi)(a:i — a^) • * (6) 

Thus om* statement is verified. 

2. On the properties of the expression 

to which the preceding analysis of Cardan's formula has led, Lagrange has 
founded a direct method of solving the complete cubic equation 

a" — Cia^ + Cgcc — C8 = 0. (7) 



(8) 
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If, in the function if/i, the letters Xi, a^, x^ are interchanged among them- 
selves in all possible ways, 't^i is changed successively into the following six 
functions (the six " valties " of the function t/^i) : 

'4^i = ^i + (^x^ + 6)*a:3, 

'»^S = a^3 + ^^l + ^^X2 = (W'l I 

'4^i = Xi + c;iXs + o'ojs, 

'^9 = X2 + QXi + G?Xz = (jy^ij 

These six "values" are the roots of the equation of the sixth degree, 

or, on account of (8), 

whose coefficients are easily seen to be symmetric functions of »i, ccg, a^ ^^^ 
are therefore rationally expressible in terms of the coefficients Ci, Cg, Cj of (7) ; 
the result is (see Serret, No. 508), 

^ + '4'J=2o;-9ciC3+27c8, 

'4'1^4= c^-3c2. (9) 

Hence our equation becomes 

^6 _ (2cf - 9ciC3 + 27C8) ^' + (c? - 3c,)« = . (10) 

To solve it we put -i^ = and obtain for B the quadratic equation 

0»— (2cf— 9ciC2+ 27C8) e + (c^ — Scg)' = ; (11) 

denoting by Bi and 0, its two roots, we have 

On account of the relation (9), the cube roots must be chosen such that 

>^5'0i>v5'O, = cf — Scj. (12) 

'4^1 and '1^4 being thus found, the roots x^^ x^^ x^ can be obtained from the three 

linear equations 

Xi + oar, + G?x^ — v'di, 

Xi + 6)*a:, 4- oars =^^0*1 

Xi+ X2+ x-^= Ci, 
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which give 



*i— 3 

X8 = 3 ' 

«8= 3 J 



(13) 



3. The hiquadnratic eqVKxtum 

cc* + ja:* + nc 4- « = (1) 

is solved, after Ferrari, by means of the cubic "resolvent equation" 

f _^f _45^_(r»_45s)=:0. (2) 

If i^i denote one of the roots of (2), the left-hand side of (1) may be written 

{^ + 4)'+ «■ - * - 2(1^)]'= »• 
Hence two roots of (1), say Xi and a:,, are found by solving the quadratic equation 

the two others, x^ and x^^ by solving the quadratic equation 

Again the two auxiliary irrationalities ^i and V^i — j are rationally expressible 
in terms of the roots of (1); for from (3) follows : 

«i + ^ = — '>^^i — q^ ^i^='~t~ 2^^i—q ' 
and from (4), 

_ f 1 



Hence ^i = ajia;, + agx^ , | 

; Xz-\-Xi — Xi — asj f 

;i-2 = 2 •) 



vi; 



(5) 



4. From his analysis of Ferrari's solution, Lagrange derived the following 
method of solving the biquadratic equation 

a^ — c^ + 0^ — c^x + C4 = 0. (6) 
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The function a^oc^ + xjXi is a " three- valued function of the roots"; for it takes, 
on the whole, three differerd values, if the letters Oi, ag, a^, ^4 are interchanged 
among themselves in all possible ways, viz. 

i^i = aria:ii4-aVJ4, ^t — x^x^^r^c^^, £j = aiJP4 + a«a^- (7) 

These three expressions are the roots of the cubic equation 

whose coefficients are immediately seen to be symmetric functions of Xi , a%, Xg, 0:4 
and are therefore rationally expressible in terms of the coefficients Ci, c^, Cj, c^ 
of (6); the result is (see Serret, No. 615) : 

f-c,f + (oxC,-C4)^-(c?C4-4c^4 + ^) = 0. (8) 

i^x being found by solving this equation, the roots x^^Xi^i x^^x^ can be obtained 
as follows : 

From the two equations 

CTx^i + a^4 ^^ $1 1 X^^C^ • ^3^4 ^^ C4 

it follows that the two quantities 7^^ and 0:8X4 are the roots of the quadratic 
equation ^—^1^ + 04=0. (9) 

Further, x^^r x^ and 03 + ^4 are expressible in terms of x^x^ and x^^ by meane 

of the two equations 

(xi 4- x^ 4- (as + aji) = ci, 

«8^4 (^1 + ^) + ^v^ (^8 + ^^ — ^8- (10) 

But Xi + scji and x^x^ on the one hand, and x^ + ^4 and 0:8X4 on the other hand 
being found, we can construct the two quadratic equations whose roots are 
Xx and x% and x^ and X4 respectively (for the details see Serret, No. 515). 

6. Lagrange'a results on the cubic and biquadratic equations suggested the 
idea of solving, in a similar manner, equations of a higher degree with the aid of 
rational functions of the roots ; thus Lagrange was led to study generally the 
properties of rational functions of the roots Xi, x, . • . . ar^ of an equation of the 
r^ degree with respect to the changes which they undergo when the letters 
Xi, Xj . . . . Xn are interchanged among themselves, and he established the follow- 
ing fundamental theorems : 

1). The number, say p, of different values which a rational function of the 
roots takes, if the letters xi , x^^ . . . . x^ are interchanged among themselves in 
all possible ways, is always a divisor of n ! 
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2). The p different values of a p- valued function of the roots satisfy an 
algebraic equation of the p*^ degree whose coeflBcients are rational functions of 
the coeflBcients of the given equation. 

3). If a rational function ^(xi, a:^ . . . . «„) remains unaltered by all those 
permutations of the letters Xi, X2 * • • • Xn which leave unaltered another function 
t// (a^i , JCg . . . . ic^) , then ^ is rationally expressible in terms of '^ and of the 
coeflBcients of the given equation. 

Whereas Lagrange directed his attention chiefly to the different values of a 
rational function of the roots, an essential progress in the theory was made by 
Cauchy,* who first systematically considered those systems of permutations — 
or, as he says, substitutions — of the roots which leave a given rational function 
unaltered ; and in doing so, Cauchy has become the founder of an independent 
Theory of Substitutions, which at the same time throws a new light on Lagrange's 
discoveries. 

We shall begin with an exposition of the elements of Cauchy's theory and 
give the proofs of Lagrange's theorems in their proper places. 

§2. — Elementary Propositions on Svbstitutioiis. 

6. Cauchy distinguishes between a permutation and the operation of per- 
muting a number of objects ; he calls this operation a substitution. The substi- 
tution which replaces Xi by cc., ar, by a;^, . . . . x^ by x^, the indices a, /3, . . . . >l 
being some permutation of the numbers 1, 2, .... n, is usually denoted by 

/a^i x^ • • • • ^n\ , 
^ ajjj x^ • • . . X)^ ^ 

sometimes, however, it is more convenient to write the letters of the first line, 
and accordingly also those of the second, in a different order ; for instance, 

/arj x^ Xi \ ^^ /a-„ X3 x^\ ^ ^^^ 

^ Xa X)^ • • • • Xg^ ^ ^ X)^ Xq • • • • Xf^ ^ 



There exist evidently as many different substitutions between n letters as there 
exist permutations, viz. n!; among them is included the ** identical substitution" 



/ari x^ . . . . a;^\ 



•C^ *^2 • • • * *^H 

which leaves all the letters unaltered and which is denoted by 1 . 

* Exercises d ^analyse et de physique math^matiqae. 
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7. If, in a rational function ^(ari, a, . . . . Xn) of 3*1, a^ . . . . sc«, we apply to 
the letters Xi, 0:2 .... sCn the substitution 






•^a Xfi • • • • aU;^ 

the function ^ is changed into ^(x., x^ . . . . a^); we shall denote, with Jordan, 
this function by 

^a{xu x, . . . . xj. 

Corresponding to the n\ substitutions which we denote by 

1 , a, 5, c, . • • . , (1) 

we thus obtain n\ functions 

^> ^a, ^n ^c» • • • • (2) 

Several cases may present themselves : 

1). The n\ functions (2) may all be distinct; such an **n!-valued function" is 
for instance, as is easily verified, 

^ = m^xi + ?noX, 4- + ^na^fii 

provided the constant factors ttij, 7712, ... . m^ be all distinct (see Serret, No. 491; 
Netto, §29). 

2). The n\ functions (2) may all be equal; that is, ^ may "remain unal- 
tered" by all the n\ substitutions. It is then called a ^^ ofie^atued" or symmetric 
function. 

3). These are the two extreme cases; in general, the function ^ remains 
unaltered by some of the n\ substitutions and is changed by others. If there 
are among the functions (2) p different functions, ^ is called a p-valved function. 

To complete these definitions, we must add that we consider throughout the 
first part of this memoir the letters Xi, Xg, . . . . x„ as indeterminate quantities, and 
accordingly two rational functions of Xi, X2, . . . . x^ as equal only when they 
are identical for all sets of values of the letters Xi, Xg, . . . . x„ (compare below, 
No. 55). 

8. Example I. With three letters Xi, X2, x^ we have 3!= 6 substitutions; 
they are of the following "types":* 

1). The identical substitution 1 . 

*Sub6titution8 of the same type differ only by the notation of their letters, and are called rimilcar 
substitutions (compare below, No. 88). 
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2). Each of the substitutions 

^_/XiX2Xs\ d=(^l^^s\ ^—^XiX^Xs\ 

^Xi x^ x^J ' ^Xs x^ Xi^ ' ^a^s ^\ ^^ 

leaves unaltered one letter and interchanges the two others; generally sub- 
stitutions which only interchange two of the n letters, say x^ and x^, are called 
transpositions and are usually written in the abbreviated notation {x^x^ or {x^x^] 

3). The substitutions 

^X^ X^ Xy/ ' ^iCg Xl X^J 

interchange the three letters cyclically ; they are called circular svhstitiUions and 
are usually denoted by 

a = («! 3^2 Xs) or {x2 X2 Xl) or (xg Xi Xg) , 

b = {xi Xs x^) or (iCg Xl x^) or (xg x^ Xi) , 

the symbol {x^x^Xy .... x^x^) denoting generally the ** circular" substitution 
which replaces cc. hy Xp, x^hy Xy . . . . x^ by cc^i x^ by x^. (Circular substitution 
of two letters = transposition.) 

Applying these substitutions to the function 

= (Xi 4- 6)X2 + co'xg)^ 

we find (compare No. 2) 

Oi=Oa= Oft'= (Xi + 6)X, + C0^X3)^ 
6c=^d=Ge= {Xi + 6)*X2 + (dX^fj 

hence 6 is a two-valued function. 
For the function 

q> = {Xt — X8)(X8 — Xi)(Xi — x,) 

we have ^^ = ^^ z= ^^ zz: ^, 

^c = ^d= ^« = — ^; 

thus ^ is a two-valued and, in particular, an alternate fvmjctiony since its two 
values differ only in sign. 

9. Example II. Between four letters Xi, x,, xg, X4 there exist 4! = 24 
substitutions ; we may distinguish the following types : 

a). The substittUion 1 . 
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h). —^=6 transpositions] they are, if we write for shortness, only the 
indices (12); (13); (14); (2 3); (2 4); (3 4). 

c). 4.2 = 8 circular substitutions of three letters^ viz. 

(234); (243); (134); (143); (124); (142); (123); (132). 

d). 3! = 6 circular suhstitutions of four letters, viz. 

(1234); (1243); (1324); (1342); (1423); (1432). 

e). Finally, the three substitutions 



/I 2 3 4y /I 2 3 4\ /I 2 3 4Y 
\2 1 4 3/ ' \3 4 1 2/ ' M 3 2 1/ ' 



they are usually written in the abbreviated notation 

(12)(3 4); (13)(2 4); (14)(2 3); 

that is, the first substitution interchanges the two letters Xi and x^ on the one 
hand and x^ and x^ on the other hand, etc. 

Similarly, every substitution between any number of letters can be ** decom- 
posed into cycles" of different letters; for instance, 

/1234 5 6 78 9 10N ^ ^)( )( ) 

V3964 107 152 8/ 

the letter x^, which is not altered, may either be suppressed or added as a cycle 
of one letter (see Serret, No. 408; Netto, §22). 
Applying these substitutions to the function 

m 

of No. 4 we obtain the following table : 



XjX} H" X3X4 

XiXs + X^Xi 



1; (12); (34); (12)(34);(13)(24);(14)(23); (1324); (1423) 
(234); (1342); (23); (132); (143); (124); (14); (1243) 
(243); (1432); (24); (142); (123); (134); (1234); (13) 



the substitutions of the first line leave ^i = XiXt + x^i unaltered, those of the 
second line change it into ^j = XiXg+ a^«4, those of the third into ^3 := XiXi+ x^. 
10. If we apply to a rational function ^{xi, x^ . . , . x„) first a substitution 

^ _ /«! Xj x^\ 



ST. X 



a '^P • 
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^ is changed into ^a = ^(a^a» 3: . . . . xj; if, now, we apply to this new function 
^a another substitution 6, which replaces jr. by x.^ ar^ by a:^/, .... x^ by ar^, and 
which consequently may be written 



^X„f Xaf • • • • 3Ji/^ 



'^/ • • • • Xy' 

^. is changed into {p^)f, = ^ (x„/, a:^/, . . . . Xy) . But the permutation x^fXp, . . . x^/ 
could have been derived directly from the original permutation arja:, . . . . a;„ by 
the substitution y^. g. .... a; \ 

^^a;./ a:^/ . . . . x^^ 

This substitution, which is equivalent to the successive application of — first a 
and then b , is called the product of a by b and is denoted* by ab . 






a^a a^8 ^v 



\3*« rr« or,/ 



'X8 a^ a^i* 



^arg a:, Xi/ 
ca = {xi X2) . 

2). a = (xi a:2)(a?s a^i) ; * = (»i a^)(^ ^a) j 

ab = (a?! a:4)(a:2 a^s) '» ^^ = (^i ^i){^ ^3) • 

11. Elementary propositions on products of substitutions (see Serret, No. 405 ; 
Netto, §27): 

a). The commutative law does not, in general^ hold for products of substitutions ; 
in special cases, however, it may happen that ba = ab (see the above examples). 
Two such substitutions are called interchangeable (** 6changeables," Jordan, Serret). 

Two substitutions which operate upon different letters are always inter- 
changeable : 

(«i X2 Xs){x^ x^) = (ar^ x^){xi ar, x^) . 

b). The substitution 1 may be suppressed in a product since a. 1 = l.a = a; 
conversely, if 6a = a or ab = a, then b must be 1 . 

* We adopt the notation of Jordan and Netto on account of its practical advantages in appUcations 
to rational functions. Serret writes ba , in accordance with the usual notation in arithmetic and quater- 
nions. 
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c). To every substitution a belongs another substitution a' called its inverse^ 
and denoted by a""\ such that 

ad z=ia^a^=> 1 , viz. if 

a = (^^^ ar„\ ^^^^ evidently 

^Xi Xi . . . . xj 
d). A product of three svhstittUions is defined by abc = {ab)c'j the associative 
law holds {ab)c = a{hc). 

12. A product of equal substitutions is called a power and denoted accord- 
ingly: a.a'=-cj?, a.a.a^-c?^ etc. On account of the associative law we have 
a\a^ = a'''^\ 

If we form the successive powers of any substitution a: 

a^ cf^ a^ . . . . in iiifinitum, 

some of the powers must be equal, since there exist only a finite number of 
different substitutions between n letters. Hence it is easy to infer that some 
power of a must be equal to 1 (Serret, No. 406); if a** be the lowest power of a 
which is equal to 1, 

then [i is called the order or period of the substitution a. 
The first /z powers, 

are all distinct, and are periodically repeated if we continue the series of powers 

beyond a'^: a**"*"^ = « ; a** +* = a^ . . . . ; 

generally, a*^ + ^ = a^. 

It is convenient to introduce also negative powers-, a"^ is defined by a"'*~^ 
the integer a being chosen such that <1 a// — /^ < /^ ; in particular we have 

a~^ = a'*""\ (Compare No. 11, c.) 

Further, a^ is defined to be = 1 . 
JExamples: 

1). a = (23); a'= 1; order 2. 

2). a = (12 3), a*=:(13 2), a«=l; order 3. 

3). a=(1234), a«=(13)(24), a«=(1432), a*=l;order4. 
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Generally, the order of a circular suhstitviion of m letters is m (Serret, No. 408). 

4). a = (12)(34), a« = (12)(34).(12)(34) = (12)X34)«=l; order 2. 
5). a = (123)(45), a* = (132), a«=(45), 

a^ = (123), a*=:(13 2)(4 5), a«=l; order 6. 

Generally, the order of any substitution is the least common multiple of the orders of 
its cycles (Serret, No. 409). Hence the corollary : A substitution of order p 
among a, prime number^ of letters must necessaril)> be a circular substitution. 

§3. — Rational Functions and Substitution- Groups. 

13. Let us select among the n\ substitutions between n letters Xi, x^ . . . . x^ 
all those substitutions which leave a given rational function ^(xi, ar, . . . . x^) 
unaltered ; and let a be any one of them, so that ^^ = ^. This equation is an 
identity, holding for all sets of values of the letters cti , a^ . . . . a:„ (No. 7), and 
remains therefore true if operated upon by any substitution whatever, say b ; 
that is, according to the notations of No. 10 : ^o* = ^6« 

In particular, if b be itself one of those substitutions which leave ^ unaltered 
(including the case 6 = a), we have ^5 = ^, and consequently also ^a6 = ^- 
Hence also the product ab is one of those substitutions which leave ^ unaltered. 

Now, a system of substitutions which possesses this characteristic property, 
that the product of any two of its substitutions — equal or different — belongs 
itself to the system, is called a group of substitutions* 

Using this definition, we have the theorem : 

The totality of those svhstitations which leave a rational function unaltered^ 
constitute a group. 

Evidently every product of any number of substitutions of a group belongs 
again to the group. 

The number of different substitutions of a group is called its order ; the 
number of letters which are operated upon, its degree. 

We shall call the group Q of those substitutions which leave the function ^ 
unaltered, the group of the function ^, and say the function ^ belongs to the 
group G. 



*Cauchy uses the term ^'systdme de substitutions conjagu6es"; Galois introduced the term 
^^groupe," which is now generally adopted. 
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14. Example I.' The rational functions of ari, cgj, scg which occur in the solu- 
tion of the cubic equation (No. 1, 2) furnish the following substitution-groups 
between three letters : 

a). The system of all the six — in the general case n\ — substitutions consti- 
tute a group, G^ — in the general case G^^; it is the group of the symmetric 
functions, and is called the symmetric group. 

b). The alternate function 

^ = {x^ — ar3)(ars - Xi){xi — x^) 
belongs to the group (see No. 8) 

(^3= [1; i^^^s)', (^ia:3ir2)]» 
called the alternate group. 

c). The three functions Xi, x^j x^ belong to the three groups 

<?^=[i;(^2«:3)]; G','=[\',{x,,x,)]', GH'^li'.ix.x,)] 

respectively. 

d). Finally the substitution 1 may be considered to constitute by itself a 
group Qi , since 1.1 = 1; this is the group of any function such as Xi + 0x2 + t^^x^ 
which changes its value by every substitution except unity. 

In order to show that the systems of substitutions just enumerated constitute, 
in fact, groups, we add the " multiplication table " for the six substitutions (nota- 
tions of No. 8): 





1 


a 


b 
b 


c 


d 


e 


1 


1 


a 


c 


d 


e 


a 


a 


b 


1 


d 


e 


c 


b 
c 


b 


1 


a 


e 


c 


d 


c 


e 
c 


d 


1 


b 


a 


d 


d 


e 


a 


1 
a 


b 


e 


e 


d 


c 


b 


1 



the table gives, for instance, the product oc = d in the intersection of the line a 
and the column c. 
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15. Example II. The rational functions which occur in the solution of the 
biquadratic equation (No. 3, 4) furnish the following substitution-groups between 
four letters: 

a). The symmetric group Q^^ consisting of all the 24 substitutions. 
b). The function ^i = aria:, + a:8a:4 belongs to the group (see No. 9) 

G8=[l;(12);(34);(12)(34);(13)(24);(14)(23);(1324);(1423)]. 

Since ^^^^Xioc^ + x^x^ can be derived from ^i by interchanging the two letters 
^2 and Xg, the group of i^2 is evidently obtained by interchanging everywhere 
within the substitutions of G^ the letters x^ and x^] thus we find 

G^=[l;(13);(24);(13)(24);(12)(34);(14)(32);(1234);(1432)]; 

similarly the group of i^g ^=^XiX^ + x^x^ is found by interchanging within the 
substitutions of G^ the letters x% and »4 : 

G^8'=[l;(14);(32);(14)(32);(13)(42);(12)(43);(1342);(1243)]. 

Such groups as Gs* G^8> ^s^ which differ only in the letters on which they 
operate, are called similar groups (compare below No. 33). 

c). The function Xi + x^ — x^ — x^ 

belongs to the group 

J3,= [l;(12);(34);(12)(34)] 
of order 4. 

All the substitutions of this group are at the same time contained in the 

group Gg ; hence H^ is called a subgroup of G^ . Generally a group H is called 

a subgroup of another group G if all the substitutions of H are contained in G , 

including the extreme case H=G. 

16. To find further interesting substitution-groups between four letters, we 
remember that, in solving the cubic resolvent equation (8) of No. 4, we have to 
pass, according to No. 2, through the rational functions of ^i, ^j, ^^: 

<?> = (I, - ^3)(^3 - f l)(ll - 4.) 

and 1^ = ^1 + u^, + 0%. 

Replacing |i, ^g, ^s ^y their expressions in terms of Xj, Xi, Xg, we obtain 

^» — Is = («i — «8)(«8 — «<) . 

Is — li = («i — »3)(a;4 — «s) . 

Ii — 1» = («i — Xi){^ — «s) ; 
10 
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If, now, we apply to these functions simultaneously any substitution c of G, 
they are changed into 

These values are a permutation of the values (2); for the substitutions 

aCj hcj . . , , Ic 

belong all to the group G according to the definition of a group ; moreover, they 
are all distinct, since, for instance, from ac = be we should deduce by multiplying 
by c~^: a'=h. 

Hence any symmetric function of the values (2), 

Sym. (7„, 7j Vi) = q>{xi, x^ . . . . x^ 

remains unaltered by all the substitutions of G, and, in general, by no others. 

Thus for instance the product 

Fa Kj . . . . Vi 

belongs to the group (r, provided the coeflScients rrix, m^ . . . . m^ be properly 
chosen. 

Example: n=3, G=[l] a= (ajjo^scg); i = (a^a^a:,)] . 
Choosing for the coeflBcients m the values 

Wll = l, IWg = 6), 7^2=6)* (6)^=1), 

we have V=xi + ox, + o^x^ , 

V, = <J^V, 7, = 6)7, 
hence ^ (a^, ar^, x^) = Vi 7« 7^ ={xi + oxg + q^x^Y 

belongs to the group G (compare No. 8). 

19. Thus a perfect reciprocity between rational functions and substitution 
groups is established : Every rational function belongs to a certain group and to 
every group belongs an infinity of rational functions. 

All the rational functions of a^i, x^ . . . . x^ may therefore conveniently be 
classified according to the groups to which they belong ; and thus the problem 
arises : To determine independently all tlte substitution-groups which can be formed 
vnth n letters* 

To solve this problem we may proceed as follows : 

We write down all the n! substitutions and select among them, at random, 
any combination of m substitutions, 

a, 6, .... A; (1) 
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and construct the multiplication-table containing the rr? products 

a*, ah ... . ak, 
ha J h^ . . . . hkj 



lea J Jch , . . . J^. 



If this table contains no other substitutions than those of (1), the substitutions (1) 

constitute by themselves a group. If, on the contrary, it contains still other 

substitutions, 

?, m . . . .^, (2) 

not included in (1), then the substitutions (1) do not constitute a group. In this 
case we add the new substitutions (2) to the system (1) and form the multiplica- 
tion-table for the enlarged system. Thus we continue until at last we arrive at a 
system of substitutions which do constitute a group, and we must finally arrive 
at such a system since there exist only a finite number n! of different substitu- 
tions. We denote this group by G (a , i .... A:) , it is said to be generated by the 
substitutions a^h . . .h] it is the smallest group which contains the substitutions 
a, b . . . .k'y that is to say, every group which contains these substitutions con- 
tains necessarily all the substitutions of G{a, b . . . . k). 

Applying this proceeding to all the possible combinations of one, two, 
three . . . . , etc. substitutions, we obtain all the possible substitution-groups 
between n letters. 

20. The group 0(a) generated by a single substitution a contains the fi 
different powers ofayfi denoting the order of a (No. 12) : 

a , a*, a' .... a** = 1 . 

These [i powers constitute by themselves a group, since a^'.a^^^a'^'^^, and this is 
then the group 0(a). 

Such a group, which consists of the different powers of a single substitution, 
is called a cyclic group. 

As a corollary, we mention that every group contains the substitution 1 . 

In the case where a is a circular substitution of [i letters, say for instance 

a= (xi, cc,, x^), 

a function which belongs to the cyclic group O (a) is the *' cyclic function '' 

6) being a primitive fi^^ root of unity. 
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§4. — Group and Subgroup. 

21. Fundamental Theorem: 

If a group G of order N contains all the substitutions of another group H of 
order P , tliefii N is a multiple of P . 

Proof: Let the substitutions of H be denoted by 

A^= 1, h^, . . . .hp\ (l) 

the group G contains all the substitutions of II\ if it contains no other substitu- 
tions, we have G^= H, N=1.P. If, on the contrary, G still contains another 
substitution, not contained in JT, say g^ , then it must also contain the P products 

(/a, h^g2, .... hpg^, (2) 

according to the definition of a group, and it is easily seen that these substitu- 
tions are different from each other as well as from the substitutions (1). Now 
either the group G contains no other substitutions than the substitutions (1) 
and (2); then its order N is 2.P] or G contains still another substitution, say 
(/a; in which case it must also contain the P products 

gzj hgz^ • • • • ''pJ73) (3) 

which are again different from each other as well as from the substitutions 
(1) and (2). 

Now either G contains.no other substitutions; in which case iV:= 3.P or etc. 
Continuing in this way, we must finally arrive at a last line 

(jTy, h^gyj .... hpg^j 

so that N=v.P, Q. E. D. (For the details of the proof we refer to Serret, 
No. 425.) 

Besides we have the result : 

The N=:v.P substitutions of G can be arranged in the rectangidar table: 

tl\ — 1 , /A) , . . . . rip I 

g% I fhgtf .... /ipf/2> 



22. Remarlcs: 1). The ** multipliers" (/i= 1, j/2, . • . . j/^ may be chosen in 
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various ways; the only condition which they must fulfil is that no two of them 
satisfy a relation of the form gaQJ^ = A.* 

N 
2). We shall call the integer r = -p the index of the subgroup E under (r.f 

3). A similar table can be constructed by multiplying on the left-hand side 
instead of the right-hand side. 

Corollaries: 1). The special case Gz=i Gr^^ gives the corollary : 

The order of any substitution-group between n Utters is a divisor of n ! 

2). The special case H=> Q (a) gives 

The order of any substitution contained in a group of order N is a divisor of N. 

An important consequence is : If the order N is primes O must itself be a 
cyclic group consisting of the N diflFerent powers of a substitution of the N^^ 
order. 

This is a special case of the following important theorem due to Cauchy : 

If the order N of a group G is divisible by a prime number p , then G contains 
a cyclic subgroup of order p . 

For the proof, which is pretty complicated, we refer to Jordan, No. 40-42; 
a further extension has been given by Sylow (see Mathematische Annalen, Bd. 5, 
besides Netto, §48, and Frobenius, Borchardt's Journal, Bd. 100). 

23. Let now 'v^ he a rational function of cci, jr2> • • • • ^n which belongs to 
the subgroup JT, and let us apply to it all the N substitutions of G ; then we 
have '^hg = '^g , since i/.^ = 4', consequently the P substitutions of the line 

9fi'> 'hg^i • • • • hpg^ 

of our table change the function '^ into the same new function '^^:=^'^g . Fur- 
ther, it is easily seen, from the properties of the multipliers g, that two func- 
tions '4'ii and '4'i7 are diflFerent if /3 is different from y. Hence 

N 
A ratioiial function '^ which belongs to the suhgroup H takes v = -p- different 

values, if operated upon by all the N substitutions of the group G. 
These v values 

'4'! = 4', 4'a = '4'(^,, • . . . '4'r = '4^g^ 

^h stands here and afterwards for ^^ any substitution of the group H.'*'* 

t Serret uses the expression index of a group for what we should caU its index under the symmetric 
group. 
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are called the v conjugate values of '^ under the group Q (**gleichberechtigt," 
Klein). 

The special case 0-=^ G^x gives the corollary : 

The number p of different val^ies which a rational function assumes if operated 
upon by all the n ! substitutions , is always a divisor ofnl: 

71 1 

p = -p- . (Lagrange, compare No. 5.) 

Example: n= 4, notations of No. 15, 

G=Gi2, H=G^, '4' = («i — aJ»)(a:3 — a?4) » 

1; a =(12)(34); b =(13)(24); c =(14)(23) o^i 

c?=(23 4); acZ =(13 2); ic?=(143); cd = (l24) 4'» 

cP = (243); ac? = (142); ic? = (123); cc? = (134) '^^ 

4'!= (a^i — «8)(x3 — X4); '^%={xi — x^){x^ — X2)\ '^z-=^{xi — x^{x^ — x^. 

Other examples have already occurred in No. 8 and 9. 

24. Excursus on Transitive Groups. 

The distinction between transitive and intransitive groups may be easiest 
understood by some examples. 

Let us first consider the group G^ between four letters of No. 15, and fix 
our attention upon one of the four letters, say Xi ; then there exist in G^ substi- 
tutions which replace Xi by Xi (for instance 1), substitutions which replace Xi by x^ 
(for instance (ariOj)), by X3 (for instance {xix^{xix^), by JC4 (for instance 
{xix^{x^x^). Hence the substitutions of (Jg allow to replace Xi by any one of 
the four letters cci, Xg, X3, x^] such a group is called a transitive group. 

On the other hand, the group H^ of No. 15 contains substitutions which 
replace Xi by iCj or by X2, but no substitution which replaces Xi by x^ or by x^] 
such a group is called intransitive. 

The definition in the case of n letters is analogous (Netto, §61). 

Tlie order of a transitive group between n letters is always divisible by n. 

Proof: Let us select, among the substitutions of the given group G, all 
those which leave one of the n letters, say xi , unaltered ; evidently these substi- 
tutions constitute by themselves a group H, subgroup of G. Let us now apply 
the theorem of No. 21 to the two groups G and H, and construct the rectaa- 
gular table of No. 21. The substitution g^ replaces Xi by some other letter, say 
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flc,; then all the substitutions of the second line, and no other substitutions of ff, 
will replace Xi by Xg , and similarly for the other lines. Hence, if moreover Q 
is transitive, v must be equal to n, which proves our proposition (compare 
Netto, §62). 

Examples: n= 3: Gs, O^ are transitive, 

n = 4: Gf^, G^, O^, G^ are transitive. 

The lowest possible order of a transitive group between n letters is there- 
fore n; a transitive group between n letters of order n is called a regular group. 
Regular groups are for instance n=3, G^; n=4, O^, and the cyclic group: 
1; (1234); (13)(24); (1432). 

§5. — Algebraic Relations betioeen Different Rational Functions of the Roots. 

25. The series of theorems on algebraic relations between different rational 
functions oi Xi, x^ . . . . x^ begins with the well-known theorem on symmetric 
functions : 

Every rational symmetric function of Xi, x^, . . . . x^ is rationally expressible 
in terms of the elementary symmetric functions 

Cj = X1X2 + X1X2 +.... + Xn-l^w, 



Cft — XiX^ • • . • Xn, 

Symm. (xi, acg, ....«„) = Rat. (ci, Cjj, . . . . c^) . 

If, in particular, the symmetric function is an integral function of iCj, ccj . . . »^ 
with integral coefficients, then also its expression in terms of Cj , C2 , . . . . c,^ is an 
integral function with integral coeflBcients (see Serret, No. 174). 

26. Theorem: 

If an asymmetric function ^ {xi, x^, . . . . Xn) takes p different values, 
<^j = <^ , (^ , . . . . <^^ whefii operated upon by all the n ! substitutions] then ^ satisfies 
an equation of the p^ degree whose coefficients are rational functions ofci, Cg, . . . . c^. 

For if the p values of 4), 

are simultaneously operated upon by the same substitution, they are only inter- 
changed among themselves (compare No. 18 and below No. 38) ; hence any 
symmetric function of 4)x > ^ > • • • • 4>p remains unaltered by all the n ! substitu- 
11 
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tions and is therefore a symmetric function. also of oji, jrg, . * . . «n ^'^^ conse- 
quently rationally expressible in terms of Ci, C|, . . . . c^. 
Hence the coeflBcients of the equation 

(4>-4>i)(4>- <?>»)•.•. (<?>-4>p) = o, 

whose roots are the p values of 4), are rationally expressible in terms of 

^1) ^2? * * * * ^n* Q. E. D. 

Such an equation is called a resolvent equation^ or simply resolvent of the 
equation ^^n _ ^^^-i ^ ^^^-« + c„ = , 

because in certain cases the solution of the resolvent implies the solution of the 
given equation. 

Examples have already occurred in Nos. 2 and 4. 

27. Let us next consider a rational function 4)(xi, a:t|, . . . . ccj belonging to 
a group G, and another function n^ belonging to a subgroup H of G of index v. 

We shall always indicate these frequently recurring assumptions by the 
diagram gt. ^ 

V 

Si ^. 

If, then, both functions are operated upon by all the substitutions of (? , 4> remains 
unaltered, whereas 'v^ takes v conjugate values (No. 23). 

We are going to prove that, accordingly, ip is rationally expressible in terms 
of 4^ (and of Ci, C2, . . . . c„), whereas the v conjugate values of 4^ satisfy a 
"resolvent equation" of the v^^ degree whose coefficients are rational functions 
of 4> (and Ci, Cj, . . . . c,^). 

a). In order to prove the first part of this proposition, let us form the 
product ^nl/", m being any integer; this function will then, according to our 
assumptions, remain unaltered by all the substitutions of JETand — leaving excep- 
tional cases aside — by no other substitutions. Hence, denoting by p the index 
of the group H under the symmetric group Onu the function 4>^~ takes p different 
values if operated upon by all the n ! substitutions ; let them be denoted by 

^AT = 4>^~, <Pd?, <pp'4^7^ 

<^„ and '4^^ being derived from ^ and 4' by the same substitution ; * the sum 
Ml +^^4^7+ »p^r = gm (1) 

* In general, some of the ^a's will be equal, but this does not affect the proof. 
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is then a symmetric function of arj, ar^, . . . . ar^, and is therefore rationally 
expressible in terms of q , c^ , . . . . c^ . 

li). Forming now the equation (l) successively for m = 0, 1, 2....p — 1, 
we obtain the following system of p equations linear with respect to 4)1, ^2) • • • 4>p- 

<?>i + 4>2 + . . . . 4)p =^o» ^ 

Solving these equations with respect to ^i, we obtain ^^ expressed as a rational 
function of '^'i, 'J'g, • - • • '4'p; Ci» <^» • • • • ^n» symmetric with respect to the p — 1 
quantities '4'2> ^'s? • • • • '4'p- But any symmetric function of these quantities can 
be transformed into a function of ^^ and symmetric functions of 4'i» ^'s* • • • • '^'p 
and consequently also of '^'i, Ci, Cj, . . . . c,^. Q. e. d. 

For the details of the proof we refer to Serret, No. 492, and Netto, §§95, 96. 

This fundamental proposition is due to Lagrange (Reflexions sur la resolu- 
tion algebrique des equations, §100, (Euvres, Vol. Ill) and called Layramje's 
Tlieorem ; it is usually expressed in the form 

1/ a rational fimctiofi 4> (ifi, 0:2, . . . . x„) remains unaltered by all the substitu- 
tions which leave another rational function "^{xi, x^^ . . , . x^ unaltered^ then ^ is 
rationally expressible in terms of'^. 

^ = Rat. (4'; Ci, Cg, .... c,J. 
28. Remarks: The expression of ^ in terms of i/^ is found to have the form 

^- A, • 

The detwminator A^ denotes the square of the product of all the differences of 
the p values 'v^i, '4'2» . . . . 'v^p: 

It is a symmetric function of a:i, Xg, . . . . sCnt hence rationally expressible in 
terms of c^, c^, . . . . c„ and called the discriminant of tlw function 4'- It is differ- 
ent from zero excepting for those special values of the x's for which two or more 
of the functions '^'i, '4'2> • • • • '^'p become equal (see below, No. 67). 

The numerator g {;^\ Ci . . . . c^j) is an integral function of 'v^j ^u c,, . . . . c„ 
with rational coeflBcients, if ^ and '^ themselves are integral functions with 
rational coeffiscierUs of Xi, iTg, . . . . x^. 



84 BoLZA : On the Theory of Substitution' Groups and its 

The special case 0=- H furnishes the Corollary I : 

All rational functions tJiat belong to the same group are rationally expressible 
in terms of any one of them. 

Further, the special case H=l furnishes the Corollary II : 

Every rational function of Xi^ a^, . . . . x^ is rationally expressible in terms of 
any nl-valued function, such as for instance (No. 7): 

F= miXi + m^x^ + . . . . m^x^. 

29. The second part of the proposition announced in the beginning of No. 27 
is now an immediate consequence of the first. For it is easily seen that the v 
conjugate values of 'v^ under ff, 

are only interchanged among each other if simultaneously operated upon by any 
substitution of G (see also below, No. 38). Hence the coeflBcients of the equation 

(^ — >i^i)(^ - ^s) .... (^-^.) = 0, 

being symmetric functions of 'v^i* '^'gj • . • • 4'r remain unaltered by all the substi- 
tutions of the group G of the function ^ , and are therefore rationally expres- 
sible in terms of 4), according to Lagrange's theorem. Thus we have the result: 
TJie V conjugate values of 4^ under G satisfy a resolvent equation of the v** 
degree wfvose coefficients are rational functions of ^ and of c^ c^, . . . . c^: 

'J/" — -Bi (4>; Cj . . . . c^) '^'""^ + . . . . ±: Ry{^; Ci . . . . c„) = . 

§6. — Solution of an Equation by a Chain of Resolvent Equations. 

30. Let us now reconsider, in the light of these theorems, the solution of 

the cubic equation 

x^ +px-\'q = 0. (1) 

Using the notations of No. 1, and remembering the relation (3) of No. 1, we may 
split up Cardan's formula into the " chain of binomial equations": 

(2) 
(3) 



^«= 


4 "•" 27 


»7' = 


-i+«. 
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and we have (No. 1) : 



1= 



»7 = 



V— 3 



(a, — x,)(»3 — ai)(xi — a^8) , 



18 
Xi + w'a^j + wars 



V 



(5) 



The solution may therefore be described as follows : Given are the coeflBcients, 
belonging to the group Q^ (notation of No. 14); by solving a resolvent of the 
second degree (2), we find the two-valued function ^, which belongs to the sub- 
group Gr^ of G^ (No. 26); hence, by solving a resolvent of the third degree (3), 
which in this case turns out to be binomial, we obtain the six-valued function ri , 
which belongs to the subgroup G^ of G^ (No. 29); finally, the roots Xi, x,, a-g, 
which belong to the groups G'^, Gg'* G'%' respectively, are rationally expressible 
in terms of yi according to No. 27. 

The solution may therefore be exhibited by the diagrams (No. 27) : 



6=.; p, 2 



Gzik 



Qu n 



0^'ix, 



Oi; Xy 



G2 I ^S 




Gii V 



31. This solution of the cubic equation suggests now a general plan* for the 
solution of the equation of the n*^ degree : 



— 8 



o^ — Ciaf*-^ + c,a:"-* ±: c„ = 0. 



(1) 



The complete solution of this equation requires to find not only one or some 
of its roots, but all its n roots Oi, a:,, . . . . cc^. If, therefore, we agree to con- 
sider a quantity as hrvovm when it can be derived from known quantities by 
rational operations, the solution 0/ (1) is equivalefnt to the determination of one 
n l-valued fxvnction (No. 7) : 

Fz= m^Y + '^%^% .... m^x^ . 
For as soon as the n roots are known, Y is known, and conversely, since, according 

*In fact the only possible one, as we shall see later on, when we g^ve the complete theory of the 
solution by radicals (No. 85) ; here we use the problem only as a guide in our research on substitution- 
groups. 
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to Lagrange's theorem (No. 28, II), the roots are rationally expressible in terms 



of 7: 



Xa = Rat. (F; Cx, Ca, . . . . c„). 



(2) 



Suppose now we could interpolate between the symmetric group G^, of the 
coeflScients and the group 1 of F a series of groups, jBT, /,.... if, such that 
each group is a subgroup of tlie group immediately preceding it ; let ^ be the 
index of Sounder (?, ^i that of /under H^ and so forth, finally p that of 1 under 
if, and let ^, >7, ... 4' be rational functions belonging to the groups ZT, /, . . . if 
respectively (No. 18), as represented in the adjoined diagram. 



H,^ 



I* 



I iv 



M ; •^ 



(3) 



(-1) 



1 ; V 

Applying, then, to the functions ^, >?,.... '4', V successively the theorems 
of No. 26 and No. 29 we obtain a ^' chain of resolvent equations^^ 

^^ — A{ Ci, Cj, c^)^^'^ + = 0,^ 

>?" — A(^; ci, Cg, .... cJt?'*-^ + = 0, 

i 

7^-^i(4i q,c„ ....cjy^-i +.... = O.J 

The reduction of the given equation (1) to this chain of equations will be a 
real simplification : 

1). If the indices /I, /u, . . . . p are all of them smaller than n. 

2). If the equations of our chain should turn out to be binomial. 

The first of these cases can always be reduced to the second, as we shall see 
(below. No. 86, Remark). 

32. In the case ri = 4 it is easy to select, among the groups enumerated in 
No. 15-17, in various ways, a series of intermediate groups between G^^ and 
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(r = 1 such that all the indices af e smaller than four ; for instance, using the 
notations of No. 15-17: 

UTji; Cj, Cg, Cs, c^ 
2 

(rj,; <^ = n (». — a;^) = VA, 
3 

(?4 ; 1^ = (xi — x,)(a;3 — Xi) , 
2 

<3'2 ; a: = C"*! («i — «») + »n8 («8 — a'4)]*. 

2 
Qy ; F= m, (xi — Xg) + »i3 (xs — X4) , 

where C?,= [l; (12)(34)]. 

Or we may descend from Gft to the group G^ with the function 

^ = XiXa + X8X4; 

hence to the group H^ with the function 

»7 = Xi + «j — Xs — a^4> 

hence to G^ and G^j as above. 

Also Ferrari's solution, though apparently proceeding in a different way, 
will later on be seen to repose essentially on the same principle (see below, 
No. 87, where the definitive solution will be given). 

In the case of the cubic equation, it would not have been possible to choose 
the intermediate groups such that the indices are all smaller than three ; here 
the solution is founded on the existence of a binomial resolvent between Ox 
and (rg; generally the question arises — under what conditions will aU the resolvent 
equations of tJie chavi (4) in No. 31 become hiiwmial equations^ and, as we may 
add without loss of generality, binomial equations of prime degrees, since a bino- 
mial equation of composite degree can always be resolved into a chain of bino- 
mial equations of prime degrees ? (Answer in No. 37, 42.) 
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§7. — Conjugate Groups. 

33. Bach of the v conjugate fuDCtions •J/j, ^'s, • • • • '4'k of No. 23 belongs 
to a certain group ; in order to determine them, let us first determine generally 
the group of the function 4^ = -J/, into which '^ is changed by any substitution 
whatever, s. 

Let h! be any substitution which leaves i// unaltered, so that 

^Vh' = '4^, that is -J/^v = 'v^t; 

operated upon by s"^ this identity becomes '4',a'^i = '4', consequently sh's^^ 
leaves '^ unaltered and belongs therefore to the group J? of 4' : 

sh's"^ = A; hence A' = s^^hs. 

Conversely, any substitution of the form s'^^hs leaves '^^ unaltered. Hence 
If "^ belongs to tlie group 

£"= [Ai = 1 , Aj, . . . . Ap] , 

tJven 4'* belongs to the group 

[s^^hiS = 1 , s^^h^s^ .... «"^Ap5] , 

which is denoted by s^^Hs. 

The substitution s'^^hs is called the transformed of the substitution A by the 
substitution «; the group s^^Hs the transformed of tJie group H by the substitu- 
tion s (Netto, §§45, 46). 

34. There exists a simple rule to derive the transformed s^^hs from A with- 
out actually eflFecting the multiplication. Suppose first 7i to be a circular substi- 
tution, for instance 

A=(a/?y5), 

whereas s is any substitution whatever 

/a/3 Y h 6 /IN 

* ~ Va' /8' / 5' e' X'>' ' 

a^yhe . .. .^ and a' /3' y* 5' 6* . . . . Jl' being any two permutations of the numbers 
123....n. Then 

\a ^ Y 5 e 7,r 
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To find the transformed of any other substitution, we decompose it into its 
circular factors and notice that 

then we obtain the rule : Tlie transformed s^^hs can be derived from h by opera- 
ting the svbstitution s within the cycles of h . 

Example: h =(123)(45); 5 = (34)(25), 
fi-iA^ = (15 4)(3 2). 

35. Returning now to the notations and assumptions of No. 23, and applying 
the lemma of No. 33 to the v functions which are conjugate with 4' under G, we 
have the result : 

TTie V conjugate values of '^ under G , viz. 

4'l = '4', '4'2=4'i7,, '^v^'^g^ (1) 

belong to the groups 

H,= H, S^=z^^ffg,....H^ = g-^Eg^ (2) 

respectively. 

All these groups are subgroups of G; they are said to be conjugate subgroups 
of G (" gleichberechtigte Untergruppen," Klein). 

If g denote any substitution of G, then 4'^ niust be equal to one of the v 
conjugate functions (1) (No. 23), viz. 4^^ = ^ai if 9^ = %a; hence the group of 4^ 
must be identical with the group of 4a» that is 

g-^Hg = gz'ffg.i (3) 

the group g^^Hg is therefore likewise conjugate with S^ under G. 

Similarly two substitutions a and d of G are called conjugate substitutions of 

(** gleichberechtigte Substitutionen," Klein), if the one is the transformed of the 

other by a substitution of G : 

a! = g-^ag. (4) 

For instance, the two substitutions a =(234) and a' = (14 3) are conjugate 
under the alternate group of four letters (?i3, since (143) is the transformed of 
(234) by the substitution (12)(3 4) which belongs to G^; (234) and (134) on the 
contrary are not conjugate under G^i^, but they are conjugate under the sym- 
metric group G^24j since 

(134) = (12)-^(234)(12). 
12 
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36. In general the v conjugate subgroups JSi, JB^, . • . . jBT^ are distinct; but 
it may happen that they all coincide : 

jBr= gJ^Hg^ = = ff7^Hg,, (5) 

so that the v conjugate functions (1) belong all to the same group JGT. In this 
case the group H\b called a self-caiijugate subgroup of G.* 

From (3) it follows that the transformed of a self-conjugate subgroup H of Q 
by any substitution g of is identical vnth H: 

g''Eg=E. (6) 

It may be well to remark that this equation stands for P equations of the form 

g-^h^^K^, (a=l, 2....P) (7) 

iy, i^ . . . . ip being some permutation of the numbers 1, 2 .... P. Hence if a 
self-conjugate subgroup Hof G contain a suibstituiicn h, U also contains ail the suh- 
siituiions which are conjugate with h under Q. 

Examples of conjugate and selfconjugate subgroups: 1). n= 3 (notations of 
No. 14): 

a). G=z Gt, H= Gi, multipliers: 1, gr,= (23), 

4,^ = 4, = (a, + (jxj + 6)*xj)«; •4', = '^g^ = («! + (»*», + ox,)», 
£i=[l; (123); (13 2)] = (7,; 
2r,= [l; (13 2); (123)] = 0,. 

Hence G's is a self-conjugate subgroup of G^ and -^i and 4'8 belong to the same 
group. 

h). G = 6?,; H= G't, multipliers : 1 , g', = (1 2), grj = (1 3), 

H,= [l,(23)] = G'i, 

^ = ^,[1, (13)]=^^', 

^,= Sr,[l,(2l)] = G'i". 
Hence 6?^ is not self-conjugdte under O^. 

*I adopt here Cole's translation of '* ausgezeichneteUntergmppe," EHein (see On Ellein's Ikosaeder, 
Amer. Journal, Vol. IX) ; Jordan's expression' is : JET is ^^ permutable d toutes les substitutions de O" 
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2). w= 4 (notations of No. 15-17) : 

G= G^, H=G,; multipliers: l,flr, = (234), flr8=(243), 
'^i=(xi — x^){x^ — Xi); 42 = K — a^sXa^i — a^); 4^b= {^i — Xi){^ — Xz)j 
^i=[l; (12)(34); (13)(24); (14)(23)= G^, 
^,= [1; (13)(42); (14)(32); (12)(34)=(7„ 
jBr3=[l; (14)(23); (12)(43); (13)(42) = (7,. 

Hence 6r4 is a self-conjugate subgroup of Gig. 

G^ on the other hand is not self-conjugate under G^, since the three conju- 
gate subgroups G^y G'^/G'^ are distinct (see No. 15). 

37. Let us now return to the qjiestion proposed at the end of No. 32 and 
ask : Under what conditions will tlie resolvent equation of tJie v^ degree, 

9{^; 4>) = 0» (1) 

which, according to No. 29, is satisfied by the v conjugate values of i^ under G: 

^l = '4', ^2 ^. (2) 

turn oiU to be a bhiomial equation? 
Suppose it were binomial : 

^^ = i2 (4>) » (3) 

then its roots (2) may be written 

'4'i = >^, •4'» = ^, 4'8 = w''4', •4', = o''-V» (4) 

6) being a primitive v^^ root of unity and the order of the conjugate values being 
chosen conveniently. 

Hence the v conjugate functions (2) differ only by constant factors from each 
other and must therefore all belong to the same group ; consequently their groups, 
viz. the V conjugate groups jBTi, H^, . . . . JBT^ must coincide; that is, the group H 
of the function -^ must be a self-conjugate subgroup of G (No. 36). 

Hence follows that in the solution of the cubic (biquadratic) equation it 
is impossible to descend directly from the group G^ (G^ to the subgroup G^ {G^ 
by a binomial resolvent (see No. 36). 

We ask next : Is this condition for a binomial resolvent also sufficient ? (Answer 
below. No. 42.)* 

* References concemiDg {8 : Netto, 245, 46, 77, 108. 
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§8. — Substitution' Group between the v Conjugate Values 4'i> 4'2> • • • • 'J'f* 

38. Retaining still the assumptions and notations of No. 23, let us apply 
simultaneously to the v conjugate functions 

-4^1 = 4^, ^4^ = •4'y, •4'. = i^g^ (1) 

any substitution g of G; they are changed into 

'^g^'^g.g '^g^g^ (2) 

These values are a permutation of the values (1), for since g^ belongs again to 
the group G, '^g^g must be one of the values (1); and bQsides, the values (2) are 

all distinct since the identity '^g^g = ^g^ would imply g^gj^ = A, against No. 22. 
Thus to every substitution g oi G between tTie letters arj, x,, . . . . a:^ corresponds 
one deiSnite substitution y between the letters 4'i» 'J^sj . • • . 4'k> viz. 






which we shall for shortness write 

On the whole we obtain, then, a system r of iV substitutions y, among which, 
however, some may be equal (see below. No. 39). 

This system F of substitutions forms a group. 

For let ^ be another substitution of (?, the corresponding substitution y' 
will be .A V 

and the substitution y'^ which corresponds to the product g^ is 

^"=(1'- )> 

but this is equal to the product yy' since we may write / in the form 

^ = C'- ,) 

by conveniently changing the order of the letters in the first and accordingly in 
the second line (see No. 6), hence 
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If, therefore, y and y be any two substitutions of the system T correspond- 
ing to the two substitutions g and g' of G respectively, then also their product 
yy^ will be contained in the system F, since it is that substitution between the 
•^'s which corresponds to the substitution gg^ of G; hence the substitutions of the 
system F form a group. Moreover, this group F is isomorphic with the group G 
according to the following definition of isomorpliism : 

A group F is said to be isomorphic with another group G if it be pos- 
sible to establish between the two groups a correspondence of the following 
character: 1). To every substitution of G corresponds one substitution of F, and 
to every substitution of F one or several substitutions of G. 2). To the product 
of any ttvo substitutions of G corresponds the product of tlve two corresponding substi- 
tutions of F . 

The isomorphism is called holoedric, if to every substitution of F corresponds 
but one substitution of G] otherwise, meriedric. From the definition of isomor- 
phism follows immediately : 

If Hbe any subgroup of G , thoi those substitutions of F which correspond to 
the substitutions of H^ form themselves a subgroup H o/ F, and vice versa. 

If, in particular, His self-conjugate under G, then also H is self-conjugate 
under F, and vice versa (Natto, §§87-92). 

For further theorems on holoedric isomorphism, see below Nos. 51, 52, 53. 

39. Let us now determine the order of the group F, that is to say, the 
number of distinct substitutions which it contains. Suppose two substitutions 

ofr, y = (J..)and/=(*'.). 

where equal, that is, 

^i^o^ = '^(7ai^' f^^ <* = 1 » 2 V (j/i = l), 

then by applying the substitution (gag)"^ (which is equal to g^^gZ^), we obtain 

hence flrafl^fl'~Vr^ = ^» or g'g-^ = gT^hg^ (a = 1 , 2 v). 

But the substitution gT^hg^ belongs to the group jBT. = gZ^IIg^ of i//^ = -^g^ 

(No. 35), hence if y = /, then g^g"^ must at the same time belong to the v con- 
jugate subgroups Z/j, n^, . ... Jly of G. 

Hence follows: If Q be the order of tJie greatest common subgroup I of 

N 
iZj, //o, .... //^, tlwn the order of F is - . 
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We confine ourselves to the two most important cases : 

a). /= 1: The groups j^i, j^, . . . . H^ have no other common substitution 
than the substitution 1 . 

In this case the assumption y = / implies g^ = g^, hence the N substitutions 
of r are all distinct; T is of the same order N a>s O, and consequently the 
isomorphism between G and F is holoedric (No. 38). 

b). /= H: The groups Ei=-H, H^ . . . , H^ coincide with jBT, that is, H is a 
self conjugate subgroup of G. 

In this case all the v functions •4'i, '4'2» • • • • '4'k remain unaltered by the P 
substitutions of H: 

li\ — X y /C'2 • • • • lip • 

and by no other substitutions (No. 36). Hence the svhstitutioii 1 of T corresponds 

to the P substitutions of tlie self -conjugate subgroup H of (r, and generally to the P 

substitutions (No. 21), 

fl^p> 'h9fi • • . . hpg^ 

of G corresponds the same substitution 



ofr. 



^'=(r- ) 



N 
The order ofVis tlierefore ^ =zv ^ and consequently equal to the number of 

letters upon which it operates ; and since, moreover, T is evidently transitive, 
the group F is regular (No. 24). 

c). If in particular jBT be a self conjugate subgroup of G oi prime index r , the 
group r must be a cyclic group composed of the diflferent powers of a substitu- 
tion Y of order v (No. 22, Cor. II) : 

and since the number of the letters i^ is equally r, y must be a circular substi- 
tution between the v letters -^ which we may write 

provided the notation of the ^''s have been chosen conveniently (No. 12, end). 

40. From the last result c) follows a tJieorem on self conjugate subgroups of 
prime index which we shall need hereafter (No. 88). 
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Let g be any substitution of (?, not contained in jBT, then the corresponding 
substitution of T is some power of y, say y*, different from 1, that is, x is not 
divisible by r. On account of the isomorphism between G and r (No. 38), to 
the power gf" corresponds then the power (y*)", which is = 1 , since y" = 1 ; hence 
follows that gr" belongs to the subgroup jff (see No. 39, b). 

Conversely — suppose some power g"^ belongs to J7, then the corresponding 
substitution (y*)"* must be equal to 1 , therefore m — (mod v) , since x is not 
divisible by r . 

Thus we have the result : 

If If be a self-conjugate subgroup of Q of prime index v , and g any svhstitur 
tion of O not contained in jBT, then g", and no lower power of g^ belongs to H. 

Further, the order \iof g must be a multiple of v\ for if we reduce ^ to the 

^^"^ li = qv + ii' {0^iif<v), 

then we have, since g^ = hj 

' g^=hY='^] 

hence g*^' belongs to jBT, therefore ^' = 0, since it is <[ v, according to the above 
theorem. 

41. Examples to No. 39 : 

1). 71= 3 (notations of Nos. 8 and 14): 

G — G^, H=- (?!, /= Gi, i// = m^xi + m^x^ + m^x^. 
Denoting 

we have the following holoedric isomorphism between the two groups Q and F: 

G 



1 

{xi x^ a-g) 
(xi Xg a:,) 

(ajgo-s) 

(a^i a^s) 
(ari ar^) 



1 

(•4^1 >^8 '4'8)('4'4 '^'S "^^ 
(-4^1 •4'4)('4'8 ^5)(43 •^'e) 
(-4^1 •4'5)('4'8 •4'6)('4'8 '4^4) 
(•4'1^6)(*4'8'4'4)('4'8'4'5) 



2). ri= 4 (notations of Nos. 15, 16). 

Q=Gy,, H=G,, I=G,, 

^i={xi—Xi){xs — x^)i ^t = {xi — X9){x^ — x^); ^s= {xi — x^){x^ — Xz). 
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Meriedric isomorphism : 






r 


1 ;(12)(34); (13)(24);(14)(23) 
(234); (13 2) ; (143) ; (124) 
(243); (142) ; (123) ; (134) 


1 

('4'! •4'i •J's) 



4'i = a;iX^ + XsX^; '4^z = ^i^3 + ^^i'j '4^s= XiX^ + oc^^Xs. 

N 24 
The order of F is -^ = -j- = 6 ; T is the symmetric group between the three 

letters 1^1, ij/j, ^'s- 

42. Let us now take up the converse of the theorem of No. 37 concerning 
binomial resolvent equations, confining ourselves, however, to the case where 
the index v is prime, the only case of importance for our purposes. We shall 
prove : 

If H he a self-conjugate subgroup of Q of prime index v, then it is always 
'possible to construct a rational function x for which the resolvent equation i/ (4'> 4>) = 
of No. 29 becomes binomial: 

For let i// be any function belonging to the group JET, and 'J'l , >^3 . . . . ^^^ its 
V conjugate values under (?; if, then, the letters Xj, ccg, . . . . a:„ are operated 
upon by all the substitutions of (?, the functions -v^u '4'2» • • • • •4'k undergo a group 
r of substitutions which is, according to No. 39, c), the cyclic group 

where y= (i^i, •4'2» • • • • 'J'v), 

the notation of the i^'s being suitably chosen. 
Hence the function 

d) being a primitive v^^ root of unity, remains unaltered by the group V and con- 
sequently also by the group (?, if considered as a function of the x% hence it is 
expressible rationally in terms of ^; Ci, c^, . . . . c^ (No, 27). 
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The expression 

X = '^i + ^%'^^^'^z+ cj*'-^i^, 

is then a function of aj^, scj, • . . . x^ which belongs* to the group JET and satisfies 
a binomial resolvent equation 

;K*'=i2(4);Ci, c,, cj. Q. E. D.f 

§9. — Decomposition of Groups^ in particular of the Symmetric Group. 

43. Every group has two self-evident self-conjugate subgroups, viz. itself 
and the group 1 ; if it contain no other self-conjugate subgroup, it is called a 
simple group; otherwise, a composite group. 

A composite group G can be decomposed in the following way : From the 
group G we descend to a mammal self-conjugate subgroup E] that is, a self- 
conjugate subgroup of G which is not contained in a larger self-conjugate 
subgroup of G\ from H we descend to a maximal self-conjugate subgroup / 
of jET, and so on until at last we arrive at the group 1 . Such a series of groups 

(?, E, I M, 1, 

X II p 

in which each group is a maximal self-conjugate subgroup of the group imme- 
diately preceding it, is called a series of composition of the group (r, and the 
successive indices 7, (index of E under (?) , ^ (index of / under E) . . . . p are 
called the factors of composition. 

Examples :% (Compare No. 36). 

1). Symmetric group of three letters : 

(?6> G^8i 1 • 

2). Symmetric group of four letters : 

instead of the group 

G.= [l,(12)(34)], 

* V' can always be chosen such (viz. by replacing, if necessary, i>hy if {m+if)) that x remains unal- 
tered by no other substitutions than those of O (see also Netto, 3102). 

t References concerning {9 : Jordan, No. 67-74 ; Netto, {87-92 ; Kdnig, 1. c. {1 ; Capelli, L c. m. 
X From No. 86 it follows easily that a subgroup of index 2 is always a self -conjugate subgroup. 

13 
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we may also choose the similar groups 

Gi=[l,(13)(24)]. 
or C?i'=[l,(14){23)]. 

It may happen that there exist several decompositions of the same group, as in 
the last example ; in this case, however, the factors of composition for the different 
decompositions are the same excepting their order. For the proof of this theorem 
we refer to Netto, §81. 

44. Hie series of composition of the symmetric group of n letters consists of tlie 
symmetric group^ the alternate group and the group 1 : 

Gnl, Onjf 1, (1) 

% 

excepting the only case w = 4 . 

Proof: 1). The alternate group is a self-conjugate subgroup of the symmetric 
group, since (No. 36) the transformed of an even substitution by any substitution 
is always an even substitution ; moreover, it is a maximum self-conjugate sub- 
group, since the index r = 2 is prime. 

2). The alternate group is simple^ excepting the case n = 4 ; the proof is 
founded on the following principle : If a self-conjugate subgroup 5" of a group 
G contain a substitution A, then it contains also all those substitutions which 
are conjugate with h under (?, say 

A,/l^A'^ U^-^\ (2) 

and therefore also the group generated by these substitutions, 

G (A, A', F A^'^-^O (see No. 19) , 

which we will denote by IIj, . 

In the present case G is the alternate group Cr„ , . 

"2"' 

a). Let us first choose for h a circular substitution of three letters, say 

7i=(123), 
which is sure to be contained in (?„|, since it is an even substitution (No. 16). 

The corresponding series (2) of conjugate substitutions consists of all the circular 
substitutions of three letters; that is to say, it is always possible to find in (?„, a 

substitution g which transforms (12 3) into any other circular substitution (a^y): 

{a^y) = g-\12S)gi 
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namely, one of the two substitutions 



^ _ /I 2 3 4 5 . . . . n\ 



/?y S 6 . . . . ^' 
and , _/l 2S4b . . . .n\_ /^ x 

^apy € o . . . . A^ 

both of which transform (1 23) into (a/?y) (No. 34), is sure to be even and may 
therefore be chosen for g.* 

b). The group Hf^ , generated by all tJie drcvJar substitutions of three letters, is 
the alternate group. 

For the product of any two transpositions can always be written as a product 
of circular substitutions of three letters ; namely, if the two transpositions have 
one letter in common, we have 

(a^)(ay) = (a/3y), 

if they have no letter in common, we have 

(aj3)(yS) = (a^)(ay).(ya)(ya) = (a^y).(ya5). 

Hence any even substitution can be decomposed into a product of circular sub- 
stitutions of three letters ; and since, conversely, the product of any number of 
circular substitutions of three letters is always even, our statement is proved and 
we have iZJ^ = Qnu if /^ is a circular substitution of three letters. 



2 



c). To this case all other cases can be reduced ; namely, if we choose for h 
any other substitution, it is always possible to form out of the conjugate substi- 
tutions (2) a product which is a circular substitution of three letters. 

We confine ourselves to the case n = 5 , referring for the general case to 
Netto, §84. 

The alternate group of five letters, Q^ contains, besides the circular substi- 
tutions of three letters, substitutions of the types (1 2)(34) and (1 2345). 

a). If -ET contain the substitution A= (12)(3 4), it contains also the trans- 
formed of h by the even substitution gr = (12)(45), viz. A' = (21)(35), and 
consequently also the product hK = (345); hence -ff= O^ according to 6). 

(This conclusion cannot be reached if n = 4, which accounts for the existence 
of the self-conjugate subgroup 6?^ of Q^^.) 

* This conclusion can be reached only when n > 4 . 
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P). If jBT contain the substitution ^=(12345), it contains also the trans- 
formed of h by the even substitution gr = ( 2 3) (4 5) , viz. y4' = ( 1 3 2 5 4) and conse- 
quently also the product hK = (15 3); hence again 5"= Cr^o. 

Thus the alternate group of five letters is indeed found to be simple. 

45. The above decomposition (1) of the symmetric group is the only possible 
one ; or, in other words, the alternate group is the only maximal self-conjugate 
subgroup of the symmetric group. To prove it, we apply the same principle as 
above: If a self-conjugate subgroup Hoi the symmetric group contain a substi- 
tution A, it contains also all substitutions similar with 7^, since any two similar 
substitutions are conjugate under the symmetric group. 

We confine ourselves again to the case n= 5, referring for the general case 
to Netto, §50. 

The even substitutions lead exactly as in No. 44 to the alternate group. 
The substitution A= (i 2) leads to the symmetric group, since the latter can be 
generated by all the transpositions. 

Finally, if H contain the substitution A = (13 24) or the substitution 
(13 2)(4 5), it contains also their squares, viz. (12)(3 4) or (123) respectively, 
and consequently the alternate group. 

All different types of substitutions being thus exhausted, the alternate 
group is the only self-conjugate subgroup of the symmetric group (besides the 
symmetric group and the group 1). 

46. We are now able to answer the question proposed at the end of No. 32; 
from the theorems of No. 37 and 42 we deduce the result : 

In order that it be possible to choose the functions ^, >?,... . Fof No. 31 
such that all the resolvents of the chain (4) of No. 31 become bhiomial equatiims of 
prime degrees, it is necessary and sufficient that 

1). All the indices >l, ^, . . . . p arejpniwc numbers. 

2). In the series of groups 

(?„„ H,I....M,l (1) 

each group is a self -conjugate subgroup of the group immediately preceding it. 

Under these conditions this series of groups (1) is precisely what we have 
defined as a series of composition of the symmetric group, since a self-conjugate 
subgroup of prime index is always a maximal self-conjugate subgroup, and 
therefore the above criterion may also be expressed in this form : 
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The nec€ssai*y and sufficient condition for a chain of binomial resolvent equor 
tions is that all the factors of composition of the symmetric group be prime numbers. 
Now these factors are, according to No. 43 and 44, 

For 7? = 4: 2, 3, 2, 2; 

for any other n: « w ! 

^' "2 • 

Hence the above condition is satisfied for w = 3 and n = 4, but not for w > 4. 

However, it would be erroneous to think that with this we have proved 
the impossibility of solving, by radicals, the general equation of a higher than 
the fourth degree. To complete our proof we should have to show that the 
method proposed in No. 31 is the only possible method] to this effect we should 
have to establish the two following propositions due to Abel : 

Every equation which is solvable by radicals can be reduced to a chain of bino^ 
mial equations of prime degrees, and 

Tlie roots of tJi£se binomial equations are expressible as rational functions of the 
roots of the given equation (see Netto, §201-210). 

I omit, however, to enter here upon the proof of these theorems, since they 
have been superseded by Galois' theory of the solution of equations by radicals, 
in connection with which we shall have to reconsider the same questions from a 
more general point of view in the second part of this memoir. 

47. But still I may briefly indicate already here how it happens that certain 
special equations of a higher degree are solvable by radicals, though the general 
equation be not solvable. 

In the case of the general equation the symmetric functions are the only 
rational functions of the roots which are rationally expressible in terms of the 
coefficients, and consequently we must, in the series of groups of No. 31, start 
from the symmetric group. 

In the case of special equations, on the contrary, it may happen that besides 
the symmetric functions some asymmetric function ^ of the roots is rationally 
expressible in terms of the coefficients ; in this case we need only to start from 
the group Q to which ^ belongs ; and if the factors of composition of this group 
G are all prime, we can descend by the method of No. 31 from the function ^ 
through a chain of binomial equations of prime degrees to an n! valued function 
F, and the given equation is solvable by radicals. 
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But before all this can be established rigorously, a number of difficulties 
have to be removed, which arise the very moment we pass from the general 
equation to a special equation (see below. No. 55). 

§10. — Groups of Operations. 

48. Tlie notion of a group as defined in No. 13 for the special case of substi- 
tutions, .may be extended to any operations for which some definition of a product 
can be given. 

To illustrate it, let us consider the rotations of a rigid body about a fixed point; 
let S be a first rotation through a given angle round a given axis, fixed in space 
and passing through the fixed point, aS" another rotation of the same kind ; then 
the successive application of first Sj then S^ is equivalent to one single rotation 
which is called the product SS' of the two rotations S and S^ {see Thomson and 
Tait, Natural Philosophy, art. 95), and a system of rotations is said to form a 
groupy if the product of any two of its rotations belongs itself to the system. 

From this definition it is evident that those rotations which leave a regular 
polyedron congruent with its original position (**mit sich selbst zur Deckung 
bringen '^, form a group. 

In the case of a regular tetraedron, for example, there are iV= 12 such rota- 
tions : The identical rotation (angle zero) ; 

27C 

four rotations through an angle of - , each round an axis passing through 
one of the corners and the middlepoint of the opposite face ; 

four rotations round the same axes, but through an angle of -- ; these 

eight rotations have the period 3. 

Finally, three rotations through an angle n round an axis passing through 
the middlepoints of two opposite edges, having the period 2. 

These twelve rotations form a group called the tetraedran-group. 

49. Most of the definitions and propositions on substitution-groups given in 
the foregoing paragraphs still hold for groups of any operations. For instance, 
those rotations of the tetraedron-group G which leave one of its comers unaltered 
— which we shall denote by i^ in order to show the complete analogy with the 
developments in No. 23 and 35 — form a subgroup H of the tetraedron-group of 

* References couceruiug 2 10 : Jordan, No. 54-59, 76-81 ; Netto, ?80-84. 
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index r = 4 ; it is a cyclic group consisting of the diflFerent powers of one of the 
rotations of period 3 . 

If operated upon by all the rotations of (?, the corner ^ takes four diflferent 
positions, viz. it comes to coincide successively with the four corners 

of the tetraedron, which for this reason are said to be conjugate points with 
respect to the tetraedron-group. 

If g^ denote a rotation of Q which brings the corner -^ to the place occu- 
pied, before the rotation, by the corner i//., then the corner -J/, remains unaltered 
by the subgroup 

which is said to be conjugate with jff under G. 

When the tetraedron is operated upon by a rotation of G, the four corners 
undergo a certain substitution ; thus we obtain, as in No. 38, a group T of substi- 
tutions among tlie letters i^i, i/zg, i^g, i//^ isomorphic with Gj and since the rotation 
1 is the only one that leaves all four corners at the same time unaltered, T is of 
the same order 12 as (? and the isomorphism is holoedric (No. 39). T is there- 
fore the alternaie group between the four letters i^i, i//^, i/zg, -^^ (No. 16). 

In a similar way the consideration of an edge leads to a cyclic subgroup of 
order 2, and a substitution-group between the six edges, holoedrically isomorphic 
with G. 

The consideration of the straight line joining tlve middlepoints of two opposite 
edges affords an example of a self-conjugate subgroup. For there are three such 
lines conjugate under G, all of which remain unaltered by the same subgroup of 
(r, viz. the so-called ** Vierergruppe" (Klein), consisting of the rotation 1 and 
the three rotations of period 2; the ** Vierergruppe" is therefore a self-conjugate 
subgroup of the tetraedron-group. 

Analogous considerations can be applied to the other regular polyedra : 

The Octaedron-group is of order iV= 24, and is holoedrically isomorphic 
with the symmetric group of four letters; the cube, being the polar figure of the 
octaedron, belongs to the same group. 

The Icosaedron-group is of order ^= 60, and is holoedrically isomorphic 
with the alternate group of five letters ; the pentagon dodecaedron belongs to 
the same group. 
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To these groups may be added the Cyclic groups which leave the regular 
pyramids unaltered, and the Diedron-groups which leave the regular double 
pyramids unaltered (see Klein, Vorlesungen iiber das Ikosaeder, I, 1). 

50. Another example of groups of operations is intimately connected with 
these groups of rotations. Let us, in fact, circumscribe about the polyedron 
under consideration, a sphere invariably connected with it : the points of the 
sphere may be analytically represented by the values of a complex variable z ; to 
this effect we assume a system of rectangular coordinates X, Y, Z, fixed in space, 
with the origin in the middlepoint of the polyedron, and project the points of 
the spherejfrom the point of intersection of the positive Z-axis with the sphere 
(** North-pole") upon the XF-plane ('* Plane of the equator"). X, F being the 
coordinates of the projection of a point P of the sphere, the point P is repre- 
sented by the complex quantity 

z = X + iT. 

If, now, by a rotation of the sphere about its middlepoint, the point P is 
brought into a new position P' represented by the complex quantity 2/, then zf 
can be expressed as a linear function of z : 

az -{• b 



zf = 



CZ + d ^ 



the coefficients a, b, c, d being constant quantities, independent of the position 
of the point P (see Klein, 1. c. I, 2). 

If, then, the product of two such linear substitutions is defined as the linear 
substitution formed by combining them in the usual way, it is easily seen that 
corresponding to every group of rotations we obtain a group of linear substitu- 
tions holoedrically isomorphic with the group of rotations. 

In the case of the tetraedron, for example, if we choose the lines joining 
the middlepoints of the three pairs of opposite edges as the axes of the system 
of coordinates, we obtain the following group of linear substitutions : 

1 . .2+1 , .2— 1 ,z + i ,z — i 

■ Z ' 2—1 2+1 Z — % Z + % 

51. Thus we find, in connection with each regular polyedron, a series of 
groups of operations, all holoedrically isomorphic among themselves : the group 
of rotations, various groups of substitutions (permutations), finally, a group of 
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linear substitutions ; and to these we may further add a group of quaternions, 
since every rotation may be represented by the versor of a quaternion. 

All these groups are so intimately connected among themselves that they 
appear but as diflFerent forms of one and the same group in abstracto. (Compare 
different quantics which can be derived from one another by linear trans- 
formation.) 

In fact, two holoedrically isomorphic groups of operations G and T have all 
tJieir most important properties in common. They are of the same order ; they 
have the same multiplication-table ; that is, if in one group, gcf = (/", then the 
corresponding operations y, y', y'' respectively of the other group satisfy the 
same relation yy^ = y"- Hence it follows that if any relation exists between any 
number of operations of (?, the same relation exists also between the correspond- 
ing operations of P. In particular, two corresponding operations are of the 
same period ; further, if g and g' are conjugate operations of (?, then the corre- 
sponding operations y and f/ are conjugate under F, etc. 

To every subgroup H oi G corresponds a subgroup H of F of the same 
order; and if H be self-conjugate under (?, then also H is self-conjugate 
under F. Hence to a series of composition of G corresponds a series of compo- 
sition of F. 

52. Let, now, a,h, . . . .h denote a system oi generating operations (No. 19) 
for the group G; then there exist, in general, numerous relations between them. 
It is always possible to select in various ways a number of these relations, suffi- 
cient and necessary to derive from them the multiplication-table of the group ; 
such a set of relations is called a system of fundamental relations. 

Example : The symmetric group of three letters can be generated by two 
substitutions (No. 8) : 

a = (123) and c = (23) (1) 

with the fundamental relations 

a^= 1, c«= 1, (acf =1. (2) 

The group is 

1, a, b = a^j c, d=zaCj e = a^c; (3) 

the value of any product can be found by means of the relations (2) ; for instance, 

de = ac.a^Cy 
14 
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but from (2) follows 



aca^= c, cac^=' a^ 



hence de = c.ac = a^ =: 6, 

in accordance with (1 3)(1 2) = (1 3 2) . 

Now, if a, /?,.... X are the operations of the group V which correspond to 
the operations a, i, . . . . Ar respectively, then a, ^, . . . . jc form a system of 
generating operations for the group V and satisfy exactly the same set of funda- 
mental relations. 

Conversely : Suppose two groups G and F are generated by the same 
number of generating operations a, i, . *. . . & and a, fi, . . . . x respectively, 
satisfying the same fundamental relations; if, then, we coordinate a with a, 
b with 13 and so on, and besides every product 

a'^6*' a^'b"" 

with the similar product 

a'*/?" a'*'/?*'' , 

then the correspondence thus established between the two groups is one of 
holoedric isomorphism. 

Hence it follows that the group in abstracto of which various holoedrically 
isomorphic groups are but different forms (No. 51), may be defined by a system 
of generating operations with a set of fuTidamental relations between them. 

Examples : 1). Tetraedron-group : 

S^=\, 7^=1, {STf=l 

(for instance, aS'= {^^x^x^^ T ^=^ {xiX^{x^x^^ . 
2). Octaedron-group : 

S'=\, 7^=1, {STY=\ 

(for instance, >S'= {^ix^^^x^, T='{xiX^). 

3). Icosaedron-group : 

S^=\, 7^=1, {STy=l. 

(for instance, S='{xix^x^x^x^] ^= (a^z^sK^^^s))- 

But a remark is necessary concerning this definition of a group ; if we 
assume at random a set of fundamental relations between a number of genera- 
ting operations, we will always define a group, but in general the group will 
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contain an infinite number of different operations; for instance, the group gene- 
rated by two generating operations aS, T with the relations 

8"^= 1, 7^=1, {STy=l 

will be finite only if 7i< 5, infinite in all other cases. 

53. Every finite group of operations is holoedrically isomorphic with a regular 
substitution-group; this group is given by the multiplication-table of the group. 
For if 

Sij A^i, . . . . aSn (1) 

are the operations of the given group G, and S any one of them, then the N 

products 

SSij SS2, ... - SSs (2) 

are a permutation of the operations (1); and if we coordinate with every opera- 
tion S of G the substitution 

a = f • • • • ^N "N /^\ 

^SSi SS2 .... SSjf^ 

between the N letters aSi, /S^, . . . . aS^n, we obtain a regular substitution-group 
r (No. 24), which is holoedrically isomorphic with the given group (?; it is 
called the regular form 0/ the given group G (Dyck). 
References concerning groups of operations : 

Cayley: On the Theory of Groups. Phil. Mag. 4th Series. Vol. 7 and 18. 

American Journal of Math., Vol. 1 and 11. 
Dyck : Gruppentheoretische Studien, Math. Annalen, Bd. 22. 
Klein : Vorlesungen fiber das Ikosaeder, I, 1. 

54. In concluding we give an enumeration of some of the most important 
classes of groups of operations : 

1). Qroups of Substitutions {permutations). 
2). Groups of Rotations. 

See above, No. 48 ; groups of movements in general have been studied by 
Schonfliess, Math. Ann. Bd. 28 and 29. 

3). Groups of non-homogeneous linear substitutions of one variable: 

2' = ?i±j, (1) 

cz + a 
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the only finite groups are those which represent analytically the groups of rotations 
enumerated in No. 48 ; see Klein, Ikosaeder, p. 115, where a list of references 
is given. 

The general theory of ** discontinuous" infinite groups has been developed 
by Poincar6 in a series of memoirs in the Acta Math., Vol. 1, 3, 4, 5. 

An important special case is the group of all the linear substitutions of the 
form (1) in which the coeflBcients are integers satisfying the relation 

ad — ftc = 1 . 

See Dedekind, Borchardt's Journal, Bd. 83; Klein, Ueber die Transformation 
der elliptischen Functionen, Math. Annalen, Bd. 14. 

4). Groups of homogeneous linear substitutions of several variables : 

zl= a,,Zi + a^z^ + a^z^. (2) 

See Jordan, Cours d'analyse III, No. 156 ; as to finite groups in particular, 
see Klein, Ikosaeder, p. 123, where a list of references is given. 

5). An essentially. different class of groups are Lie^s transformation-groups; 
such a group is for instance the entire system of all the linear transformations 

, _ aiX + gg 
a^x + a^ 

the coeflScients taking all possible values (see Lie, Transformationsgruppen, 
Math. Ann. Bd. 16, and Lie, Theorie der Transformationsgruppen, Leipzig, 1888). 
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SECOND PART. 

Galois' Theory op Algebraic Equations. 

§11. — Galois^ Resolvent 

55. Hitherto we have always been dealing with the general equation of the n^^ 
degree; that is to say, we have considered the coefficients Ci, c, . . . . c„, and 
consequently also the roots arj, Xj . . . . cc^, as indeterminate quantities. Accord- 
ingly we have regarded two rational functions of the roots as equal only when 
they were identical for all sets of values of the x's (see No. 7). 

But if, on the contrary, the cc's are the roots of a given special equation^ we 
shall have to consider two rational functions of the roots as equal when their 
numerical values are equal, and it may happen that the numerical value of a 
rational function i^ of the roots remains unaltered by a substitution which 
changes the form of the function. For instance, in the case of the equation 

x^ + x^ + a? + x+l = 
whose roots are the imaginary fifth roots of unity : 

SCj = O , X2 = G>*, ^3 = G>*, X^ = 0)^, 

2ir< 

where o = e ^ , 

we have XiX^ = a^i, viz. =g)*, 

though the two functions oi^x^ and xlxi are diflFerent in form. 

In such a case it would not be allowed to apply Lagrange's theorem to the 
function '4^ because the denominator A^ vanishes (see No. 28). 

Further, those substitutions which leave unaltered the numerical value of a 
rational function of the roots of a special equation do not, in general, form a 
group. Thus in the above example the numerical value of the function s^x^ 
remains unaltered by the substitutions 

which evidently do not form a group. 
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In a similar way nearly every one of our theorems on asymmetric functions 
becomes either entirely wrong, or is true only under certain restricting condi- 
tions, if applied to rational functions of the roots of a special equation. 

These difficulties which arise in passing from the general equation to a 
special equation are due to the fact that the so-called general equation is not 
the true general case, but in truth a very special one ; and our next task is to 
generalize the theorems on asymmetric functions in such a manner that they hold 
for any given equation without any restrictions (see below No. 67). 

56. We consider an equation of the n^^ degree: 

fix) =a;'' — CiO^-^ + Cja:"-* ±c„=0 (l) 

whose coefficients we suppose to be rational functions, with integral coefficients, 
of a number of known quantities , determinate or indeterminate, which we denote by 

SR', 31", SR'" (2) 

Any quantity which is expressible as a rational function, with integral 
coefficients, of these quantities (2), is called rationally Jcnown or simply rational* 

By a rational function or a rational relation we shall always understand a 
rational function or relation whose coefficients are rational quantities. 

*The entire system of all these ^* rational quantities ^' are said to constitute the ^^ domain of ration- 
ality (W,\ di'\ ....)'' ('^ Rationalitatsbereich,'' Kronecker) ; the simplest domain of rationality consists, 
of all rational numbers ; it is called the domain 9{ = 1 . 

All interesting applications of Galois' theory come under one of the two following cases : 
1). There are only Sk finite number of known quantities (2), and all of them are algebraic quantities ; 
that is to say, such an 91 is either an algebraic number satisfying an algebraic equation with integral 
coefficients, or an indeterminate quantity or an algebraic function satisfying an algebraic equation whose 
coefficients are rational functions with integral coefficients of some indeterminate quantities. 

Examples: 

a;" + a^-^+ -|-ic+l = 0; (91 = 1), 

1 + ^.^ ■^l--y£7 



Modular equation between x-zzv and 91' = u . Equation of the degree n* for the division of sn ii : 

a;=isn — ; 9l' = fc>; 9l" = sntt; 91'" = v/(l- 9l"»)(l- 9r9«"») 
n 

(see Kronecker, GrundzQge einer arithmetischen Theorie der algebraischen Grossen, Borchardt's 
Journal, Bd. 92 ; and Molk, Sur la notion de la divisibility, etc., Acta Math., Vol. 6, pg. 20, 85, 40). 

2). All constant quantities are considered as being known, and besides a finite number of variable 
quantities 91', 91" ... • 9l^'*^ partly independent variables, partly algebraic functions, in the sense of the 
theory of functions, of some independent variables ; we shall denote such a domain by 

(Const., 9i', 9i" 9l('*)). 
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"Two rational functions of the roots are eqxmV^ will be understood to mean: 
a). If the known quantities (2) are all determinate : ^^ equal in numerical valve.^^ 
b)> If some of the known quantities are indeterminate: ^^ equal for all values of 
these indeterminate quantities y 

^^Differenf^ or ^^ distinct ^^ means: not equal, in this sense. 

Accordingly we shall say a rational function ^ of the roots remains unal- 
tered by a substitution «, if the new function ^^ is equal, in this sense, to 4>- 

All these definitions are generalizations of our former ones ; in fact, the 
so-called general equation is comprised as a special case in the above assumptions ; 
the known quantities are, in this case, the n indeterminate coeflBcients 

an', 31" . . . 9fl"*> 
and the equation is then 

x"" + an'o"-^ + 9l"x*-* + + 3*^"^ = 0. 

57. An integral function F{x) or an equation F{x) = 0, whose coeflScients 
are rational quantities, is said to be reducible (in the domain (SflW ...-)) ^^ ^^ 
can be decomposed into factors of a lower degree whose coeflBcients are them- 
selves rational quantities ; irreducible if no such decomposition is possible.* 

A reducible integral function can always, and only in one way, be decom- 
posed into irreducible factors (see Kronecker, 1. c. §§1-4, and Molk, 1. c. Chap. II). 

If one root of an irreducible equation F(x) =^0 satisfies at the same time another 
equation (? (a:) =: whose coefficients are likewise rational quantities^ then all tlie 
roots of the irreducible equation satisfy the second equation (see Serret, No. 100). 

Hence, if two irreducible equations have one root in common, they are alto- 
gether identical. 

58. To the assumptions of No. 56 concerning the nature of the coeflBcients 

of the given equation 

f{x) = Q, (1) 

we add one more hypothesis, viz. that its n roots ari, a;^, . . . . cc„ are all distinct. 

* In this definition we include expressly the case where some of the quantities 91', 9^' ... • do not 
explicitly enter into the coefficients ; the notion of irreducibility is therefore relative. For instance, 
the equation ^< + ^t^^z^^j^i^^ 

is irreducible in the domain 9{ = 1 ; but the coefficients may as well be considered as belonging to the 
domain ('v/5), and in this case the equation is reducible, since it may be written 



( 



^. + l±/5^^j\/ '+iq^x+l)=:0. 
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a). Under these conditions it is always possible to construct a rational func- 
tion of the roots ichich takes nl different values if operated upon by all the n! substi- 
tutions between the letters arj, 0:2, .... a:^. 

Such a function is, for instance, 

Vi = niiXi + in^ajg + . • . . m^Xn , * (3) 

if the coeflScients m be properly chosen. 

For two values V^ and Vj, derived from Fj by two different substitutions 
a and b respectively, cannot be equal for all values of the parameters m , since 
all the roots x are supposed to be distinct. Hence it is always possible to choose 

for the Tw's such rational quantities which satisfy none of the ' ^ ' — ^ rela- 

tions of the form T^ = F^; F^ is then in fact an n!-valued function. 
From an equation of the form 

Fa' = 'a 

we may then always infer a' = a. 

6). It is always possible to construct a rational function of the roots 0/ (1) which 
remains unaltered by the substitutions of any given substituHon-group 

JJ= [1, a, 6, .... ^] 

between the letters Xi, X2> • • • • ^n« 
Such a function is for instance 

"4' = (r-F0(r-F„)(r-F») .... {r-V,), 

r being a properly chosen rational quantity (compare No. 18, and Jordan, No. 
351). 

59. Any rational functiofii of the roots of the given equation (1) is rationally 
expressible in terms of such an n ^valued function F^ : 

4>(^i> ^^ a'n) = 4)(Fi); (4) 

moreover, the function ^^ derived from ^ by any substitution a between the 
letters Xi, x^, . . . . x^ is the same function ^ofV^: 

^a{0Cu 2^2, a^n) = 4)(FJ. (5) 

Proof: We consider first the a's as indeterminate quantities ; in this case 
(4) follows from Lagrange's theorem (No. 27) and (5) is a self-evident conse- 
quence of (4). Afterwards we replace the indeterminate quantities x by the 



Applications to Algebraic Equations. 113 

roots of the given equation, which we may safely do, since the discriminant Ay^ 
is not zero (compare No. 28) ; the coeflScients of the rational function * are then 
changed into rational quantities of our domain (31', 91^' . . . •)* 

In particular, tJie roots of the given equation are rationally expressible in terms 

a^ = ^,(F,), x, = '^,{V;)....x^ = '^^{y^). (6) 

60. The n\ conjugate values of the function Vi are the roots of a resolvent 
equation of the degree n\ (No. 26), 

i^(F) = 0, (7) 

whose coefficients are rational quantities. Let now F^^V) be that irreducible 
factor f of J^(F) which has the root F=Fi; the irreducible equation 

F,{V) = (8) 

is then called Galois^ Resolvent of the given equation (1). 

Let iV(^n!) be its degree. Its roots are contained among the roots of (7) 
and are therefore some of the conjugate values of T^; hence they are rationally 
expressible in terms of Fj, according to No. 59; thus we have the theorem: 

All the roots of Galois' resolvent are rationally expressible in terms of one of 
them. 

The solution of the given equation (1) is equivalent to the determination of 
one root F^ of Galois' resolvent, since all the roots of (1) are rationally expres- 
sible in terms of Vi {Galois' Principle; compare No. 31). 

§12. — Group of an Equation. 

61. Let now 

M? 'a) '^ft» • • • • 'i (9) 

be the iV roots of Galois' resolvent (8), derived from F^ by the substitutions 

1, a, i, . . . . Z (10) 

respectively. 

*The second part of the theorem is only true if no reductions are made in the expression of the 
rational function 4»i (by means of the irreducible equation Fq (Vi) = of Na 60), after the indetermi- 
nate x^fi have been replaced by the roots of (!)• 

t With respect to the domain of rationality (9i', 9fl" ) • If FiY) itself should be irreducible, we 

have simply Fo (F) = F{V) . 

15 
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These substitutions form a group; to prove it we have but to show that if V^ 
and V^ are any two roots of (8), then also F^j, derived from T^ by the product 
a6, will be a root of (8). 

Va being a root of (8), we have 

Now, according to No. 60, T^ is expressible as a rational function of Fi, say 

7a=0(FO, (11) 

therefore we have F^ [0 ( 7i)] = . 

The root V^ of the irreducible equation (8) satisfies therefore at the same time 

the equation 

J?'„[0(F)] = O, (12) 

whose coefficients are rational quantities, consequently (No. 57) all the roots of 
(8) satisfy (12), in particular also the root V^\ that is. 

But from (11) follows, according to the lemma of No. 69, 

K» = 0(n); (13) 

hence F^^ is also a root of Galois' resolvent (8), and consequently the product ah 
is itself one of the substitutions (10). Thus we have proved the theorem: 

The N suhstitiUions by which the N roots of Galois^ resolvent can be derived from 
one of them^ Vi , form a group. 

This group is called the group of the given equation (1) with respect to the 
domain of rationality (31', 31", ....);* we denote it by G. 

62. The group G of the given equation (1) possesses the following two fun- 
damental properties : 

A. Every rational function of the roots off (x) = which remains unaltered by 
all the substitutions of the group G , is rationally knoum. 

B. Every rational function of the roots of f{x) = which is rationally known 
remains unaltered by all the substitutions of G . 

* It may, however, be remarked that this theorem as well as the lemmas of No. 59 can be proved 
directly without recurring to the case of indeterminate x\ and this would indeed be more in accord- 
ance with the spirit of Galois^ theory. The proofs may be found in Serret, No. 503, 504* 
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Proof: Let ^ = ^(xi, a:,, . . . . a^) be a rational function of the roots; we 

express it in terms of Fj: 

4. = 4>(F0; 

according to the lemma (5) of No. 59, we have then 



(14) 



^►« = *(F,), 

<l> denoting throughout the same rational function. 
Let us now first suppose, as in A, that 

then we obtain, by adding the equations (14), 

^ = jr [4>(Fj) + *(F,) + 4>(n) . . . . + 4>(F)]. 

The expression on the right-hand side is a symmetric function of all the iV roots 

of Galois' resolvent 

•^o(F) = 0, (8) 

and therefore rationally expressible in terms of the coeflScients of this equation, 
which, in their turn, are rational quantities. Hence ^ itself is rationally known. 

Q. E. D. 
To prove the conversion B, let us suppose that ^ is rationally known, 

^ (a^i, x^, . . . .Xn) = Rat. {^, 31", ....) = r. 

On account of (14) this relation may be written 

*(7i) — r = 0. 

One root of the irreducible equation (8), viz. F= F^, satisfies therefore the 

equation 

cl)(7) — r = 0, (15) 

whose coeflScients are rational quantities ; hence (No. 57) all the roots of (8) 
must satisfy (15) ; that is, 

<^(Fi) = <D(F,) = *(F,).... = *(F.) = r, 
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or on account of (14), 

4> = 4>a = 4^6 . • . - = 4>/ = ^; 

that is, 4) remains unaltered by all the substitutions of G^. Q. b. d. 

Remark: The proposition B may also be expressed in the following form, 
which is preferable in most applications : 

B'. Any rational relation between the roots remains true if operated upon by any 
substitution of the group G . 

63. These two properties are characteristic of the group of an equation; that is 
to say, if the two propositions A and B hold for a group (?', then & is identical 
with G . 

a). Let us first suppose we know of the group 

G^ = [1 , a', V m'] 

that every rational function of the roots of (1) which remains unaltered by all 
the substitutions of & is rationally known. 
We form the function 

{y-y^^y- no .... (7^f„,)=^(F); 

its coeflScients being symmetric functions of Fi, F^, • . . . V^,, remain unaltered 
by & and are therefore, according to our hypothesis, rational quantities. Hence 

follows (No. 57) that i^'(F) is divisible by the irreducible function Fq{V) and 
therefore the roots of J^o ( ^) niust all be contained among the roots of J^' ( F) ; 
hence we have the result : 

If for a group & the proposition A holds, then & must contain the group 
G of the equation, or 

The group of the equation is the smallest group for which the proposition A 
Jiolds. 

b). Let us now suppose we know of the group 

G^'=[l, a", 6" 2/'] 

that every rational relation between the roots remains true if operated upon by 
all the substitutions of G^'. Applying this hypothesis to the relation ^o ( ^i) = 
we obtain 

consequently the values 

Fi, Tv'i Vyr • • • • fp// 

must be contained among the roots of jFq ( F) = ; hence 
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If for a group &' the proposition B holds, then G^' must be contained in 
<y, or 

The group of an eqxmtion is the largest group for which the proposition B holds. 

c). Now, if for the same group, G^, the two propositions A and B hold, then 
G^ must at the same time contain G and be contained in G, which is only pos- 
sible i{ & = G. Q. B. D. 

Hence the two fundamental properties may be used as a new definition of the 
group of an equation ; it has the advantage of showing at once that the group of 
an equation is independent of the choice of the n!- valued function Fj. 

64. If the coeflScients of the given equation contain some indeterminate 
parameters, the group of the equation may be defined still in an entirely 
different way. 

Let us, in order to fix the ideas, consider an equation of the n^^ degree 

/(x; = 0, (1) 

whose coeflBcients are rational functions, with any constant coeflBcients, of one 
indeterminate parameter t . 

The n roots ajj, a^, . . . . ar^ of (1) are algebraic functions of t. If, then, the 
pcurameter t, which we represent as usual by a point in a ^plane, describes a 
closed curve in its plane, starting from some fixed initial position, the n roots 
are only interchanged among themselves. Hence if the point t describes all 
possible closed curves, the letters Xi, x^, . . . . x^ undergo a series of diflFerent 
substitutions, which are easily seen to form a group, called the manodromy-group 
of the equation (1) with respect to the parameter t. Now, this group can be 
proved to be identical with the group of the equation (1), as defined in No. 61 , 
with respect to the domain of rationality (Const., t) which consists (see No. 56, 
note) of all the rational functions with any constant coeflScients, of the param- 
eter t (see Jordan, No. 390). 

If, in particular, the coefficients of (1) are rational functions, with integral 
coeflScients oft, there exist at the same time a monodromy-group and an ** alge- 
braic group" of the equation (1), the former referring to the domain of rationality 
(Const., t)j the latter to the domain (f). 

In this case t?ie morvodromy^group is always a self-conjugate svhgroup of the 
algebraic group (see Jordan, No. 391). 

Moreover, there exists always an algebraic number b such that the mono- 
dromy-group is identical with the group of (1) with respect to the domain (e, t) 
(see Jordan, No. 391). 
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Eocample : 

f{x ; <) = a^ — < = (n prime). 

The n roots may be written 

•^0 1 •'^1 ■■" 03/0 1 X} — 6> mCo J . • • . CCn __ \ — 6) fl?0 ) 

o denoting a primitive n^ root of unity ; the monodromy-group is the cyclic 
group consisting of the n different powers of the substitution 

The algebraic group is the so-called " metacyclic group" (see below, No. 79), 
which, in fact, contains the cyclic group as a self-conjugate subgroup. 

The quantity e is in this case o; in the domain (o, t) the equation is, in 
fact, a ** cyclic equation" (see below. No. 73). 

65. If an equation is irreducible , its group is transitive, and vice versa. For 
if the group G of the equation /(x) = is intransitive (No. 24), connecting 
transitively only the roots x^, x^, ....»,» (m <C w) , then any symmetric function 
of these m roots remains unaltered by all the substitutions of G and is, conse- 
quently, rationally known (No. 62, A); the product {x — Xi){x — a:,) .... {x — xj) 
is therefore a rational divisor of/{x) and /(x) is reducible. 

Conversely, if /(x) is reducible and /q (x) = (a — Xi){x — x%) . . . . {x — x^) a 
rational factor of/(ic), then the rational relation /o (ajj) = remains true if 
operated upon by any substitution of G (No. 62, B') ; therefore no substitution 
of G can replace xi by one of the roots x^^i, . . . . x^; that is to say, G is intran- 
sitive. 

Thus both parts of our proposition are proved.* 

§13. — Theorems on Asymmetric Functions of the Roots. 

66. In the case of the so-called ** general" equation 

x"" + Sfa^-^ -I- 3l"a:^-* + -|- 3l<'*> = 0, 

the 9l's being indeterminate quantities (see No. 56), the symmetric functions are 
the only rational functions of the roots which are rationally known. 

* References concernmg {11 and 12 : Galois, Journal de math6matiques pures et appliqu^es, Vol. XI 
(1846) ; Serret, No. 602, 604, 6T7, 678, 670 ; Jordan, No. 848-867 ; Netto, {221, {228 ; Bachmann, Ueber 
Gkdois' Theorie der algebraischen Gleichungen, Math. Ann. 18. 
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For in any relation of the form 

4)(xi, a:,, a:„) =Rat. (Sf,- "S^^ 3l<»0» 

the right-hand side can be transformed into a symmetric function of ari, a:,, . . . x^, 
and since- the relation is imderstood to hold for all values of 91', 91", .... Sl^"^ 
(see No, 66, definition of ** equal''), and consequently also for all values of 
Xi, scj) • - • • ^n) 4^ must itself be a symmetric function. 

Hence follows, according to No. 63, a), that the group of the ^^generaV^ equa- 
tion is the symmetric group. 

Hence the fundamental theorem A (No. 62), if applied to the "general" 
equation, assumes the familiar form : 

Every symmetric function of the roots is rationally expressible in terms of 
the coefficients. 

67. In a similar way the theorems on asymmetric functions of n indetermi- 
nate quantities of §§3, 4 and 6 may be considered as special cases of more 
general theorems which hold for the roots of any given equation and in which 
the group of the equation takes the place of the symmetric group in the former 
case. 

a). Thus the theorem of No. 13: 

" Those substitutions (of the symmetric group) which leave a rational func- 
tion of n indeterminate quantities ajj, cc,, . . . . «„ unaltered, form a group,'' is a 
special case of the following : 

Those substitutions OP the group G of the equation f{x) = which leave a 
rational function of its roots unaltered^ form a group. 

We may repeat, word by word, the proof of No. 13, confining ourselves, 
however, exclusively to the consideration of substitutions o/ the group (r, and 
replacing the truism : 

** Every rational relation between the indeterminate quantities ari, jcjj, . . . ar^ 
remains true if operated upon by any substitution," by the corresponding general 
theorem B' : 

** Every rational relation between the roots of/(a;)=0 remains true if 
operated upon by any substitution of the group G of the equation." 

Henceforward we shall say, the function '^ belongs to the group H (sub- 
group of G), if it remains unaltered by all the substitutions of H and by no 
other substitutions of G . 

i). Modifying in the same way the conclusions of No. 23 and No. 26, and 



120 BoLZA: On the Theory of SubsHttUiori' Groups and its 

replacing the fundamental theorem on symmetric functions by the fundamental 
theorem A (No. 62), we find : 

Ifv he the index of H under G, then a// takes v different values 

4i = 4i '4's, — 4^^ 

if operated upon by all the substitutions of G . 

These v values are the roots of a resolvent equation of the r*^ degree 

whose coeffUHents are rational quantities. 

c). Further, Lagrange^s theorem takes the forna 

If a rational function ^ of tJie roots off (x) = remains unaltered by all those 
substitutions of the group G which leave anotlier function ^ unaltered^ then ^ is 
rationally expressible in terms of a// : 

^ = Rat. {^) ; 

and the theorem is true without exception^ for the denominator of Rat. (4) is now 
the square of the product of all the differences of the v conjugate values of i^ 
under G, and is therefore not zero according to b) (compare No. 28). 

Remark: In all these generalized theorems, the expressions ** equal," "dif- 
ferent," ** unaltered" are understood in the sense of No. 56. 

68. Application to regular equations. Let us consider an equation of the 

n^^ degree 

/(x) = (1) 

whose group G is regular, that is (No. 24), transitive and of order n; such an 
equation is called a regular equation. 

a). Since the group is supposed to be transitive, the equation (1) is irre- 
dudble (No. 65). 

b). Since, besides, the group is of order n, the substitution 1 is the only sub- 
stitution of G which leaves Xi (or any other root) unaltered ; Xi ** belongs" there- 
fore to the group 1 (No. 67, a), and consequently all the roots are rationally 
expressible in terms of any one ofHiemj for instance Xi'. 

Xt=e^{pCy), X^=6^{X^ an=<?n(«l)- (2) 

These two properties are characteristic of a regular equation. 

For the irreducibility implies the transitivity of the group G ; and from the 
relations (2) follows, with the aid of the fundamental theorem B' (No. 62), that 
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the substitution 1 is the only substitution of G which does not displace the 
letter Xi] hence, according to No. 24, the group G is indeed regular. 

§14. — Reduction of the Group by Adjunction. 

69. In all the preceding investigations we have been "operating in the 

domain of rationality," 

31= (SR', 31", ), 

to which the coefficients of our given equation 

/(x)=0 (1) 

were supposed to belong, and the definition of irreducibility and accordingly of 
the group G of the equation referred to this domain 91. 

Let us now suppose we had found, by solving some auxiliary equation, an 
irrational function ^ of the quantities 91', 91", . . . . ; we may then, henceforth, 
consider also ^ as a known quantity, or, in the language of Galois and Kronecker, 
adjohi it to our domain of rationality^ so that we obtain the enlarged domain : 

i2' = (^; SR', 31", ....). 

The coefficients of (1) belong a fortiori also to the enlarged domain R and 
we may therefore repeat all our former developments with respect to the 
domain IS. 

The group G' of (1) with respect to the new domain is now defined by that 
factor Fl ( V] ^) of F{ V) , rational and irreducible in the domain R', which has 
the root Fi (No. 61). Since the function i^o(^)of No. 61 and this irreducible 
function Fi ( F; ^) have the root Fj in common, Fq ( F) must be divisible by 
-^o(^} ^) (No. 57), and consequently G' must be a subgroup of 6^; in Galois' 
terms: **6y the adjunction of ^, tlw group G of (1) is reduced to tJie subgroup (?'" 
(including, however, the case &=.G^ which happens if Fq ( F) remains irreducible 
after the adjunction of ^, so that Fi{ F; ^)=.Fq{V)] compare No. 57, note). 

70. We consider first the case where the adjoined* quantity is a rational 
function of the roots : 

By the adjunction of a rational function '^ of the roots Xi, ar2, .... a:n> which 

belongs to a subgroup H of G, tlie group G of tlie equation is reduced precisely to 

the subgroup H. 

For any rational function <^ of the roots which remains imaltered by all 
16 
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the substitutions of H is rationally expressible in terms of ^ according to 
Lagrange's theorem generalized (No. 67, c) and belongs therefore to the new 
domain 

Conversely, any rational function <^ of the roots which is rationally known 
in the domain -B', remains unaltered by all the substitutions of H. 
For the relation 

^(^ii arg, . . . . x^ = Rat. ('J'C^ii ar, ««); SR', 3H", . . . .) 

remains true if operated upon by any substitution of G (No. 62, B') and, a fortiori j 
of its subgroup H] but the substitutions of H leave '^ unaltered, and conse- 
quently, the whole right-hand side ; therefore also ^ remains unaltered by all 
the substitutions of H. 

The group H satisfies therefore the two characteristic conditions of the group 
of (1) with respect to tlie domain 72'. 

71. The quantity "4/, which we have considered as known in the last No., is 
obtained by solving the resolvent equation (No. 67, 6), 

of the degree r, if we denote again by v the index of the subgroup -ff under G. 
The group of this resolvent equation (whose roots are the v conjugate values 
'4^ii '4^2j ' ' ' r '4^,^ o£ '4^ under G) is tlie group F, isomorphic with (r, of those substi- 
tiUions which the a/z's undergo wJien the x^^ are operated upon by all the substitutions 
of G (see No. 38). 

For any rational function i2(4'i» '4'2» • • • • '4'i.) of the o/z's may at the same 
time be considered as a rational function of the x^s : 

^{4^11 '4^i^ '4^y) = r(xij a-2, arj; 

and if -B remains unaltered by all the substitutions of F, then r remains unal- 
tered by all the substitutions of G , and vice versa. Hence the group F can 
easily be proved to possess the two fundamental properties A and B (No. 62), 
characteristic of the group of the equation g{'4^)=z o. 

Corollaries: 1. Since the root t^^ can be changed by substitutions of G, and 
consequently also by substitutions of F into every one of the v values '4'i» '4's> • • • '4'..i 
F is transitive, and therefore th^e resolvent g (i^) = is irredu^le (No. 65). 
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2). If the group Rto which ^ ** belongs" is a self-conjugate subgroup of G, 
then the resolvent is a regular equation"^ (No. 39). 

3). If, in particular, ^is a maximum self-conjugate subgroup of (r, then the 
resolvent is a regular and simple equation (No. 39, 6 ; 38, 43). 

4). Finally, if -ETis a self-conjugate subgroup oi prime index v of G, then the 
resolvent is a ci/clic equation of prime degree v (No. 39, c). 

5). Let us finally consider the case where the given equation f{x) = is 
irreducible and the rational function t^ contains only one single root : 

In this case the group of (1) is transitive (No. 65), and the index of that subgroup 
I o{ G which does not displace Xi is n (No. 24). 

Now that subgroup 5" of G to which t^ belongs contains evidently the group 
/, and consequently the index v of H under G, and therefore also tlie degree of 
the irreducible resolvent equation g (a//) = , is a divisor of n . 

72. An equation /(a) = whose group G is composite (No. 43) is called a 
composite equation. 

Tlie solution of a composite equation can alioays be reduced to the solution of a 
cJiain of simple regular equations. 

For let G — H—I M—1 

* 

be a series of composition (No. 43) of the group G of the given equation ; ^, /[£,... p 
the factors of composition and ^i 'J' »•.••• ;c» ^ rational functions of the roots 
belonging to the groups JT, /,.... JIf, 1 respectively (see No. 58, b). Then ^ 
is found by solving a resolvent equation of the degree ^, simple and regular with 
respect to the original domain (No. 71, 3). 

By the adjunction of <^, the group G of the equation is reduced to the sub- 
group 5" (No. 70). 

A second resolvent equation of the degree ^ , simple and regular with respect 
to the new domain furnishes i^, by the adjunction of i^ the group H of the equa- 
tion is reduced to the subgroup I and so forth, and our proposition is proved, f 

* The expreBsions ^^ regular,'' ** simple,'' ^^ cyclic," etc., are transferred from the group T to the 
equation y (V*) =i ; a regular equation is an equation whose group is regular, etc. 

t References concerning 214 : Jordan, No. 862, 872 ; Serret» No. 580, 583 ; Netto, §228. 
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§15. — Cyclic or Ahelian Equations. 

73. The equation 

/(ar) = (1) 

is called a cyclic equation if its group G is the cyclic group consisting of the n 
diflferent powers of a circular substitution, say 

G= [1, «, ^, «'»"i], 

s ^ ^Xq, a*! , • . • • Xf^^x) , 

aro, a^i, . . . . Xn-i denoting the n roots of (1). 

The cyclic group G is regular ; hence the equation (1) is irreducible and all 
its roots are rationally expressible in terms of one of them (No. 68), say, in par- 
ticular, SCi = (Xq) . 

This rational relation remains true if operated upon by all the substitutions 
of G (No. 62, B'), hence we obtain 

Xi = d{xo)j X2 = d{xi), xs = 6{x2) a-n-i = <?(a?n-t)» a^o = <?K-i), (2) 

or, if we denote 

e [6 (xo)] = 0* (a-o) , [f (aro)] = G^ {xq) , and so forth, 
x, = e{xo), x, = e'{xo) ar^-i=^~'(a:o), a^o = 6"(a^o). (3) 

Hence the rational function 6 (xq) has the ** period " n and the n roots ^^/orm one 
cycled Now an irreducible equation whose roots are rationally expressible in 
terms of one of them and form one cycle like (3) is called an Ahelian^ equation^ 
thus we have the result : 

Every cyclic equation is an Ahelian equation. 

74. Let us now, conversely, determine the group G of an irreducible equa- 
tion /(a:) = 0, whose n roots satisfy the relation (3). We may unite these rela- 
tions in one formula 

a-, = ^(^o) (»=0, 1, 2....), (4) 

if we agree to consider two indices which are congruent (mod n) as equivalent, 
so that a?,, x^^^j ^z+%n' » • • represent indiflferently the same root. 

Let now 



____ i Xq . • • ■ a^|5 • • • • \ 

JUgm • . • • *Cmt a • • . 



* Properly, uniaerial Ahelian (^^einfache Abersche," Kronecker) ; no mistake can arise from this 
abbreviation, as I shall confine myself in this paper to the consideration of uniserial Abelian equations^ 
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be any substitution of the unknown group (r of (1); the relation (4) must then 
remain true if operated upon by t , hence we have 

but according to (3), 

therefore x,/ = »,+, and consequently 

^ = z + a (mod n). 

The substitutions of G are therefore all of the form 

f scq ccj x^ • • • • a 

or, as we may write 



• • • •" 



^Xz + y 



(modw), (5) 



or \z 2 + a I (mod n) in Jordan's notation. 

The substitution i * ) is the a^^ power of the circular substitution 



s 



— ( ) — (^o» a^if • • • • ^n-l) 



and therefore the group G must be either the cyclic group consisting of the n 
different powers of s or else one of its subgroups. 

But since (1) is supposed to be irreducible, its group must be transitive, and 
therefore the latter case is to be excluded, since all the subgroups of the cyclic 
group are intransitive. Thus we find the result : 

I7ie group of an ahelian equation of the n^^ degree is a cyclic group of order n • 

The terms ** cyclic equation" and "abelian" equation are therefore equiva- 
lent 

75. If the degree n is prime, the cyclic group G is simple ; if, on the con- 
trary, n is composite, let jp be any prime factor of n : n=^p.n'. 

If, then, we put s^ = ^, the group 

H=[l,s',s^\ 5"*'-^] 

is a subgroup of G of prime index p and is moreover self-conjugate under (r, 
since s^^.s'^.s^ = s"^ (see No. 36). In decomposing G we may therefore use H 
as the second group of a series of composition (No. 43). Repeating the same 
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conclusion with the group H we find : The factors of composition of a cyclic group 
of order n are the prime factors of n, each one repeated as many times as it is 
contained in n . 

Combining this with the results of No. 71,4 and No. 72, we have^the 
theorem : 

An abelian equation of composite- degree n can be redticed to a chain ofabelian 
equations whose degrees are the prime factors of n . 

76. An abelian equation of prime degree is always solvable by, radicals. 

Proof: Let us adjoin to our domain of rationality an imaginary n*^ root of 
unity, o, and consider the then rational function of the roots of (1) : 

T^= iTo + cKTi + o*a^ + . . .'•(o*~^a;^_i, (6) 

which is called Lagrange^ s expression^ and is usually denoted by (o, x^. If 
operated upon by the circular substitution 

V is changed into T^ = 6)""^F, and consequently the n*^ power V^=i (o, a*o)'* 
remains unaltered by all the substitutions of G and a fortiori also by all the 
substitutions of the group & of (1) after the adjunction of o (see No. 69); it is 
therefore (No. 62, A) ratioDally known : 

V = Rat. (g), SR', 31", ) = r (o)). (7) 

But the function V belongs to the group 1, and therefore the roots of (1) are 
rationally expressible in terms of F= v^r (o)), according to Lagrange's theorem : 

aJ. = *.(F,6)), (8) 

a = 0, 1, .... 71 — 1. 

Hence the equation (1) is, in fact, solvable by radicals, provided the n*^ root of 
unity G) be known. 

The expression of a. in terms of V can be found in a very elegant way by 
the following method due to Lagrange : Evidently also the function (o)*, Xo)" is 
rationally expressible in terms of o) , say 

((o%aror = n(").* 

* It can be proved that r< (&>) =: r (c^k) . 
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Forming this equation for x = 1, 2, .... n — 1 and extracting the n}'^ root, we 
obtain 



Xo + (^^Xi + + a)<''-^>'a;„_i = >v/r^-i(ca). 

Combining these equations with the following : 

we have a system of n linear equations, from which we deduce, by multiplying 
the first by cr% the second by o^**, and so on, and adding, 



_ ci + (0- Vri (o) + (o-» Vr, (o) + o-<*-'^V7V_i(6)) 



n 



a = 1 , 2 .... 71. 

The value of one of the n — 1 radicals which enter into these expressions, for 
instance v'ri(G)), may be chosen arbitrarily; the others are then completely 
determined, since they are rationally expressible in terms of the first ; in fact, 
the quotient 

\^ri{Q) {ci^XoY 

remains unaltered by all the substitutions of (r, and is therefore rationally 
expressible in terms of o . 

77. To obtain the primitive n^^ root of unity o) we have to solve the equa- 
tion a~-* + »'»-•+ + a + 1 = 0, (9) 

called the equation for the division of the circle in n equal parts, whose roots are 

(i),Ci),(i),....Ci) . 

This equation is itself an ahelian equation with respect to the domain 91 = 1 , 
if n is prime, as we suppose it to be. 

For, in this case, the equation (9) is in the first place irreducible (proofs by 
Gauss, Eisenstein, Kronecker and others; see Jordan, No. 413, 414; Serret, No. 
110; Netto, §160). 

Further, all the roots are rationally expressible in terms of one of them and 
can moreover be arranged in one cycle ; for if g denote a primitive root of the 
prime number n, the roots of (9) may be written 
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or if we write af = {x^ : 

the equation (9) is therefore (No. 74) in fact an abelian equation. 

According to No. 75, it can be resolved into a chain of abelian equations 
whose degrees are the prime factors of « — 1 . Applying to these abelian equa- 
tions the method of No. 76, it follows by an easy induction that the equation (9) 
and consequently (No. 76), every abqlian equation of prime degree is solvable 
by radicals.* 

§16. — Metacyclic or Galoisian Equations. 

78. In No. 74 we have represented the circular substitution (xo, x^ ... »n-i) 
in the abbreviated form 

Similarly any substitution 

/xq Xi . . . . cr,j».j\ 
\x^ x^ .... x^ / 

(a, /?,.... ^ being some permutation of the numbers 0, 1 , .... n — 1) may be 
represented in the form 

(5J or |, *(.)!, (1) 

if ^ (z) be a function of the index z which takes for z = , 1 .... n — 1 the 
values a, /?,.... A, respectively. It is easy to construct such a function, for 
instance by means of Lagrange's Interpolation-Formula. 

If, in particular, n is a prime number, n = p, and we agree again to consider 
two indices which are congruent (mod p) as equivalent, then it is always possible 
to choose for ^ {z) an integral function with integral coeflBcients ; and conversely, 

* References concerning uniaencd Ahdian equations : Abel, CEuvres I ; Jordan, No. 400, 401 ; 
Serret, No. 682, 588 ; Netto, {172. Further: Kronecker, Berliner Monatsberichte, 1858 ; Weber, Theorie 
der AbePschen Zahlkorper, Acta Math., Vol. 8, 9. 

Concerning the equation for the division of the circle in particular, see Bachman, Die Lehre von der 
Kreisteilung. , 

Concerning the most general kind of Abelian equations, so-called manyfold (^^mehrfaltige," Kron- 
ecker) Abelian equations, see Abel, CEuvres I; Jordan, No. 402-415 ; Netto, {180-187 ; Serret, No. 529-554, 
and Kronecker, Berliner Monatsberichte, 1870. 
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any such function will be apt to represent a substitution between p letters if the 
p values which it takes for 2 = 0, 1, . . . .jp — 1 form a complete system of 
remainders (mod n). Hermite has given, in this respect, the following criterion, 
necessary and sufficient : 

Form the first p — 2 poioers of^{z): 

and reduce them to the degree p — \ by means of Fermafs theorem : 

z^ = z (mod p) , 

then the coefficient of z^^^ in every one of these reduced functixms must be divisible by 
p (see Serret, No. 474-476; Jordan, No. 114, 115; Netto, §§134, 135). 

Remark: Since the order in which the letters in the first line of a given 
substitution are written may be chosen arbitrarily (No. 3), we may represent 
the substitution 

(^' ") also by the symbol f^*('> \ 

i^(z) denoting a function satisfying Hermite's criterion (** Transformation of the 
mdex "). 

79. This ** analytical representation" of a substitution is useful in solving 
the problem; To determine the largest substitution-group between the letters 
Xqj Xi^ . . . . x^^i of which the cyclic group 

i?=f^' Vmod^), c= 0, 1, p—\ 

is a self-conjugate subgroup. 

Let /x. .\ 

be any substitution of the sought group G ; then the transformed of the substi- 
tution 






by g must again belong to the self-conjugate subgroup H (No. 36), and conse- 
quently be some power of h , say 

g-^hg = h'. 

17 
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Now we have (compare the remark in No. 78), 

r'=c:'"). r-*=(:-'> ^'*^=C::^.> 

on the other hand, we may write 

Consequently a// (2) must satisfy the condition 

4) (2+ l) = 4)(z) + a (modjp), 

for 2=0, l,2,....Z....jp— 1; that is, 

4>(l)=4>(0) + a ^ 

4>(2) =<?>(!) + a =4>(0) + 2a, ' (^^j^)^ 

4>(Z) = <?>(Z— l)+a = 4>(0) +ZaJ 

or if we put 4) (0) = 6 and write z instead of Z, 

^{z) = az + b (mod p),. 

Therefore all the substitutions of the sought group G must be of the form 






Conversely, it is easily seen that this symbol always represents a substitution, 
provided a be not divisible byjp. There are on the whole p{p — 1) different 
substitutions of this form, corresponding to the values 

a=l, 2,.. ..jp— 1; 6 = 0, 1,....^ — 1 (mod^). 

These p{p — 1) substitutions form a group called the metcu^yclic group; this is 
then the largest group between the letters 5ro> ^i> • • • • ^p-i t^** contains the 
given cyclic group as a self-conjugate subgroup. 

Besides the powers of the substitution f^' j , the metacyclic group con- 
tains no other circular substitution of the order jp. For the substitution 



(X. N 
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leaves, if a is not congruent 1 (mod p) , one root unaltered, viz. that one whose 
index is determined by the congruence 

az + b = z (mod^). 

80, An equation of the jp*^ degree, 

/(a:) = 0. (1) 

whose group G is the metacyclic group, is called a metacyclic equation. It has 
the following two characteristic properties : 

a). It is irredttcible, for the metacyclic group is evidently transitive (No. 65). 

b). All its roots are rationally expressible in terms of t\co of them. 

For it is easily seen that the substitution 1 is the only substitution of the 
metacyclic group which leaves at the same time the two roots Xq and x^ imaltered. 
Hence the function V^:^m^i + miXi "belongs" (No. 67) to the group 1, and 
therefore all the roots are rationally expressible in terms of F, or what amounts 
to the same, in terms of Xq and Xi : 

X2=0,(a-o, Xi); ap_i = 0p--i(a;o, ^i). (2) 

Now an irreducible equation of prime degree^ whose roots are rationally expressible 
in terms of two of them ^ is called a Galoisian equation. Thus we have the result : 
A metacyclic equation is always a Galoisian equation. 

81. Let us now, conversely, determine the group of a Galoisian equation of 
the p^ degree. 

a). Since the equation is supposed to be irreducible, its group G must be 
transitive^ and therefore its order divisible by the degree p (No. 24). 

b). Since, moreover, p is supposed to be prime, G must contain a cyclic sub- 
group jff, of order p, according to Cauchy's theorem (No. 22); we may suppose 
that it consists of the diflFerent powers of the circular substitution 

a = {xqj jci, . . . . ajp-i), 

Xq and Xi denoting the two roots in terms of which all the others are supposed to 
be expressible rationally.* 

c). This cyclic subgroup H must be self-conjugate under G. In fact, if it 

* For among the different powers of any circular substitution of the order p there is always one 
which replaces a;o by ^i . 
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were otherwise, G would contain two circular substitutions of the order p which 
are not powers of one another (No. 36), but this is impossible. 

For let b = (a:<,, «<,,....»<,_ J be another circular substitution* of the order 
p contained in G. It is then always possible to choose two integers, [i and v, 
incongruent (mod p) , such that 

V + i- v=i+i- i, say =k{modp). 

Applying, then, according to No. 62, B', the two substitutions b^ar*i^ and 
b'^ar*^ of G to the rational relations 

(a = 0, 1, . • . .^ — 1) 
we obtain x,^ ^ ^ _ ,^ = 0. {x^ , x,) , 

and consequently 

i«+M — V = *'«+.. — i (a = 0, 1, ... .^—1). 

Hence folio wsf that the p differences ip^i — t^ (/? = 0, 1 , . • . . p — 1) have the 
same value, say m ; that is to say, b = a*. Q. b. d. 

d). Since the cyclic group fl" is a self-conjugate subgroup of G, G must be 
the metacyclic group or one of its transitive subgroups (No. 79), thus we have 
the result : 

The group of a Galoisian equation is the metacyclic group or one of its transitive 
subgroups. 

82. In order to solve a metacyclic equation we construct (No. 58) a rational 
function t^ of the roots which belongs to the cyclic subgroup H] i^ satisfies, then, 
(No. 67) a resolvent equation of the degree p — 1 : gr (a//) = . To determine its 
group r (No. 71) we remark that the metacyclic group may be generated by the 
two substitutions 



a=r^' ) andc=r^'Y 



g denoting a primitive root of the prime number p. The substitutions of the 
metacyclic group are then a'^c'* (a=0, 1, . . . . p — 1; y= Ij 2, . . . . p — 1), and 

* We may suppose to = , t| = 1 by replacing, eventually, & by a convenient power of h . 
t See &onecker, Berliner Monatsberichte, 1879. 
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those of the cyclic subgroup H are a*(a=0, 1, . . . .p — 1). Hence the jp — 1 
conjugate values of t^/ under G are (No. 23) 

'^Q — '^j '4^1 = 4ci '4'« = 4c«» • • • • '4'p-S=4o^-«- 

The cyclic group H being seli-conjugate under (r, the 'j^'s undergo the substitu- 
tion {^isj'^u • • • • '4<p-«)^ when the a's are operated upon by the substitution 
a*6^, and therefore (No. 71) the group V of the resolvent equation g{^)=.Q is 
the cyclic group of order p — 1 , consisting of the different powers of the substi- 
tution (4'o> ^'ij • • • 4i»-8)> ^^^ consequently the resolvent is an Abelian equation. 

By the adjunction of i^ the group of the equation f{x) = is reduced to the 
cyclic subgroup H (No. 70) ; the equation /(x) = is therefore an Abelian 
equation in the new domain of rationality. 

Analogous results are obtained for the transitive subgroups of the meta- 
cyclic group, which are all contained in the form 

^a=0, 1, jp— 1; y= 1, 2, ^T~)' 

h denoting any divisor of ^ — 1 . Thus we find the result : 

A Galoisian equation can always he solved by a chain of two Abelian equations, 

the first of degree p — 1 Tresp.^-j— Y the second of degree p, and consequently 

(No. 75): 

A Galoisian eqiuition is always solvable by a chain of Abelian equations of 
prime degree; and finally (No. 76) : 

A Galoisian equation is always solvable by radicals. 

83. An important example of Galoisian equations are the binomial equations 

of prime degree : 

x^ — A, 

m 

where A is supposed to be a rational quantity which is not expressible as a p^^ 
power of another rational quantity. 

For, in the first place, the binomial equation is irreducible under these cir- 
cumstances, as Abel has proved (see Jordan, No. 418 ; Netto, §203). 

Further, if ctq be one of its roots and o an imaginary ^*^ root of unity, the 
other roots are 

Xi = (MJo> a^ = ^*a:o, .... ap-i = ca^""^ab, 
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hence o = -^ and consequently 

x^=(j^yx^ (a=0, 1, i>— 1). 

All tTie roots are therefore rationally expressible in terms of tvx) of them. The 
equation is therefore indeed a Graloisian equation. 

For the function i^ of No. 82 which belongs to the cyclic subgroup, we may 
choose, in this case, the quantity o), since 

Xq Xi ^p — 1 

(0 satisfies the resolvent equation of the degree p — 1 : 

6)^-^ + O^-* + + (0 + 1 = 0, 

which is, in fact, an Abelian* equation (No. 77). 

After the adjunction of o the binomial equation is itself an Abelian, the 
function 0(xo) being in this case B{x^ = (m^ (compare also No. 64). 

Hence follows that a binomial eqtiation of prime degree is always solvable by a 
chain of Abelian equations of prime degree.f 

§17. — Solviion by Radicals. 

84, The equation of the w*^ degree 

/(a^)=0 (1) 

is said to be solvable by radicals if its roots can be derived from the known quan- 
tities Sf, 31", . . . . by a finite number of extractions of roots whose exponents 
may, without loss of generality, be supposed to be prime. If ^ , >? , . . . . ^ denote 
all the radicals which occur in the expressions for all the roots Xy^ x%^ . . . . x^j 
the solution may be written in the form of a chain of binomial equations of 
prime degree : 



*For certain special domaiiiB of rationalitj it may, however, happen that ^ satisfies an Abelian of 

degree PT • 

t This holds stiU if the binomial equation is reducible ; for, in this case, one root is rational (Netto,. 
S208), and the problem is reduced to the determination of w. 

References concerning Oaloisian equations: Jordan, No. 416-418; Netto, S 187-190; &onecker, 
Berliner Monatsberichte, 1879. 
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>7 



A 
I*- 



X(3l', 91" ), 

M{^; gf, gf ), 






P(^, >7,^; S', 31", ), 

-B,(^, 4» '7.^; S', 3*", .. 

1, 2, .... n, 



■).J 



(2) 



i, -8f, . . . . P, iZ. denoting rational functions with integral coeflBcients,* and 
the degrees X, f^, p being prime numbers. 

Now, according to No. 83, every one of these binomial equations, and conse- 
quently also the whole chain, can be replaced by a chain of Abelian equations of 
prime degrees, and since conversely every Abelian equation is solvable by radi- 
cals, we have the result : 

In order that an equation he solvable by radicals, it is necessary and sufficient 
thai it be reducible to a chain of Abelian equations of prime degrees : 



A{w'y t?, . . . . z, y, 91^, 91", . . . .) = 0, 

«.= /?. {w, V, y, gi', gi'', . . . .), ^ 

a = 1, 2, .... 71. 



(3) 



The first of these equations is an Abelian equation with respect to the domain 
(gf, 51", -...)» the second with respect to the enlarged domain (y, 3i!, 31", . . . .) 
and so forth. « 

Since the group of a binomial equation is more complicated than that of an 
Abelian (No. 83), we have, from our present point of view, to consider as the 
simplest possible class of equations not the binomial, but the Abelian equations 
of prime degree, and therefore it is preferable to start, in our developments, 
from the chain of Abelian equations (3). 

85. Let now G denote the group of the equation (1) — which we suppose to 
be solvable by the chain (3) — with respect to the original domain of rationality 
(31', 31", ....). 

We begin the solution by solving the first equation of the chain (3) and 
adjoining one of its roots, y, to our domain; the group 6r of (1) is then 

* It is always to be understood that some of the quantities f , 9 , . . . . V* may be wanting in the 
expression of Ba , and similarly for the other functions. 
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reduced to a certain subgroup (No. 69), say H (including the case j5'= O). 
Next we solve the second equation and adjoin one of its roots, z, to our present 
domain ; the group H of (1) is then reduced to a subgroup, say / (including 
again the case I=z H). Continuing in this way, we arrive at last, after solving 
the last equation, at the domain 

{w, V, . . . . 2, y, SI', 91", . . . .); 

vnth respect to this domain, the group o/{l) is 1 , since all the roots are rationally 
known with respect to it (No. 63, a). 

Now I say: By every one of these successive adjunctions the group of (1) 
is either not reduced at all or it is reduced to a self-conjugate subgroup of prime 
index. 

Proof: I). Let v be the index of the subgroup JST, to which the group G of 
(1) is reduced after the adjunction of the root yi = y of the first Abelian equation 

^(y; Sf, SI'', ....)= 0, (4) 

whose degree, p , is supposed to be prime. 

a). Let, moreover, ^{xi, x^, . . . . x^) denote a rational function of the roots 
which belongs to the group H (No. 67 and 58) ; ^ will then satisfy a resolvent 
equation ^(<^)=zO, (5) 

of degree v and irreducible in the domain (SI', SI'', . . . .) (No.^71). 

b). On the other hand, j? being the group of (1) in the enlarged domain 

(yi, 91', 91'', ), 

^ is rationally expressible in terms of ^i (No. 62, A) : 

1> = r{yt)' (6) 

Applying now the theorem of No. 71, 5 to the rational function ^ = r (yi) of the 

root yi of the irreducible (since Abelian) equation (4), we obtain a second 

resolvent equation for ^ : 

h{q>) = 0, (7) 

likewise irreducible and whose degree is a divisor of the degree jp of (6) and con- 
sequently either = 1 or = jp , since p is prime. 

c). But the two equations (5) and (7), being both irreducible and having the 
root ^ in common, must be identical (No. 67), and therefore the degree v of (6), 
that is to say, the index of ff under (7, must be either =1 or =jp. Thus we 
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« 

find : By the adjunction of a root yi = y of an irreducible equation of prime degree 
jp, the group 0/ (1) is either not reduced at all or it is reduced to a subgroup of 
indexp. 

II. In the latter case the p roots of (7), which are 

yi> y»> • • • • yp denoting thep roots of (4), must be identical with the roots of (5), 
which are the r = jp conjugate values ^1=^ ^ , ^^ . . . . ^p o{ ^ under G, derived 
from 4> by certain substitutions 3^1= 1, g2, . . . . gp of G. We may therefore 

^"te <?». = r(y.), (8) 

a = 1, 2, .... ^. 

Now the function ^^ of the roots of (1) belongs to the subgroup g^^Hg^ of G 
(No. 35), and any rational function of the roots which remains unaltered by the 
same group gz^Hg^ is rationally expressible in terms of 4>. (No. 67) and conse- 
quently also in terms of y.. 

If, therefore, instead of the root yi = y of (4), we adjoin the root y,, the 
group & of (1) with respect to the domain (y., ?R', SR", . . . .) must be either 
g^^Ega or one of its subgroups (No. 63, a) ; but the latter case is impossible ; for, 
according to No. 85, the index of & under G must be either 1 or p, and the 
index oi gz^Hg^ under Gisp^ hence & = gz^Hg^. Thus we find : 

If instead of the root yi , v)e adjoin another root y^ of (4) , tlie group G is 
reduced to a subgroup H^=i g^^Hg^ conjugate with jff under G. 

III. If now, in particular, the auxiliary equation (4) is an Abelian equation, 
as we suppose, then y. is rationally expressible in terms of yi : 

but also, conversely, yi is rationally expressible in terms of y.; for, according to 
No. 73, we have 

therefore 0^ -^ (y.) = 6^ (y^) = yi . 

Hence the two domains of rationality (yi, SR', SR", . . . .) and (y., 31', 51", . . . .) 
are identical and the group of (1) must be the same with respect to either of 
them. Therefore g~^Hg^ =-3, for a = 1 , 2, . • . . ^, consequently (No. 36) ^ is 
a self-conjugate subgroup of G. Thus we have the result : 

By tlie adjunction of a root of an Abelian equation of prime degree p, the group 
18 
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of the given equation is either not reduced at all, or it is reduced to a self-conjugate 
subgroup of index p . 

Remark: To appreciate -fully the importance of this theorem, which is due 
to Galois, we must bear in mind that the adjoined quantity y is not supposed to he 
a rational function of the roots sci, 2:2, .... »»; hence this theorem comprises, as 
will be seen presently, Abel's celebrated theorem that the radicals which enter 
into the solution of a solvable equation are always rationally expressible in 
terms of the roots and of certain roots of unity. 

86. Applying this theorem to every one of the successive Abelian equations 
of the chain (3), we find that the different groups through which we pass in the 
process of successive adjunction must form a series of groups beginning with 6r, 
ending with 1, and such that each group is a self-conjugate subgroup of prime 
index of the group immediately preceding, or, according to No. 43 : The factors 
of composition of the group G must all be prime numbers. 

But this condition is also sufficient. For if X, f^, .... p denote the factors 
of composition of the group (r, then we can, according to No. 72, solve the given 
equation by a chain of simple regular equations of the degrees X, f^, . . . . p; and 
if, in particular, the factors of composition are all prime numbers, then these 
regular equations are Abelian equations of prime degrees (No. 71, 4), and there- 
fore the given equation is solvable by radicals. 

Thus we have proved Galois' criterion for the solution by radicals : In order 
that an equation he solvable by radicals, it is necessary and sufficient that tlie factors 
of composition of its group be all prime numbers. 

EemarJc: At the same time we see from No. 72 that we may choose, for 
the auxiliary quantities y, z, . . . . v, tc of the chain (3), rational functions of the 
roots iCi, ar^j • • • • ^n- If» then, we transform the chain of Abelian equations into 
a chain of binomial equations, by means of the theorem of No. 76, we obtain 
Abel's theorem mentioned in the remark in No. 85.* 

87. The group of the general equation of the n^^ degree is the symmetric 

group (No. 66), whose factors of composition are for n>4 (No. 44) : 2 and — ^ ; 

the latter being composite, the general eqiuition of a higher than the fourth degree 
is not solvable by radicals. 

* Since the above was written, an important paper on the solution of equations by means of a chain 
of auxiliary eciuations has been published by Holder: Zuriickfuhrung einer beliebigon algebraischen 
Gieichung auf eino Kette von Gleichungen (Math. Annalen, Bd. 31). 
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Forn= 3 the factors are 2, 3; for n= 4 they are 2, 3, 2, 2 (No. 43), all 
of them prime ; this is the reason why the general equations of the third and 
fourth degree are solvable by radicals. 

Their solution by a chain of Abelian equations is exhibited in the following 
tables : 

a). Cubic equation (Notations of No. 14) : 



2/ "^ C^pu "J" CffiC """" Cg — U • 



(1) 



Domain of rationality. 



Group of (1) 



Original domain : (ci, Cg, Cg) : 

<^ = (a^ — a5j)(x, — a:i)(xi — xi) belongs to G^ 5 
4>* — A = , Abelian. 



G« 



Adjoin ^ : 

Xi belongs to (rx = 1 ; 

and (1) itself is Abelian. 



G. 



Adjoin Xi'. 

The other roots are now rationally known; their expressions 
are given in Serret, No. 511. 



b). Biquadratic equation, Ferrari's solution (Notations of No. 15-18): 

X^ CiX* + CgX* — C3X + C4 = . 



(1) 



Domain of rationality. 


Group of (1) 


Original domain (q, Cg, Cg, c^): 




G2i 


4> = n («. — Xp) belongs to Gi^ ; 






4>* — A = 0, Abelian. 






Adjoin ^ : 

^j = Xicr, + XgX^ belongs to G^ , 




G^ 


f-c,^» + (cxC3-4c,)^-[c,(cl-4c,) + c|] = 


: 0, Abelian. 
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Adjoin ^i: 

>7 = iCx + ^ — ^3 — ^4 belongs to (?,, 

>7* — 4^1 — cj + 4c2 = 0, Abelian. 


G. 


Adjoin >7 : 

Xi belongs to (?! = 1 , 


G» 


Adjoin a:i: 

The other roots are now rationally known ; this is evident for 
Qc^] to find the expressions for Xg and x^, notice that ^% — ^z 
— \xi — x^{o(^ — ^4) is rationally expressible in terms of ^1 
and VA (see Serret, No. 611, equation (3)). 


1 



88. Let us now determine all irreducible equations of ^^rime degree which 

are solvable by radicals. 

Let /{^)=0 (1) 



be the given equation of prime degree p, G its group and 

Cr — S — . • • • Jx — L , . , , 1 J 



(2) 



a series of composition of G . 

The factors of composition are then all prime numbers since (1) is supposed 
to be solvable by radicals (No. 86). 

I). The group G must be transitive, since (1) is supposed to be irreducible 
(No, 65), and therefore its order must be divisible by p (No. 24) ; since, more- 
over, p is supposed to be prime, G must contain a circular suhstituiion of order 
p (No. 22), say 

In the series (2) there must necessarily exist one group, K^ such that this 
substitution t is contained in K and in all preceding groups, but is not contained 
in the group L immediately following K. 

I say, this group L must be ilie group 1 . 
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Proof: a). Let v be the index of L under K] v being prime, we may apply 
to the substitution t the lemma of No. 40 : ** If Aj be any substitution of iT which 
is not contained in L, then Jtf, and no lower power of Aj, belongs to JT; moreover, 
the order of the substitution Aj is a multiple of r." 

Now evidently *'*= 1 is the lowest power of t which belongs to Z, there- 
fore v=p. 

b). Suppose, now, L contains a substitution s different from 1, which 
replaces the letter x^ by a different letter a^. The substitution t^=^^""^ will 
then leave the letter Xa unaltered. 

Now u belongs to the group K, but not to i, since a — /? is not divisible 
byjp according to our assumptions ; therefore, according to the lemma of No. 40, 
the order of u must be divisible by p, but this is impossible since ti is a substi- 
tution between p letters, which leaves the letter x^ unaltered. 

Consequently L can contain no substitution besides 1 : Z = 1 . 

IL Let us now build up the series of composition, starting from the last 
group i = 1 . 

a\ The index of L under Kis p according to I, a ; therefore K must he tJie 
cyclic group of order p consisting of the diflferent powers of the circular substitu- 
tion t , since K is supposed to contain t . 

b). Hence the group immediately preceding K in the series (2), say J, must 
be contained in the metacyclic group, since it contains the cyclic group of order 
p, viz. j&T, as a self-conjugate subgroup (No. 79). According to the remark at 
the end of No. 79, «/' contains then no circular substitution of order jp except the 
powers of the substitution t. 

c). Let now / be the group immediately preceding J in the series (2) ; J 
being a self-conjugate subgroup of /, the transformed of t by any substitution^ 
of /, which is again a circular substitution of order ^, must belong to J (No. 36) 
and must therefore be some power of t , according to b). Hence follows that 
the cyclic group K must be self-conjugate not only under «/' but also under /, and 
therefore / must be contained in the metacyclic group. 

d). The same conclusion holds for the group immediately preceding /, and 
80 forth, and finally for the group G itself: G must be the metacyclic group or 
one of its transitive subgroups. 

According to No. 81, we have therefore the theorem, due to Galois : 
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Every irreducible eqiuition of prime degree tohich is solvable by radicals is a 
Galoisian equation. 

The conversion has been proved previously in No. 8 2.* 

* References concerniDg 2 17 : Serret, No. 580 and No. 587-598 ; Jordan, No. 878-878, 520 ; Kronecker, 
Berliner Monatsberichte, 1879. 

Concerning solvable equations whose degree is not prime, see Jordan, Livre IV ; besides Journal de 
Math6matiques, Ser. 2, Vol. 12, 18, 14, Netto, {283-243. 

As to applications of Gkdois' theory to the division of trigonometric, the division and transformation 
of elliptic and Ahdian functions^ see Jordan, Chap. IV ; Weber, Zur Theorie der elliptischen Functionen, 
Acta Math., Vol. 6 ; Kronecker, Entwicklungen aus der Theorie der Gleichungen, Berliner Monatsb. 

1879. 

As to applications to geometrical problems, see Jordan, Chap. m. 
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whose second volume (published since the above was written) contains a chapter on the theory of sub- 
stitutions. 



Quelques proprietes des nomhres Ki. 

Pab M. M- d'Ocagnb. 



1. Les nombres que j'ai ici en vue sont ceux que j'ar 6tudi6s dans un 
M^moire paru en 1887 dans V American Journal of Mathematics (p. 353), oil 
je les d^finissais au moyen d'un triangle arithni6tique analogue a celui. de Pascal. 
Les renvois que Ton trouvera ici se rapportent a ce M6moire. 

2. Soit un polynome entier en ar 

F{x) = 00 + aiX + Ojjaj* + +.a^x*. 

Ce polynome peut toujourt etre mis sous la forme 

F{x) =^bo + biX + bfpc{x — 1) + . . . . + b^x {x — 1) .... (x — (n — 1)) . 

Cherchons k calculer les coefficients b au moyen des coefficients a. Nous avons 
en donnant k x des dififerences successives 6gales h 1 , 

A^F{x) = 1.2 P'bp+ 2.3 {p+ l)bp + ix 

+ 3.4 .... (2>+ 2)x{x— 1) + . . . . 

Done A^F{0)= 1.2 p.b^, 

et J _ A^FjO) 

"" 1.2 p' 

Mais la formule (15) de mon M6moire donne 

Or, F'+'{0)=:(p + i){p-{.i—i)....(p+i)p....2.1a,+t] 

par suite * v^' 

A''FiO)= 1.2 .. . .p2^^^+ia,+ „ 

(=0 

et bj, = K^a, + JTl+iflp+i + £^+iap+t +.... + K*a^. (a) 

19 
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C'est de cette curieuse formule que nous allons ici tirer qaelques propriety 
des Dombres K^. 

3. En premier lieu, faisons 

F{x)=- 1 +x». 
La formule (a) donne alors 

Par suite 

1 +x* = 1 + Klx + Klx{z—\) + + K:x{x— 1) (x — (n— 1)) 

ou 
7!"'^ = Kl + Kl{x—l) + + K:{x— l)(x— 2) (x — (n— 1)). (^) 

Nous retrouvons ainsi par une tout autre voie que celle contenue dans notre 
Memoire la formule (24) de celui-ci. 

4. Faisons maintenant 

# 

i'(z) = (1 + z)" = 1 + Clx-\- Cl3* + + (7;«-. 

Ici la formale (a) donne 

h = K;ci + K^+iC:+' + .... + Kgc;. 

Mais, d'apr^ la formule (3) oii on remplace x par z + 1 et n par n + 1 > on a 
cons^uemment 

Kitl=^ic: + if?+ics+^ + ....+ Kic:, 

formule qui pent encore s'ecrirc 

Ki = Kizl + Cl-iJrjzJ + Cl^.Kizl +....+ C:irKPz}. (y) 

II est alors curieux de la comparer k la formule (3) de notre Memoire. En 
efiet, cbacune de ces formules donne K^ en fonction lin^aire de 

c'est-2l-dire, en nous reportant au triangle arithmStique de definition, de tons les 
nombres situds au-dessus de la rang^e horizontale de JT^, dans la colonne qui 
pr^c^de imm6diatement la sienne. Or, les coeflBcients de cette fonction lin&iire 
sont, dans la formule (y) , 

et dans la formule (3) , 
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On a, par exemple, 

K! = K!+C}KI+C!lQ=n + -^.5+^^.1 = 25 

et Ki = Ki + S.KI + ZKlQ = 7 + 3.5 + 9-1 = 25. 

En convenant, comme nous Pavons fait dans notre Memoire, de prendre iTj = 
lorsque ^ > m , on pent ecrire symboliquement la formule (y), d'aprfes la nota- 
tion que nous avons proposee dans le Bulletin de la Soci6t6 Math6matique de 

France (T. XV, p. 156), 

KS = {KP-' + ly-K (/) 

La forraule (y) pent se v6rifier h posteriori de la manifere suivante : 
II suffit de faire voir que la formule supposee vraie pour les nombres de la 
rang6e horizontale d'indice m — 1 Test encore pour la rangee d'indice m . 
Admettons done que Ton ait 

jr;_i = KPz} + ci^^Kr-i + .... + c:zr'^pi\ 

KSll=KPzl+ CU,K^zi+ ....+ c:zr'Kj^^l + C:zlK^z\. 

Alors 

pKP_, + K]^zi =pKSz} + KSzi + (7i_, {pKSzi + K^z!) + .... 

Mais la formule (1) de notre M6moire donne 

pKP_^-\-K^z\ = Kl^, 

pKSz} + KHZ? = (i> - 1) KSz} + JQzf + E^z} = KSzl+r + K^z] . 

L'dgalit6 p.r6c6deote devient done 

KS = KJizl + Kjlzi + Cl_^ {K^zl + K^zl) + . . . . 

= Ksz} + (1 + CU)Kizi + .... 

+ {c:zr' + c:zr') Kr' + {c^zr' + c;rf ) k^z\ 
= K^zi + Gi.^K^zi + ....+ cszr'Kr' + cszrKj^z}', 

et la verification se trouve ainsi faite. 

5. Faisons enfin 

F(x) = (x— l)(x— 2) (»—-«), 

ou, en reprSsentant, comme dans notre Memoire, par Sm l(t somme des produits 
tikn des m premiers nombres, 
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La formule (a) donne ici 

6p = (- ly-pKPs:-^ + (- ly-^'-^Kp^.s:-'^-' + ....- k»_iSI + JQ- W 

Mais on a identiquement 

F{x) = x{x—1) (x— (n— 1)) 

— n(x— l)(x— 2) (x — (n— 1)), 

(x— l)(x— 2) (x— (n — l)) = x(x— 1) (x — (»— 2)) 

— (n— l)(x— l)(x— 2) (x — (n— 3)), 

(x— 2)(x— l) = x(x— 1) — 2(x— 1), 
X — 1 =x — 1. 

Multipliant respectivement ces identit^s par 

1, — n, n(» — 1), , (— l)"-»ra(n— 1) 3, (— 1)— *n(« — 1) 3.2, 

et faisant la somme, oa a 

Jf(x) = (— l)*n(n— 1) 2.1 +(— l)»-^n(n— 1) 2.x 

+ (— l)""»n(n — 1). . . 3.x(x— 1) + . . . + x(x— 1). ..(x — (n— l)). 

Par consequent, 

K = i— !)"-"«(«- 1) .... (i? + 1), 

et la formule (S) devient 

= (-1)— '•nCn— 1) (/>+!)• (e) 

Nous allons de cette formule en deduire une autre plus simple. Pour cela, 
remarquons que I'on a de meme 

K^-'—siKszi + suKszi-. ... + (- ly-^sr^'i^-' 

+ (— l)»-»'+^AS',»-'+*jrPri^ = (— l)"-P+'n(n — 1) p. 

Multiplions I'^galit^ (e) par p et ajoutons 1^ k la derniere, en remarquant que 

II vient 

Ici se place une curieuse remarque. 11 semble au premier abord que la pro- 
pri6t6 exprim6e par cette egalit6 ne diff^re pas de celle qui se traduit par la 



d'Ocagnb : Quelques proprUt^ des nombrea Kl,. 149 

formule (11) de notre M6moire, que nous reproduisons ici 

Ki^^p- SlKi,^^^^^- SIKP^,^,- . ... + (- iysj;Ks, = o. 

En effet, le premier membre de chacune de ces 6galit6s est de la forme 

ce d6veloppement 6tant prolong6 jusqu'a ce qu'il s'arrete de lui-meme, c'est-i-dire 
jusqu'S. ce qu'on arrive i un terme contenant soit /S^* soit K^. 

Cette expression donne le premier membre de la formule (f) lorsqu'on y 
fait ;i = /t£ — 1 , et le premier membre de la formule (11) lorsqu'on y fait ;i = r . 

Or, on pent v6rifier que cette expression ne s'annule pas toujours, quels que 
soient X, /i^, v. Prenons, par exemple, ;i=2, /[£=5, i' = 3. II vient 

Kl — SiKl + SlKl = 25— 3.6 + 2. 1 = 9. 

II suit de li que, malgrS Tanalogie frappante de leur forme, les formules 
(^ et (11) expriment des propriet6s parfaitement distinctes des nombres JTj. 

6. Cette diflference s'accuse quand on veut, au moyen de Tune ou Fautre de 
ces formules, calculer les nombres Sn, S^, . . . . , S^- 

La formule {Q oh on fait successivement ^=n,w — 1,....,2, 1, donne 
pour le calcul de ces nombres les Equations 

ir;+ 1 - SiKr' + SiK;z,' = , 

K\i - siiQ + siK^i^^ _.... + (_ i)n-^sr'JQ + (- irs:iQ = o. 

Quant k la formule (11) oil on fait m = 1, 2, . . . . , n — 1, n, et jp = w, 
elle donne les Equations 

Ces deux systfemes d'equations sont egalement commodes pour le calcul de 
Si, aSIJ, . . . . , Sn, mais dans le premier les coefficients sont les nombres du 
triangle arithmStique de definition, situ6s dans les n premieres colonnes au-dessus 
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de la (n + 2)**"* rang^e, dans le second ce sont les nombres de la n**"* colonne 
situes au-dessus de la (2n + i)"™« ran gee. 

II entre ainsi dans le premier syst^me d'equations ^ 7" — - nombres KZ et 

dans le second il n'j en a que n + 1 • Mais il faut remarquer que sur les 

^ ^ — - nombres KSi qui figurent dans le premier sjst^me les nombres 

JEJ, Kl^i:^ • . . . I JQ, d'une part, ^+i, E}^ . . . . , K} de Tautre sont tons 6gauz 

i, Ki qui est egal k 1. II n'y a done en realite que ^^^7^ — - — (2n — 1) ou 

— — X h 1 nombres KSi distincts parmi les coeflBcients du premier syst^me, 

sans compter, bien entendu, les rencontres tout-^fait fortuites qui peuvent se 
produire, comme, par exemple, JP5 = -ff/ = 15. 

Bien que k partir de w= 4, ,^ — ^ + 1 soit toujours plus grand que n, 

le premier syst^me est plus avantageux que le second parce que les nombres 
J^i qui y interviennent sont moins grands et sont, dans la formation du triangle 
arithmetique, calculcs bien avant ceux qui figurent dans le second. Un exemple 
fera mieux saisir la port6e de cette observation. Prenons n = 4. 
Le premier syst^me sera alors 

10 — «J=0, 
25 — 6*1 + *J = , 
15 — 7*1+ 3^ — «J = 0, 
l—s\ + s\-4 + s\=0, 

et le second 

10 — «l = o, 

65—10*1 + ^ = 0, 
350— 65*1+ 10*1— *J=0, 
1701 — 350*1 + 65*1 — 10^5 + *1 = . 

Chacun de ces syst^mes donne imm^diaterment par un calcul de proche en 
Proche *1=10, *1=35, *1=50, *1=24, 

mais on voit combien le premier syst^me est plus simple que le second. 
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7. Je signalerai encore deux remarques relatives aux nombres JTj que j'ai 
6t6 amene ^ faire, depuis la publication de mon Memoire, dans d'autres recueils. 

La premifere* consiste en ce que si on r6p&te ^ propos de la formule (28)^^ 
de ce M6moire le raisonnement contenu dans le No. 4 du meme travail on 
arrive h, ce th^orfeme : 

Si on pose 

lorsque T^uation alg6brique de degr6 p, Z=^0 a toutes sea racines relies ^ il en eat de 
mhme de Vequation de degri p + m 

La seconde remarquef est celle-ci : 

Si on transforme la formule (54) de mon Memoire, qui fait connaitre les 
nombres de Bernoulli au mojen des nombres iT^, 

■^-~ 2 3"""^ 4 —•••• + 1-1) ^qri ' 

en faisant usage de la formule (5') qui donne explicitement KSi en fonction de 
metp, on obtient 

Cette formule faisant connaitre les nombres de Bernoulli en fonction des 
nombres du triangle arithm^tique de Pascal pr6sente un s6rieux int6ret th6orique, 
mais, au point-de-vue du calcul effectif des nombres B^, la formule pr6c6dente, 
lorsqu'on dispose de notre triangle arithmetique des nombres KS,, est bien plus 
exp6ditive. 



* Comptes-Rendus de PAcad^mie des Sciences de Paris (1888, l«r Sem., p. 781). 
t Bulletin de la Soci6t6 Math^matique de France (T. XVII, p. 107). 
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8. Nous croyons utile de donner ici un tableau des nombres K^ plus complet 
que celui qui est con ten u dans notre Memoire. 



Ki 


j>=i 
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8 
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5 


6 


7 


8 


9 


10 


11 


12 


m=l 
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266 


28 
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462 
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750 
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28501 
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65 
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627396 


159027 
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66 


1 
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Sur les lots de forces centrales faisant decrire d leur 

point d^application une conique quelles que 

soient les conditions initiates. 

Par p. Appell. 



On salt que les forces centrales, fonctions de la seule position, faisant 
toujours decrire a leur point d'application une conique ont 6t6 determin^es simul- 
tan^ment par MM. Darboux et Halphen"" a la suite d'une question pos6e par M. 
Bertrand. Sans pretendre rien ajouter d'essentiel k la solution analytique 
d'Halphen et a Texpos^ que M. Tisserand en a fait dans le premier volume de 
sa Aticaniqve cSleste, je me propose d'indiquer rapidement la m^thode que j'ai 
suivie dans mon cours pour abreg^r autant que possible le calcul d'Halphen. 
Cette m6thode constitue une application de Vhomographie en m^anique dont j'ai 
fait la th6orie dans ce Journal (1889). 

Consid6rons un mobile de masse I , soIIicit6 par une force centrale jF^ depen- 
dant seulement des coordonnees (xi, t/i) de son point d'application par rapport 
k deux axes rectangulaires OiXj, Oit/i ayant pour origine le centre Oi par lequel 
passe la force. 

Les Equations du mouvement sont, en appelant le temps ^, 

L'int6grale des aires donne 

dyi dxi 

Faisons maintenant la transformation homographique 

a:=^, y = — (2) 

'Comptes Rendus, t. 84. 
20 
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et posons ^. _ dti ^ 

nous aurons 

dxi djfi 

dx _ y ~di^ ~ ^^ d^ dii _ dy _ J_ dy^ ^_ _ .^ 
dt ^ dt -"*' "5r-~ yi ^ dt ~ dh ' 



puis 






Ces Equations montrent que le point {x, y) se ineut, dans le temps ty comme un 
mobile sollicit6 par une force 

T=-F^^ (4) 

constamment parall^le ^ I'axe Oy. Cette force Y est d'ailleurs fonction de Xi 
et yi, et par suite, d'apr^s (2), de a; et y. Si le point (ari, y^ decrit une conique, 
le point (a, y) en decrit une autre, transform^e bomographique de la premiere, 
et inversement. Nous sommes done ramenes & chercber toutes les lois de forces 
parall^les F faisant decrire ^ leur point d'application (x, y) une conique, quelles 
que soient les conditions initiales. Or ce probl^me se r^sout comme il suit 
Les Equations du mouvement etant 

d^ ~"' de ~ ^' 

dx 
on a -jt = a et 1 Equation diff6rentielle de la trajectoire est 

Y 6tant une fonction de x et y . D6signons par y', y", y"\ .... les d6riv6es de y 
par rapport kx, et rappelons nous que I'equation difierentielle des coniques est, 
d'apr^s Halpben 

[(y')-']"'=o. 

L'expression (6) de y" devra verifier cette Equation, quelles que soient les condi- 
tions initiales. Soit, en d^signant par (i une constante, 
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on devra avoir [(p {x, y)Y' = 0. D6veloppant les calculs, on a 

rSquation 4)'" = s'ecrit 






Cette condition devant etre remplie quelles que soient les conditions initiales, 
devra etre v6rifi6e identiquement quels que soient cc, y, 1/ et a, puisque, au 
commencement du mouvement, ces quatre quantit68 sont arbitraires. On a done 

^^-^' 3^-^' ^37-^' W~ ' ^ ^ 

Les condition (7) montrent que 4> est un polynome du second degr6 en cc et y 

<^ {x, y) = Aa^+ 2Bxy + Gy^ + Wx + 2Ey + F. 

Ce polyndme devant verifier les conditions (8), deux cas sont k distinguer suivant 
que C est difiJ^rent de z6ro ou non. 

r. (7^0. Alors ^ =2(7; la seconde des identitfe (8) donne 

il>=^{Bx+Oy + Ey, 

e;^pression qui satisfait aussi h la premiere des identity (8), comme on le v^rifie 
imm^diatement. 
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¥. C7= 0. Alors, la seconde des identity (8) donne -^ = 0, 4> ne depend 
done pas de y ; I'on a 

et la premiere des identites (8) est evidemment satisfaite. 

II y a done deux lois.de forces parall^les r^pondant ^ la question: ce sont, 
d'apr^s (6) les lois exprim6es par les formules 



Y= 



{Bx+Cy + E) 



3 » 



Y- (^ 



II y a done egalement deux lois de forces centrales r6pondant ii la question. 
D'apr^ les formules de transformation (2) et (4) 

elles sont donates par les formules 



F, = - 






8 » 



^'- {Ax\ + 2Dxiy, + Fy»;f ' 
Ce sont bien les deux lois de forces decouvertes par MM. Darboux et Halpben. 

Remarque. II est aise d'etendre les resultats pr6c6dent8 au mouvement 
d'un point sur une sphere fixe, ^ Taide des considerations qui suivent. L'analogie 
entre les mouvements d'un point sur une sphere et ceux d'un point dans un plan 
a 6t6 signal6e depuis longtemps, notamment par M. Paul Serret dans sa th^e : 
Sur les propriet&8 geometriques et mecaniqties des lignes h double courbure. On 
trouve I'explication de cette analogie dans une transformation semblable k la 
transformation homographique que nous avons 6tudi6e ant^rieurement {Ameri- 
can Journal, t. XII, No. 1). Cette nouvelle transformation fait correspondre, 
ii tout mouvement d'un point dans un plan sous I'action d'une force dependant 
uniquement de la position du mobile, le mouvement d'un point sur une sphere 
sous I'action d'une force dependant uniquement de la position du mobile; et 
r^ciproquement. 



d^ application une conique queUes que soient lea conditions initiales. 167 

Etant donn6e une sphere (S) de rayon 1 et un plan tangent (P) h cette 
sphere, nous ferons correspondre, a un point Mi de la sphere, la projection if de ce 
point sur le plan (P) faite par le rayon allant du centre au point Mii c'est la 
projection bien connue que Ton appelle centrale dans la th^orie des cartes 
g6ographiques ; elle fait correspondre k toutes les droites du plan (P) des grands 
cercles de la sphere {S) et reciproquement. Au point de vue analytique, si Ton 
prend le point de contact du plan (P) et de la sphere {S) comme pole d'un 
systeme de coordonnees polaires dans le plan et sur la sphere, on aura, en appe- 
lant p et 0) les coordonnees polaires du point M dans le plan, ^ et d les coor- 
donnees polaires du point Mi sur la sphere (4> colatitude et 6 longitude), les 

formules de transformation 

p = tang4), o = 0. (a) 

Si Ton appelle T la demi-force vive d W point materiel de masse 1 mobile dans 
le plan (P) , on aura 

et les Equations du mouvement seront d'apr^s Lagrange 

£ et II 6tant des fonctions de p et o. De meme, si Ton appelle 7^ la demi-force 
vive d'un point sur la sphere, ce point ayant pour masse 1 et se dSplapant pendant 
le temps ^i, on aura 

et les Equations du mouvement de ce point seront 

-^-sm^C08 4.(;-^|=<I., -^(^8m>^) = 0, (c) 

4> et 6tant des fonctions de ^ et 6. Faisons, sur les Equations (5) du mouve- 
ment plan, la transformation d6finie par les formules (a) de la projection centrale 
et 6tablissons entre les temps t et ti la relation 

Nous verrons, par un calcul 61ementaire, que les Equations (6) prendront la forme 
(o)oii ^ R ^ ^ 

cos* 4)' cos*4> 
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Done k tout mouvement 8ur le plan correspond un mouvement sur la sphere et 
r^ciproquement : la trajectoire de I'un des points est la transform^e de la trajec- 
toire de Tautre par projection centrale. Par exemple, si les forces R et il sont 
nulles, le point M d6crit une droite dans le plan, les forces <I> et 6 sont nulles 
aussi et le point Mi d6crit une ligne g^odesique de la sphere. Si le point M 
d6crit une conique dans le plan, le point Mi d6crit une conique sph^rique et 
inversement. Pour obtenir toutes les lois de forces dependant de la position de 
leur point d'application et faisant d6criro k un point mobile sur une sphere une 
conique sph^rique, il.suflSra done de trouver dans le plan les lois de forces faisant 
d6crire k leur point d'application une conique (lois trouv^es par MM. Darboux 
et Halphen), puis de leur appliquer la transformation pr6c6dente. 

On pourrait de meme chercher k transformer le mouvement d'un point sur 
un plan en un mouvement d'un point sur une surface donn6e : ce serait Ik un 
cas particulier du probl^me general que nous avons indiqu6 d'apr^ M. Gk)ur8at 
k la fin du pr6c6dent article {American Journal, t. XII, p. 114). Pour qu'aux 
lignes droites du plan correspondent les lignes g6odesiques de la surface 11 faut, 
d'apr^s un th6or&me de M. Beltrami, que la surface soit k courbure conetante 
(Voyez : Lepons sur la th^orie g6n6rale des surfaces par M. Darboux, III partie, 
chapitre III). 



On Certain Identities in the Theory of Matrices. 

f 

By Henry Tabeb, Clark University. 



1. In this paper I consider some applications to the general theory of 
matrices of conceptions familiar in quaternions (the separation into scalar 
and vector parts, the conjugate, etc.) which I have extended in a previous 
paper in this Journal, Vol. XII, to matrices of order higher than the second. 
By this means I find that the identical equati(xi, the identical relations between 
two matrices (constituting with the identical equation the catena of equa- 
tions), and Sylvester's formula, may be exhibited as explicit identities, and that 
the law of latency is an immediate corollary of an explicitly identical proposition. 
Moreover, by this means I find expressions for the coeflBcients of the equations of 
the catena, as simple functions of the sum of the latent roots of the powers and 
products of powers of the matrices involved. I also prove the extension of the 
conceptions met with in quaternions without regarding the matrix as an operator 
linear in and distributive over the units of an algebra, as in establishing these 
conceptions in the paper above referred to : thus it will be shown that a matrix of 
the third or of higher order, like a matrix of order two (quaternion), is separable 
into a scalar and^a non-scalar (or vector) part, and that the vector part of a 
matrix of order a> is further separable into co — 1 sub-vector parts, which may be 
termed the first, second, etc., and (w — 1)^ vector parts. The separation of a 
matrix into a scalar and o vector parts is of nuich importance in the applications 
considered in this paper.* In regard to the extension of the conception of the 
conjugate, t it will be shown that a matrix of order o has co — 1 conjugates which 

* It will appear later that the identical equation is merely a corollary (immediate) of this separation 
of a matrix into its u parts. 

t The term conjugate is employed iu quaternions by Hamilton and Tait with two different significa- 
tions : 1, to denote a certain function of a quaternion ; and 2, to denote a different function, the converse 
(Peirce) or transverse (Cayley and Sylvester) of a linear vector operator (matrix of the second or of the 
third order). (The converse of a given matrix is the matrix obtained by interchanging its rows and 
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reduce, when 0= 2, to the single conjugate of quaternions; it will appear that 
the product of a matrix of order o and its ct> — 1 conjugates is a scalar, equal to 
the content of the matrix ; and, following the analogy of quaternions, I define 
the tensor of the matrix as the o*^ root of this product, which is commutative. 
Further, I shall show that a matrix of order o may be represented as the product 
of its tensor into o — 1 versors, each versor being dependent upon a single 
parameter contained in all its a> terms, or into a single versor dependent upon 
o — 1 parameters, each of which enters into its o terms. The functions of the 
parameters which appear in the versors of a matrix are simple extensions of the 
trigonometrical functions, to which (or to the hyperbolic functions) they reduce 
when a>= 2. 

I shall prove these propositions for matrices of the third order, but the 
method employed is perfectly general. 

2. A matrix n of the third order, whose latent roots g^ gr, , g^ are all distinct, 
may be represented as follows : 

n = t3if(^g^ )w'"\ 
g^ 
gs 

where us is not vacuous* Let 



n= ( an a^ a^^ ), or 

^21 ^22 ^23 

a^i ag) ^33 



( hi &12 *i8 ) » 
621 O2J 623 



'31 «^82 



83 



W 



-1 



(Al 

B 



12 



'13 



'21 



B 



22 



Bia B< 



23 



^31 )> 
^32 



'33 



columns.) A quaternion may be regarded as a matrix of the second order, and its conjugate (in Hamil- 
ton's and Tait's sense) as a matrix or linear vector operator, is not identical with its conjugate as a 
quaternion ; so it is best to restrict the term in quaternions to its first signification. As a term is needed 
to express the same function of a matrix of order higher than the second, wiiich the conjugate (with 
the first signification) is of a quaternion, or matrix of the second order, I employ the term conjugate 
for this purpose. 

* From this form of n can obviously be obtained immediately demonstrations of the identical equa- 
tion, of Sylvester's formula, and of the law of latency. It also gives an expression, more simple than 
Sylvester's formula, for any function of a matrix whose latent roots are all distinct, provided the func- 
tion can be expressed in terms of positive integral powers of n , which is not always the case. For 
then we have 

/Vi = CO (Fflfi ) or*. 

Fflfi ! 

Fgi 
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where B^, J5j,, etc., denote the first miDors of or with respect to 6u» ^it» ®tc., 
respectively, divided by the content of «». If we put 

(«u — g\) *u + ^u^a + «i8*n = > 

(hJ>\\ + («M — g\) *«1 + «»8*31 = 1 

«81*11 + «8«*«1 + («88 fl^l) &81 = > 

(«11 — fl^s) *12 + «12**8 + «13*88 = 7 

««1*18 + (««« 9%) h% + ^^88 = 1 

«Sl*18 + «82*28 + («88 — fl^g) *88 = » 

(«n — fl^8) *1S + «12*28 + «18*83 = ^ > 

021^18 + («a — 9s) hz + ^3*88 = 1 

«31&18 + «82*2S + (^83 9s) ^83 = » 

the ratio of the constituents of each column of ta will be completely determined. 
From the group of three equations consisting of the first equation of each of these 
three sets, each transformed by putting the term containing g in the right-hand 
member, we obtain immediately 

«ii = fl^i^n^u + 9^^^i^ + 3^3^18^18 » 

«1« = 9l^n^21 + 5^2*12^28 + 3^8*18^28 » 
«18 = 9lhl^Bl + 5^2*12^82 + 3^8*13^83 » 

three equations that, together with the six equations obtained in like manner 
from the second equations of each of the three sets, and from the third equations 
of each of the three sets, constitute the conditions necessary and sufficient that 

n= w ( grj )ar-\* 

flTg 

g. 

If two of the latent roots are equal, as ^i = ^2 1 then n may be represented, 
in the same way, provided the nullity of n — gi is two. In general, a matrix of 
order o is representable in like manner if its latent roots are all distinct, or if 
any latent root occurs m times, provided the nullity of the matrix, less that 
latent root, is tw .f 

* Compare this Journal, Vol. XII, p. 859. 

t This is readily seen by means of the above scheme of equations determining the constituents of w . 
It may also be readily proved by regarding a matrix as an operator linear and distributive over the 
units of an algebra (i. e., as a linear unit, or vector operator). Thus, if of the three latent roots of 
n, (/i =(/2 ) then n has three linearly independent axes (the only case in which the matrix is repre- 
sentable as above), only if n — Qi annuls two linearly independent vectors; but then \n — Qi \ (the 

determinant of n — </i ) has nullity two. See this Journal, Vol. XU, p. 868. 
21 
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3. The first conjugate of a matrix is obtained from the matrix, when in the 
form of (2), by a cyclic interchange of its latent roots ; the second conjugate, by a 
repetition of this cyclic interchange, etc. Thus the first and second conjugates 
of the nonion n, denoted respectively by Kin and E]n, are 

K^n = m ( gr, ) n»~» K^n = nr ( gr, ) «»~\ 








9i 

gt 










gi 



Obviously K^n =: Ki (K^n) , consequently we may dispense with the subscripts, 
and write K for Ki, and IP for K^. We have in the case of matrices of the third 
order, K.K* = K*. K= IP = 1 , whereas in quaternions K' = 1 . 

It is very easy to see that the conjugate as defined here is identical, when 
o = 2, with the quaternion conjugate. For by (2) any quaternion whose latent 
roots ^1 and g^ are distinct, may be represented as 

q = w{g^ )ur-\ 

|0 9» 



where "> is now a matrix of the second order : 

.:Kq = w{g^ )w-^=w(—{gi 



\0 gil |0 

=z—q+2Sq=Sq-Vg, 



) + 2 (gi + g^)) w- 

9t\ 



which is the ordinary definition of the quaternion conjugate. 

Evidently, in general for matrices of any order, as in quaternions, 

K{F7i) = F{Kn). 



4. If we put 

e, = ar ( 1 ) 








— 1 



, g, = w ( 














1 





0) 






m 



— 1 



Cj=ar(0 





0)a»-\ 




then 



n 

Kn 

IPn 



Qi^i + gift + S's^s . 
fl'sfi + S'iej + fl'iCs. 
gi^i + g'361 + 9\ei, 



and since the e's are idempotent and mutually nilfactorial, it follows that any 
symmetric function of the three conjugate matrices «, Kn, K*n, (involving no 
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other matrix but unity) is the same symmetric function of their latent roots into 

From this theorem can immediately be derived the identical equation and 
Sylvester's formula as explicit identities, and the law of latency may be shown 
to be involved in an explicit identity : 

A. For by the proposition just proved, 

^^ — {9\ + 91 + 9s)^^ + i9zSfB + Ml + 9}9%) ^ — 9i9t9s 
= n^—(n + Kn + IPn) n* + {Kn.K^n + K^n.n + n.Kn) n — n.Kn.K^n 

= (n — n){n — Kn){n — K^n) = . 

B. By Sylvester's formula the expression for any function Fn is 

F9i'{92 — 9s) — Fg^'{9i — 9s) + ^9$- (9i — 9%) ^» 
{9i-9i)^i-9z){9.-9s) 

Fg^.{g\- gj ) - Fg,.{9i- 9"^ + Fg^^gj-g^;) ^ 

{9i — 9i){9i — 9s){9^ — 9s) 
^ Fgi . (gigs — g^gi) — ^9%- {9\9s — 9i9s) + ^9$ - {9\9% — 9i92) 

{9i — 92){9i — 9b) {9s — 9s) 

The coefficients of w', n, and 1, are symmetric functions of the gr's; hence, for the 
three latent roots, we may substitute n, Kn, and K^n, when the expression 
becomes linear in Fn, F{Kn), and F[K}n), and, on reducing, the coefficients of 
F{Kn) and F{IPn) will appear as zero, and the coefficients of -PVi as 

IKn — JTn] 7i» — [{KnY — jlPnY] n + {{Kn)\IPn — Kn.{K^nf\ _ 

(71 — Kn){n — K'n){Kn — IPn) ~ ^ • 

0. Since 

iFny-[Fg,+Fg,+Fg,]{Fny+ [Fg,. Fg,+Fg,.Fg,+Fg,. Fg,]{Fn)-Fg,. Fg, . Fg, 
= {Fny—[Fn + F{Kn) + F{IPn)]{Fny 

+ lF{Kn).F{K'n)+F{K^n).Fn+Fn.F{Kn)']{Fn)—Fn.F{Kn).F{IPn) 
= {Fn — Fn)(Fn — F{Kn))(Fn — F{lPn)) = ; 

by the principle of this section the latent roots of Fn are found among the same 
functions of the latent roots of w, namely, Fgi, Fg^, Fg^. It might be, however, 
that these were not all latent roots of Fn ; thus, Fgi might occur twice, and Fg^ 
once as a latent root of Fn , and we might have 

{Fn-Fg,){Fn-Fg,)=0. 
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In this case the latent roots of K{Fn) = F{Kn) and IP {Fn) = F{K^n) would 
also be Fgi^ occurring twice, and Fg^: hence 

Fn + F{Kn) + F{K^n) = 2Fg^ + Fg^. 

But the left-hand member is a symmetric function of the latent roots of n equal 
to Fgi + Fg^ + Fg^\ hence Fgi = Fg^. • In like manner, in any other case, we 
may show that Fg^, Fg^, Fg^y are all latent roots of -Fn. 

5. The separation of a quaternion g with distinct latent roots into a scalar 
and a vector part may be arrived at by putting its latent roots equal, respectively, 
to a 4- ^V — 1 and a — ftV — 1 , when 



I 



— 1 







a — 



)tB-^ = a + b.uf( V— 1 



1. e., 



b^/— 1 

J = a 4- bi, 







) 

-V-l\ 



where i is a non-scalar square root of — 1 . It should be noted that T*q = a^-f-ft 
is the content of q . 

In the same way, if gi, gt, g^^ are the three distinct latent roots of n, and 

g^=,a-\-7J> +;i*c, 



where Jl is an imaginary scalar cube root of unity, then 



n 



= a.w(l )ro""^ + i.ay( 1 ) w""^ + c.a^( 1 





10 




0X0 









1 




X* 







a + i 


% + d?, 











)ui-^ 
2? 
7i 



where i is here a non-scalar cube root of unity.* To select the scalar and non- 
scalar parts of n we may employ the symbols S and F, as in quaternions; 



* To complete the analogy between nonionB and quaternions, the third power of the nonion units 
should be scalar imaginary cube roots of unity, just as the quaternion units are fourth roots of unity 
whose squares are scalars (viz. — 1) ; and in the above separation of the nonion n , t should be a cube 
root of A . A similar remark applies to the algebras derived from the vids of a matrix of order higher 
than the third. 
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and to distinguish the first and second vector parts, we may employ the symbols 

Ti and V^i thus 

n = /Sw + Fn = /Sn + Fin + F^n.* 

We then have 

Kn= Sn-\- XV^n + X^V^n, 

JS^n = aSti + X^V^n + ;i F^n. 

By definition 

T^n = n.Kn.K^n = n.IPn.Kn = etc.f 

= a« + 6^ + c^ — 5abc = S^n + T^V^n + 'PV^n — ZSn. TV^n. TV^n. 

Since, however, a^ -{• b^ •■\- a? — Sabc = g^gf^z , hence Tn= ^ | ^ | , where | n \ 
denotes the determinant or content of n. Hence it follows that 

T{nn') = Tn.IW] 

and then, if Uh denote n -^ TVi , 

U{nn')= Un.Vh!. 

6. As an immediate consequence of the separation of a quaternion into a 
scalar and vector, we have 

which is a form of the identical equation. In matrices of higher orders the 

identical equation may also be made to appear as an immediate corollary of the 

separation of a matrix into its o parts. Thus in the case of a matrix of the 

third order, 

{n — af = {U + ci^y = J8 + c» + 36c (6t + ci^) ; 

i. e., (n — Sny = T^V^n + T^V^n + STV^n. TV^n. {n — Sn). 

* Neither Vi nor Fj , as an operator, is distributive over a sum of nonions (as are obviously 8 and F). 
I take this occasion to correct an error made in my paper on the theory of matrices in this Journal, Vol. 
XII, p. 887, where formulae (based on the assumption that Fj and V2 are distributive) are given as the 
nonion analogues of the quaternion formula V{ap -|- )3a) z= . The true nonion analogue of this formula 
involves only the symbols 8 and F. It is given in (8) of this paper. 

t In quaternions K (q^) == K^. Kq . This is not a property of the symbol K for matrices of the third 
and higher orders. If, however, we define a new conjugate as follows : 

which also reduces to the quaternion conjugate when u=:2^ then the property in question of the 
quaternion conjugate is true also of SK ; but neither this conjugate nor K is distributive over a sum of 
matrices, as is the quaternion conjugate over a sum of quaternions. 
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For a matrix of the fourth order, ?n = a + fci + ci* + dP, where i is now a 
non-scalar primitive fourth root of unity, 

(m — ay = {bi + ci« + di^Y 

= 6* — c* + d^+4bM— Wdf 

+ 2 (c»^+ 2U){m — ay +4c (5« + d^){m — a) . 

In the case of a matrix m of order o), proceeding in a similar way, the af^ 
power of the right-hand member (viz. Vm) will be the sum of a scalar {T^Vm) 
and scalar multiples of powers of Vm = m — Sm with exponents from one to 
tt— 2. 

7. On differentiating both members of the identity 

{q-Sqy=V^q, 

we obtain the identical relation between q and any other quaternion dq=:r, thus : 

{q — Sq){r — Sr) + (r — Sr){q — Sq) = 2SVq Vr, 
i. e., gr + rj — 2Sq.r — iSr.q + 2SqKr = 0. 

It is readily seen that the scalar and vector parts of the left-hand member are 
separately zero. 

Since the selective symbols V^ and F, are not distributive, it is not possible 
to proceed in the same way to obtain the identical relation between two nonions 
from the identical equation in the form given in the last section ; the same is 
true of matrices of higher orders. We may however dispense with the non- 
distributive selective symbols Vi and Fg, etc., and employ only S and F, which 
are distributive for matrices of any order. Thus for the nonion n we have 

VV^n = 36c {hi + ci^) =\SV^n.Vn. 
.'. V^n = SV^n + VV^n = SV^n + ^SV^n.Vn, 

i. e., (n — Sny = SV^n + I SlPn.{n — S7i) ; 

and reducing, 

n« — SSn.n^ + 3 {S'n -^SV'n)n — {S^n + SV^n — ^ Sn.SV^n) = 0. 

If we replace Fn throughout by n — Sn, we get the identical equation freed 
from the symbol F, viz. 

n^ — 3Sn.n^ + ^{3S'n — Sn^)n — {^ S^n — ^ Sn\Sn + Sn'') = 0. 
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Likewise for the matrix m of the fourth order we have 

V'm = SV'm + VV'm — SV'm + ± SV^m. Vm + 2SV^m.V^m, 

I e., m^ — 4Sm.m^ + 6 {S^m — 1 SV^m) m^ 

— 4 ( S^m — S V^m .Sm+^S V^m) m 
+ {S'm — 2S^m.SV^m +4 Sm. SV^in — SV'm) = 0. 
Here also we may substitute throughout in the coeflScients m — Sm for Vm . 

The same process may be extended to matrices of any order. 

Given in either form of this section, it is possible, by successive differentia- 
tions of the identical equation of a matrix m of order g), to obtain the g> — 1 
identical relations between m and any other matrix m', which, together with the 
identical equations in m and m', constitute Sylvester's catena of equations. Thus 
in the case of a matrix of order three, differentiating the identical equation in n, 
we have, if dn = w^ 

(tiV + nn'n + n'n*) — 3Sn.{nn' + n'n) — SSn'.n^ 

+ 3 {Shi — 1 aSPw) n' + 3 {2SnSnf — SVn V71') n 

— {3S'nSn' + SS.V'nVn' — SSn.SVnVn' — ISn'.SV'n) = 0.* 

Freed from the vector symbol, this is 

(nV + nn'n + w'n*) — 3Sn.{nn' + rJn) — ZSnKn^ 

^ I {zS^n — Sn^) n' + 3 {ZSnSn^ — Snn') n 

— {"^S'n.Snf — ^SnKSn^ — 9Sn.S7inf + SSnht^) = 0. 

Differentiating again with respect to w, regarding n' as a constant and putting 
the new dn=^n\ we obtain a new relation between n and n^ which, on dividing 
through by the factor two, is what would be obtained by substituting in the 
above n for n' and n' for n. Differentiating once again with the same condition 
as before, we obtain the identical equation in n', on dividing through by the 
factor three. 

8. In the last section it appeared that the identical equation of n could be 
obtained, by the proper substitution for Vn and the vector of powers of Vn, from 
the formula for FPn, the nonion analogue of the quaternion formula VV\'=:0,'\ 

♦Since S and V are distributive, just as in quaternions, dSn'=.Sdn,, dVn^=.Vdn, Moreover, 
as in quaternions, 8 (n»') = 8n . 8n' -f SVnVn\ while V (nn!) = Sn . Vn' + 8n'. Vn -f F. VnVn' ; and 
fifFn Vh' = S Vh' Vti , so that a cyclic interchange of a scalar product leaves it unaltered. 

t See note on page 165 in reference to the nonion analogue of this formula. 
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On differentiating both members of the nonion analogue of this formula, we 
obtain 

V{V^n.Vnf+ Vn.Vn'.Vn+ Vn^.V^n) = ^ S'Pn.Vn! + SSVnVn^.Vn] 

and differentiating again, regarding n' as a constant, 

r{Vn.V^n' + Vn'.Vn.Vii' + 7«n'.F;i) = 3SVnVn',Vn +^ SV^n'.Vn, 

These formulae are the nonion analogues of the quaternion formula 

V{VqVr+VrVq) = 0, 

which can be obtained in like manner from W^q = 0. 

Assuming these two formulae, the identical relations between n and n' may 
be obtained as explicit identities by the proper substitutions in these formulae 
for Vhj Fn', and the vectors of products of their powers. 

If, on the second differentiation of the formula for VV^n^ we put dn = n", 
still regarding /i' as a constant, we shall have 

V{XVn.Vn'.Vn'f)=z3 {SVn'Vn'^.Vn + SVn'^Vn.V7i' + SVnVn'.Vn'^) 

(where XVn.Vhl.Vn'^ denotes the sum of the products of Vn, F/i', Fn", in all 
possible orders), which is also an analogue of F( Vq Vr + Vr Vq) = . Making 
the proper substitutions in this formula, we obtain 

nn'n" + ^w"^' + n'nn^' + ^'^"^ + n'^nn' + w"n'n 

— SSn.{nW + w"w') — 3Sn'. {n"n + nn") — S/Sn". {nn^ + n'n) 

+ 3 {3SnSn' — Snn') n" + 3 {SSn'^Sn — Sn"n) n' + 3 {'iSnSn' — Snn!) n" 

— {2TSnSn'Sri' — QSnSrM — dSn'Sn^'n — ^Sn'^Snn' + 3Sn7iW + SSnn^'n') = 0, 

which may, of course, also be obtained by differentiating twice the identical 
equation in n, regarding the first dn = n' as a constant, and putting the second 
dn = n'^. 

9. The definition of 7h as the cube root of \7i\ is suflBcient to prove that a 
nonion is separable into the product of a tensor and a versor, since | wn' | = | n | . | /i' | , 
and hence the product of two versors is a versor; but, to show the character of 
the versor part, we may proceed as follows: Since e*+^ e^*+^*'», ^««+ai, j^^^y — ^^j, 

proper values of 6 and rj — have any ratios whatever, we may put 

n = ^{9i 0)t^^=4/g^gs.ta{e'-^^ ) 



(7a 
gs 



e^«+^^ 
e^'^+^'i 
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Denoting 1 [e»+'' + «**+*•" + e*'»+*''] , { [e»+'' + ;iV»+**'' + A^"+*'] , 
and i[e*+'' + A^*+*'' + ;iV»+*'], 

T^y/o(^. J?) I /i(^. vi), and f {B,ri), respectively, then 

= 2W . (/. (9, <?) +/, {0,1). «+/, (».<?).»•'). 

where t ^ Fi« -i- yFjn is a non-scalar cube root of unity. 

If we denote /o(0, 0)=/o(0, Q), /,(0, 0)=:/,(0, Q),A{6, 0)=/,(0, B) by 
/qB, fid, fid, respectively, it is obvious that 

whence may be derived expressions for the functions /^{d, >?), etc., in terms of 
/J^jAvj 6tC'i functions of a single parameter. 

Since the latent roots of i and i* are 1, X, X*, hence, by Sylvester's formula, 

e« = /ofl + fd . i + M . »», e"" = Av +/»>?.»+ Av . **, 
.'.n= Tn. €*'+•"*. 

If, then, 

„' = 7h' (/„ (ff, n') + A {&, >?').»+/« (^, f') • ***) 

.-. «n' = T{nn')(A (^ + ^, >7 H- >?') +/i (0 + 0', >7 + >?')■» +/» (^ + ^. >7 + >?').»*) 

+/8(>7 +>/).» +/i(>7 + >?').*■*). 

This formula gives the following formulae for the functions of the sum of two 
arguments : 

/,{e + &,n + y,') =/,{$, r,)-A{&, ^)+/i{e, n)-A{^. v') +/,(«, n).f,{&, n'), 
/i (^ + ^, 'T + n') =/o{e, ri) ./,{&, n') +/, (0, r,).A (0'. >?') +A (0. yi)-A («'. '?') . 

whence may be derived expressions for/o(0 + &), etc. 



* In the paper referred to in the beginning of this article, in investigating the versor of a nonion, I 
have considered only /o9,/o9, etc., functions of a single parameter; but, inadvertently, the above 
expression is put equal to Tn (/, (9+ v) +/j (9+ 7) .»+/, (« + "?)•<'), which is false. 
22 
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From the definition of these functions it is evident that 

.-. Kn = Tn(/o{Xe, 7?n) +MXQ, X\).i +A{Xd, X'r,).t^) 
IPn= Tn(MX% Xn) +A{X'e, Xr,).i+M2?e, Xr!).i^) 

= Tn(Mx'e) +A{x'e).i+A{x*e).%^)(MXy,) +/.M.»+/i(Ji»7).»"*). 

This result may be obtained more simply from the equation n= ^V+''** by 
means of the formula {K{Fn) == F{Kn). 
Since n~^ = {Kn.E?n) -^ T'n, hence 

n-' = iTn)-'(A{-e,-v)+/ii-e,-v).i-^A{-e,-v)-t^) 

= {Tn)-'U{-e)+Ai-0).i+A{-e)-i^)(A{-v)+/t{-y!).i+Ai->i)'i^)- 

10. In the Phil. Mag., Nov. 1883, Sylvester has given an application of his 
formula for any function of a matrix to the problem to find an expression for the 
p^^ root of a quaternion ; his results involve the trigonometric functions. A 
like process will give the^*** root of a nonion in terms of the functions /o{6, >?), 
etc. ; and a similar remark applies to matrices of any order. But Sylvester's 
result may be obtained in a simplified form and more easily as follows. If gi 
and g2 are the distinct, latent roots of q^ then for a proper value of d and of the 
quaternion ^, we may put 

1 z= Tq.w ( e(«+^i»)»'^i ) ur-\ 



q=iTq.w{e'^ 

I 



) 



«/=! 



/. qp= Tpq.nj{e^v^ p ^ ^^ 







= TPq.e P ,ra ( e^P 




)nr- 

e ^p V ^ 
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) w- 



= pTirq.^{ 



-'7+?')+-KM')-'-"' 



COB 



e . 2k 



/e , 2* \ . /# , 2k \ ,_, 
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w-1 



= pT-aq (cos (-- + —n)-\- sm (_ + 
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cos 



2A'7t 



+ sin ?^ . UVq)(cos -^ + sin A . UVq) , 



nS.UVq) 
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where p is a scalar p^^ root of unity. Whence the jp' p^^ roots of q are found 
among all possible combinations of any p^^ root of q with the p scalar p^^ roots 
of unity and the p quaternion p^^ roots of unity, whose vector part is parallel 
to Vq. 

From this expression for q^ we may readily derive 



qp —Aq + B, 



where 



^=p^^ ^ P ^ 



Tq 



sin d 



5 = pT^j (cos (^^) - sin (-^) S5-5) . 

which are much simpler expressions for A and B than those given by Sylvester 
in the paper above referred to. 

Proceeding in the same way for the nonion n, we have 

n = Tn.ra ( c*+''+«*»'»'^i ) — ^ 

^««+Ai»+e»,»*cri 



1^ 1 6»iirl^ 

/. nP = Tpn.^ ( e 



V 






















e P 



) a>-\« ( e P 

e P 
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( 2A^— ^ — k^ = k + A/, 
(— ^ -I- 2^:, — ^a) = Xle -j- ;i'')fc', 
(— ^ — *» + 2ht) — ^*k -\. Xkl , 
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Hence, if we put ilaty/ — 1 = x and lUns/ — 1 = x' , 

=p.7i»(/.(--+j, ^+-^)+/.e-^*, ■^').^+/.e-±-^ ^04 

where p is, as before, a scalar ^*^ root of unity. Consequently the jp^ p^ roots 
of n may all" be obtained by combining any p^^ root of n with the p scalar j?^ 
roots of unity and the non-scalar p^^ roots of unity, whose first and second sub- 
vector parts are respectively scalar multiples of those of n. From this expres- 

1 
sion for n^ it is easy to derive 

n^ = An^ ^Bn + C, 

but the coefficients A, B^ C are not very simple expressions. 

WoRCESTRB, Mass., July 19, 1890. 



Systems of Bays Normal to a Surface. 

By W. C. L. Gorton. 



The following article is intended as a supplement to §7 of my paper in this 

• 

Journal, Vol. X, p. 347. It treats primarily of systems of rays originally passing 

• 

through a point, which we shall call the focus. The results are not new, and are 
only given as illustrations of the method employed and the ready applicability 
of quaternions to such problems. We shall use the laws of reflection and refrac- 
tion determined by experiment, viz. I. The incident and reflected rays are in the 
same plane with the normal to the reflecting surface and make equal angles with 
it ; II. The incident and refracted rays are in the same plane with the normal 
to the refracting surface, and the sines of the angles which they make with it 
bear a constant ratio to each other. Let p = a + xr be the equation of a system 
of rays where a =/(t, u), r = ^ (^, u) and TV = 1 . If for any value of x such 
as X = 4> (^, u) they be normal to a surface, we must have 

where 3<p = 3<(r + a;3<r +r3^ 

and d^p = d^a + x3„t + rd^x , 

/. Srdfl +xSTd^ +T^dfc = Srdfi — 3<a: = 0, 
Srdjy + xSrd^r + t^djc = SrduO — 3„a = , 

since Srdfi = Srduf = and r* = — 1 , since 

cPx _ cPx 
dtdu dudt 

we must have 3 ^ ^ 3 ^ ^ . 
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and therefore we obtain as a necessary and su£Scient condition 

Sdfldyp — Sd^rdfi = . 

Let us now consider rays emanating from a point which have been reflected 
by some surface. 

Let p = aa + yr be the equation of the reflected system where p = arcr is the 
equation of the reflecting surface and Tb = 7V= 1 . Calling v the normal to the 
surface p = ajcr , since a and r are unit vectors, and v bisects the angle between 

them, we have v\\r — a, 

.'. S{r — a)dtxa =0, 
S{r — o)djca =0, 

which give us Srd^xa + 3^ = 6 

and Srdy,xo + 3^a; = . 

Differentiating the first with respect to t and the second with respect to u 

and subtracting, we have 

Sdfldypca — Sd^rdfica = , 

or the reflected system is normal to some surface. Therefore, in order that a 
system of rays may be brought to a focus by reflection they must be normal to 
a surface. 

Let p =: (T + ajTi be the equation of a normal system of rays ; then if the rays 
be reflected by the surface p = a + cciTi where Xi =f{tj u) , we shall have as the 
equation of the reflected system, 

p = <T + a:iTi + a?r, 

where 7Vi= Tr = l. 

Calling Vi the normal to the reflecting surface, we have 

vi\\ri — r, 
.'. S (Tj — r) dt {a + qct) = , 
S{ri — r) du{a + arr) = 0. 

Treating these as above, we have 

SdiTid^ ((T + scr) — Sdjrdi {a + xr) = Sdtxd^ (<7 + a^r) — Sd^rdt {a + xr) 

= SdiTdjy — Sd^rdfl 
= 0, 



Gorton : Systems of Rays Normal to a Surface. 1 75 

since the system p = (T + a?r was normal to a surface. Therefore, a system of 
rays which is normal to a surface is still normal to some surface after any 
number of reflections. 

Let p = era be the equation of a system of rays emanating from a point. 
After reflection by the surface p = XiC their equation will be of the form 
p=:xi<T+yr, and let p = aricr -f- yiT be the equation of one of the surfaces to 
which the reflected system is normal. Then since r — a is noripal to the surface 
p = Xia and r to the surface p = xicr + yiT , we have 

S{a — r)dtXia =0, 
Srdi {xiC + yir) = . 

Adding these equations we obtain 

Scfdfi^a + Srdtyit = , 
or 3<a; + 9ey=0. 

In the sam^ way we can prove 

Therefore the distance along apy ray from the focus to the normal surface is 
independent of the ray. This can readily be generalized as follows : 

Let p = ariTj + x^r, + ....+ a^T„ + xr 

be the equation of one of the surfaces to which the rays are normal after n reflec- 
tions. Then, on account of the law of reflection, we have 

S{r^ — Tj) dt (ariTi + x^r^) = , 



'S'Ct — Tn)ae(a:iTi + ar,r, + +a:„rj=0. 

Adding these equations, we obtain 

SridfiCiTi +....+ Srjdfx^r^ — Srd^ (xiT^ + f- x^r^) = 0, 

but Srdt (xiTi +....+ x^r^) = — Srdtxr, 

.*. SridtXiTi +.,..-!- Sr^dfiCntn + Srdtxr = . 
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Expanding and remembering that TVi = . . . . = 7V^ = TV = 1 , we have 

3^1 -|- . . . . -|- dfiCn + dfic = • 

In the same way we can prove 

9u^i + •••• + 9t.^n + 9f.a; = 0. 

Therefore, after any number of reflections the distance along any ray from the 
focus to a normal surface is independent of the ray. These results can readily 
be extended to the case of refraction with such diflferences as the difierence in 
the law of refraction introduces. 

Let p =: ariTi + arr be the equation of a system of rays which emanating from 
a point have been refracted at the surface pznxiTi. Let Wj and n be the indices 
of refraction of the two media and Tr = TVi = 1 . By the law of refraction, 
calling V the normal to the refracting surface, we have 

v\\nr — WiTj, 
/. S {nr — niTi) d^x^i = , 
S {nr — HiT^ ^yp^i^i = ; 

expanding nSrdiX^ti = — n^dfCi , 

nSrd^Xiri = — Wi9uXi , 
/. Sdfld XiTi — Sdutdftiti = , 

and the refracted rays are normal to some surface. 

Let p = cr + arr be the equation of any normal system of rays, and let 
p = (T + a:T + aJiTi be the equation of the system after refraction at the surface 
p = (T-f-a:T. 

Let m be the index of refraction of the first medium and n that of the 

second, then S{mi — nry) dt (c + xr) = , 

S(mr — nXi) 3^ (a + scr) = , 
nSxidt (cT + ar) = md^ — mSrdfi^ 
nSrid^{a + xr) = mduX — mSrvdyp' 
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Differentiating the first with respect to u and the second with respect to t and 
subtracting, 

m (Sdjtidt {a + xr) — Sd^rdu {a + xT)) = m {Sd^rdyp — Sd^rdta) 

= 0; 

therefore we have the general theorem that a system of rays normal to a surface 
are still normal to some surface after any number of reflections and refractions. 

Let us consider the equation p = Xit^ + anr of a surface to which the refracted 
rays, originally emanating from a point, are normal. Calling the indices of 
refraction rii and n, we have 

S (niTi — nr) dtX{ti = , 
Smdt (xiTj + icr) = . 

Adding, we have rtiSridfiCiTi + riSrdfcr = 0, 

or riidfCi + ndfc = . 

In the same way we can prove that 

ni3«»i + nd^x = . 

« 

This can be easily generalized as follows : 

Let p = XiTi + x,Tj +.... + x^r^ + a?r be the equation of a surface to 
which the rays are normal after n refractions. Let Wi, w^, . . . . n^, n be the. 
indices of refraction, and TVi = TV, = . . . . = 7V„ = TV = 1 . We have, by the 
laws of refraction, 

S {rtiti — n^^) dfiCiTi = , 

S (wsT, — n,T,) dt (aJiTi + x^^) = 0, 



Sirinr^— nr) 3, (xiTi + + x^rj = 0. 



Since, then, rays are normal to the above surface, we have 

Srdt {xiTi H f- x^r^ + xr) = 0, 

and therefore nSrdt (xiTj + ....+ x^r^) = — nSrdfi^ . 
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Adding the above equations and making use of this relation, we have 



or 



niSr^fCiti + . . . . + n^Sr^dtXf.r^ + nSrdficr = , 



In the same way we can prove 

Therefore, if we consider the path of any ray from the focus to the normal sur- 
face, we have the theorem that sum of the lengths of the path in each medium 
multiplied by the corresponding index of refraction is independent of the ray. 

Woman's Ck)LLEaB, Baltimohb, March^ 1890. 



On» the Epicycloid. 

By F. Moblby. 



The detailed properties of the hypocycloid of class 3 have received much 
attention since Cremona's paper (Crelle, VoL 64). See Nouvelles Annales, 
Series 2, Vol. IX, for papers by Serret, Painvin, Laguerre ; Quarterly Journal, 
IX; Giornale di Mat, XXIII ; Messenger, XII (MacMahon); American Journal, 
X, 3 (Humbert) The peculiar behavior of the general algebraic hypocycloid or 
epicycloid at infinity being easily determined, few recent mathematicians have 
stooped to pick up the special properties of these curves. It seems worth while 
to prove some of these details, using the method of circular coordinates, here 
very convenient. Some of the results are Wolstenholme's (Proc. London Math. 
Soc., Vol. 4) ; most are in line with the very general properties of algebraic 
curves recently proved by Humbert (referred to later), though the method of 
proof used in the very simple cases here considered is quite different. 

Let, in the epicycloid, 
a = radius of fixed or cusp-circle, 
h = radius of moving circle, 
c=a"\' 25 = radius of vertex circle, 

4> = inclination of the radius to the point of contact of the circles (a) and (6), 
the zero line being the radius to a vertex, 

piq = (c + «)/(c ~" ^) I P ^^d q being integers prime to each other unless g^ = 1 , 
and^ being >}. 
We have, as in Salmon, Higher Plane Curves, third edition, §305, 

X=^ mb cos 4> + 6 cos rw^), 
F= mb sin 4) + b sin w^, 

where m=p/q. Hence writing 

x = X+iY, 

y = X—iY, 

2 = 6*' = ^^, 

and noting that b={c — a)li = qc/{p + q), we have 

{p + q)x/c = p^^ +q^p I 

Hence the degree of the curve ib 2p. * 
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= 0, 



= 0, 



(2) 



(3) 



The tangent is 

X y \ 

or X y^'"*"' 1 

p^^ + ql^ p^^ + q^^ {p + q)/c 
1 —1 

or x + y^'^^ = c{^ + ^^. 

Hence the class of the curve is p + q. 

For the hy pocycloid we have, changing the sign of q since now c<Ca, 

{p-q)xlc=p^-^-q^^ ) 

and a'^^ + y?' = c (1+^+0- (4) 

Hence the degree and class are still 2p and^-fg^. 

The forms of the curves at infinity are readily got from the above equations, 
and we see that the only points at infinity are the points /, cT", each being counted 
p times. In the epicycloid the singular tangents at /, J are directed to the 
origin, where all the foci are collected. The centre being the mean of the foci, 
the origin is also the centre of the curve. In the hypocycloid the line IJ is the 
singular tangent at both / and /, and there are no finite foci. See Wolstenholme, 
Proc. London Math. Soc., IV, p. 327 ; S. Roberts, ib., pp. 354, 355. 

Thus in the hypocycloid of class 4, ^ +5^ = 4, .*. p= 3, 9 = 1; there are 
cusps at /, e7, and IJ is the common cusp-tangent. One sees that injustice is 
done to the points IJ by calling this curve (as college text-books are apt to do) 
the four-cusped hypocycloid. 

We may note that for j? + g <[ 5 or = 6 there is only one epi- or hypocycloid 

of given class. I shall distinguish the case q'=\ (when, since pjq = {c-\-a)l{c ^ a) 

= (a =fc h)lh, 6 is a divisor of a and the curve is described in one revolution of 

moving circle) from the other cases by calling the latter nodal, since there are 

nodes when g' > 1 . 

If we draw all the tangents from a point a:, y we have from (2) 

Product of ^'s =(—)»'+ ^a/y 

where Q is the inclination of the radius to x\ y. And if 6^ is the inclination of ^,., 

^? + ^ = — e?*^, r=lto^ + 9. 
Hence {^—y-^Q^^A = (_)(p+«)«e«(p+9)w 

and 5;0, = (i> + 9)<?. 
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But in the case of the hypocycloid we have in the same way from (4) , 

These are cases of Laguerre's theorem (Humbert, American Journal, X, p. 262). 
They are given by P. R. J. Hervey (Educational Times Reprint, L, p. 110). His 
method of proof is virtually that used here. 

Where (2) meets the vertex circle, xy = c*, so that 

a? + c'^^-^9 = cx{^^ + ^^) 
and a; = c^ or c^* 1 /-v 

y = ^-^ or c^-^^i ^ ^ 

These are the points of contact with the vertex circle of the two generating 
circles through the point ^ (see fig.). 




I shall call the generation by the smaller circle of radius (c — a)/ 2 direct, 
and that by the larger circle of radius (c + a)/ 2 indirect. A point on the vertex 
circle is defined by z or ^* ; let the direct point z corresponding to ^ be z^ , the 
indirect z^. Then from the equations preceding (1), 

Zg = ^^, and similarly z^ = ^^. 

Hence there are q direct and p indirect tangents from a point on the vertex 
circle. For the points of contact of the former, (1) gives 

{p + q)x/c=pz^+g^, 

so that they are the vertices of a regular polygon in a circle whose centre is on 
the radius Ozg at a distance pc/ {p + g) = {c -]- a)/2 from 0, and whose radius 
is qc/{p + q) or (c — a)/ 2; and this is the direct circle which touches the vertex 
circle at Zg. Hence we have a theorem of Wolstenholme's that the q direct points 
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of contact of tangents from a point z on the vertex circle form a regtdar polygon in a 
direct circle; the same holds for tlie p indirect tangents; and the two circles touch the 
vertex circle at z (Wolstenholme, ut supra, p. 322), It is evident that the tangents 
form two equiangular pencils. This is a familiar fact for the hypocycloid of 
class 3, in the form that perpendicular tangents meet on the inscribed circle. 
It is given for the class 4 by R. A. Roberts, Problems on Curves, p. ISO- 
Start with a point z and draw the direct tangents. They meet the vertex 
circle again at points Zp such that z^ = ^, ^'^ = z, Zp^ z^^^. 

If we again draw the direct tangents from the points z^ so given, we get 
new points z^p = z^^^ = z**'^', etc. Thus the direct tangents from a point on the 
vertex circle meet the circle again at the vertices of a regular ^-gon ; the direct 
tangents from these points meet the circle in a regular q^-gon and so on. The 
first q tangents of course form an equiangular system of lines. But any succeed- 
ing set has the same property. For e^' = — ^^+'' from (2). And 

Hence e2^*= — zp(p+^)'V 

Hence the angle between two tangents of the second set is m/q^. 

This is clearly true for any set of direct or indirect tangents. 

If we start with a regular n-gon in the circle, where to avoid coincidence of 
points n is supposed prime to p and q , we have, if the polygon is given by z* = 2;b> 

Zp = z'"« = zg/^, 
giving a regular ^'n-gon, 

i^pp 

giving a regular j'n-gon, and so on. 

We have as before for the inclination of any tangent of the first set 

Hence the first set is equiangular, and so in general except when p -f- ^ is a 
multiple of n. 

Let, now, n =:p -|- q. Then the last equation gives only q values of 6. 

Hence, if from the vertices of a regular {p + q)'gon in the circle loe draw the 
direct tangents, tliey form q parallel sets. And from (2) for parallel tangents ^+* 
is given, so \hQX parallel tangents meet the circle in two regular {p ^qygons. 

It is evident geometrically from Wolstenholme's theorem above (see fig.), 
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or comes at once from equations (1), that each tangent, considered as a chord of 
the vertex circle, is divided in the ratio q/p at the point of contact. 

Hence the points of contact of parallel tangents are the orthogonal projec- 
tions of a regular polygon. 

One immediate inference is the truth for the epicycloid of Chasles' theorem 

that the mean of the points of contact of parallel tangents is fixed. Others are 

that the area obtained by joining (in any definite order) the points of contact is 

constant ; and that the points of contact of parallel tangents lie on an ellipse whose 

auxiliary circles are the vertex circle and cusp circle, and whose minor axis is 

parallel to the tangents. 

When tangents are drawn from any point x, y, we have from (2), if z = ^*, 

x + yz^-^ ^^^ = c{z + 2;'/«) , 

{x — czY = (c — 2/z) V, 

whence, if ^ >► 1 , 2^^ = 22 = qcjy . 

Similarly, if 5 > 1, 2^^ ^^^P^lv- 

Hence, substituting in (1), the mean centre of the points of contact is given by 

{p'\-q)^x/c—2pqcly, 

and similarly (/> + qfy/c = 2pqc/x. Hence tfie mean centre 0/ the points of con- 
tact of tangents from any point P toa nodal epicycloid is the inverse of P with regard 
to a fixed circle. 

The radius of the circle is 



^^^c, or V(c«-a«)/2. 

P + q ^ 

A similar calculation for the hypocycloid, starting with (4), gives, if ^ > 1 , g'> 1, 

2^=i>x/c, ^^^ = qy/c, X^-'' = py/c, 2^-^ = ?a/c, 

and hence from (3), 5 = y = , or the mean centre of the points of contact from any 
point to a nodal hypocycloid is fixed. 

This fact is interesting as showing that the enunciation of a theorem of 
Humbert's (Liouville, 4th series. Vol. III^ p- 363) may be generalized. There, 
among a crowd of important theorems, he states the above fact for any curve 
which the line infinity meets at points of inflexions but does not touch ; but the 
hypocycloid is not of such a kind. 

In the epicycloid the perpendicular from the origin on the tangent is 

t(?= l/2.c.(^(P~<'>/*+^<«-^^/*). 

Now, for all the tangents from a given point we have from (1) , 

r== 1 to p+ q. 
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Calculating 2^""^ by taking logarithms, we see that when g' > 1 , since 
p — g' is prime to p and q, the sum is zero. So for 2^?""*^. Hence 

Xw' = {p + q)(?/2. (6) 

Further, if j? — g^ is even, 2^(?-«>/* = o , and Xw = . Hence, in nodal epicy- 
chids of even class the sum of the distances from the centre on the tangents from any 
point is zero. 

Since the radius of curvature is proportional to w^ such theorems may be 
also stated for radii of curvature. And since the normal envelops a similar 
concentric curve, we have, if id be the perpendicular from the centre on a normal, 

2i(/* = const., 
and hence in a nodal epicycloid the sum of the squares of the distances from the 
centre to the points of contact of tangents from any point is constant. 

The same statements hold for hypocycloids. 

Two tangents cut at a constant angle if the ratio of their parameter? ^ is 
given. Let them be 

.-. a:(l — A;P+«) = c{l —Jfi)^^ + c{l — JcP)^^, 

y (1 — A:P+«) = c1fi{l — k^) ^-« + cJcP{l — ¥) ^-^ 
or . x=-4^f + 5a 

y = -4^r^ + 5?r^, 

where ^i = ^/^^/^ 

A = ck^'^{\ — Tfi)l{l — A:P+«), 
B = cTfi^\l — k^){l — k^+^). 

These are the equations of an epitrochoid in which 

— J. = distance of generating point from moving centre, 

B = sum of radii of fixed and moving circles (Salmon, Curves, §306), 

and the ratio in our case of the radii of the fixed and moving circles = that for 

the epicycloid. 

The result is Wolstenholme's (p. 330). 

As Wolstenholme indicates (p. 418, see also p. 327), it is not complete when 

the constant angle is rnlp or mlq. The vertex circle is then part of the locus. 

The above equations show this by the vanishing of 1 — P or 1 — A^, For let 

the angle he m/p. Then * 

and one value of A^ is 1 , giving the vertex circle. The other values give an 
epitrochoid. 

Haverxx>bd Colleob, Pa. 



Reduction of ^^^^ +t^)(i + ,^) to z^^j^^^^f) ^ *'^ 

Substitution 7? = , . ,/ ^ . 

a + by 
By H. p. Manning. 



This gives 

(6tt' — Va) ydy 



^A(aJt bf){a! + Vy'')\{ma + a!) + / (w6 + V)] [{na-^ a') + y* {nb + 6')] 

In order that this may assume the desired form one of the factors under the 

radical must reduce to a constant and another to y*, and the remaining factors, 

after division by a constant, must become 1 — l^if and 1 — y*. Therefore the 

four fractions 

_6_ V_ mh + V nh ^V 

a ^ a! ^ ma + a' ' na-\-a' ^ 

are to assume in some order the values 

0, 00, — A2, -1, 

whose anharmonic ratio is P, and since the anharmonic ratio of the four fractions 

is — we have ft^ = — or some other of the six values derived from this in the 
m m 

usual way. 

(This is evident in another way, for the transformation is the same as 
transforming xy (x -|- my){x + ny) into xy {x — fi?y){x — y) by a homographic 
transformation which does not alter the anharmonic ratio.) 

Ji? must be positive and less than unity ; hence 

1. IfTw^iKCO or 0<ln<lm, we must have Jr = — or ; 

m m 

2. If 7i<m<0 or 0<m<n, ** ** A:« = _^ or ??— ^^ ; 

n n 

3. Ifm<0<n or n<0<in, ** " P= ^ or ^ 



m — n n — m 
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But as we may always take m numerically greater than n when both have the 
same sign, and positive when they have different signs, all forms will be included 
in the following four cases : 



1. 7/1 ^ 7i^ v; 


or u 


<^7l<^ 




2. 


(( 


(( 


7^ — ^— ^. 


' ^-^ - m ' 


3. n<0<m 






7^_ ^ . 


m — n 


A *« 






7^- "" 


^. 





To these correspond [12 3 4], [1324], [1342], [1432], each in four ways, 
the position of the figures indicating the order in which the four fractions above 
assume the values 

0, 00, -A?, —1, 

and corresponding to. these four values we shall get under the radical the four 
factors 1^2^^ i _ j^y^ i _ y%^ 

m 

and the quotient of those two whose position corresponds to the position of 1 
and 2 in the brackets, multiplied by a constant factor, say jp, will give the 
substitution for x* employed in the case in question. We can then assume the 
forjn of the substitution in each case, assign a suitable value to ^, and determine 
the value of jp quite simply, 

For example, in the case [13 2 4] we can write 



^-a'4.6V~^l — . 



and then putting y* = we get p=z—j^z=L , since ma -f a' = 0, therefore 

the substitution here is x* = — /^ j^^ \ • 

M is the determinant (6a') or say (12), divided by the square root of A 
into the numerator which we obtain by reducing our four fractions to a 
common denominator and adding them. But as one of the four fractions is to 
become oo by the vanishing of its denominator, this factor will be simply the 
numerator of that fraction multiplied by the other three denominators. 
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Now if we write these four fractions 

hi h% bs 64 
Oi ^ ag ' ag ' a^ 

in the order in which they are to assume the values 

0, », — A^, — 1, 



then 


M 






where 


(M,)(M4) = 2(12)». 




But 


{h<h) = — «i&2 




and 


(h^i) = a^i 


— *• — 1 
1 1 


= a^t{l- 


-^) 


. 


• » 


f-./-i' 


-P) 





qA 

Now the six determinants formed by taking the terms of any pair of frac- 
tions are connected as follows : 

(l.)=(13) = (U) = -(f = _^>=-m.. 

Hence q will always have, except perhaps as to sign, one of the three values 

— fw, — 71, m — w." 

Moreover, the four different arrangements which give the same anharmonic 
ratio preserve the same pairs, and in each pair the same order, or in both pairs 
the order is reversed, so that the product will still have the same sign. There- 
fore the value of <? as well as of ^*, and consequently the value of Jf, is the same 
for all the four substitutions that come under any one case. 

The sign of if, that is, the sign of the radical, can be most easily deter- 
mined by examining the substitution itself to see what sign it would have on 
differentiating. I will give the sign in each case in the table. 

We have for our four cases : 

1. [1234], A?=— , q = m-n, .-. Jlf= -^==-; 

2. [1324], ^ = ^?-=^, q=i-n , M= ^ 



3. [13 4 2], I{^ = y.q = n , M= —, , , . ; 

4. [14 3 2], A?=:-^^, 9 = m , M——, = ^^ 
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The second case is applicable both when m, n, and A are all negative and 
when they are all positive, and it will be more convenient to make five cases 
instead of four. 

I. 7W , 7i negative, A positive. 
II. m, n, J. negative. 

III. m,n^ A positive. 

IV. m, A positive, n negative. 
V. m positive, n, A negative. 

We can now make a table of all the forms available, and it will be conve- 
nient to put J. = lii 1 and give the signs of m and n explicitly, so that m and n 
in this table are to be considered positive. 

[Those marked with a * are those which Cayley gives. He gives these five 
cases in the order, taken from Legendre, IV, V, III, I, II.] 



I. (1 — »ia;»)(l— nx»), m>n 

M= ) 

sign of M 


[1234] 

1 
ny^ 


[2148] 

m 

+ 


[8412] 
n(l-y^) 


[4821] 

1-y' 

w(l-A;V) 


II. — (1 — ?Ma;'-)(l— 7ia;2), myn 

k^ = ''' H 

sign of M 


[1824] 
* 1 


[2413] 
n 


[8142] 


[4281] . 
_l-y« 

4- 


m{l^k'y') 

4- 


m(l-y^) 


in. (l + ma?2)(l + »u;»), w>n 
m-n 
'^ - in 

1 ^' = 
eigu of M 


[1824] 

1 
m(l — A;V) 


[2418] 

1 — A;=^y2 
n 

+ 


[8142] 

♦ y^ 

w(l-y'») 

4- 


[4281] 


IV. (l'\-mz^)(l^nx^) 

1 ^' = 

V m+ n 

sign of M 


[1842] 
m (1 — V") 


[2431] 
n 


[8124] 

* y* 

(m.+ n)(l-&V) 
+ 


[4218] 
{m + n)(l— fcV) 


x^zz. 
sign of M 


[1482] 

• 1 

n(l-y«) 

+ 


[2341] 
m 


[4128] 


[8214] 
(m4-n)(l-&V) 


(m4-n)U-*Y') 



A Simple Statement of Proof of Reciprocal- Theorem,. 

By J. C. Fields. 



(2) 



From the Gaussian Criterion the proof of the Reciprocal-Theorem may be 
very briefly and directly evolved in the following manner: 

Suppose p, q to be relatively prime odd integers and n the number of least 
positive remainders (to mod. ^) greater than ^p, of the series 

q, 2q, 3q, , j{p—l)q. (l) 

Let V be the like number when p and q are interchanged. We may separate (1) 
into groups, in each of which the members lie in value between two successive 
multiples of j9, thus: 

gr', 2q, [yl^; ([y] + l)?» ••'•[-y-]?; ' 

([f] + 0* ([f]+0» [*-^]«> ■•••^ 

([f]+0' ^^^*- 

where in the («+ 1)*^ group the terms lie in value between sp and [s + l)p. 

In this group any term fr — ^ | + xj q gives a least positive remainder 

>Ti>if([f]+«)?-*i'>ii>.i-«-f«>^^^^-[f]- The num. 

ber of terms in the group satisfying this condition is of course the whole number 
of terms in the group less the greatest value of x for which the condition is not 
satisfied, i. e. 

Now in the {t + 1)^^ and last group, or rather partial group, tj) is the greatest 
multiple of p which is < | (i? — 1) ?, and therefore t = [---"^ ^ ^1 . Suppose 

p>q, then t = \{q-l), |(i^ — 1) ? - ^i> = Hi^ - 1)? - i(? - l)P<|i>. 
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The last group therefore gives no remainder >ji>, for the last remainder 
j(j) — 1)9^ — tp, which is the greatest in the group, is <C jp. 

Summing up from all the groups the numbers of terms giving remainders 
>|i?, we get 



*«/-l) 



k(q-l) 



*«7-l) 



1 



=£[f]-£[^^^]=E[f]-£rf-f] 



— i>— 1 g— 1 



2q 



+}:(m-\.i-fy) 



*(«-!) 



=-^-^+'+^£[f]. 



(3) 



for [—] + 1"-^ — —J = or — 1 accordiDg as the least positive remainder 

obtained on dividing aphy q ia -tC. or ^ j g , and in our notation the number of 
such remainders which are >■ i j is r . We have from (3) therefore 

-1 



_i_ —P--l 1 



(mod. 2). 



(4) 



The above reasoning holds also when p^ q are two odd numbers having a greatest 
common measure r, with the observation that under fi we have reckoned all the 
terms in (2) which are multiples of ^, as giving remainder p^jP and not 
remainder <C.\p* The number of such terms is that of values of s for which 

8p='mq^ mi(>\{p — 1); here «=— ^ = — .-^, and the number of such 

rip — l) r~\ r — 1 
values of « is evidently I ^^-o — ^J = — o~ • If> then, in defining ^i we reckon 

multiples oi p as giving a remainder 0, we have simply to substitute /[£ + y (r — 1) 
for fi in (3) , whence 

*(g-i) 



^_i ti+r^+^_, = 2£m 



and 



li + v = 



2 ' 2 
p — 1 q — 1 r — 1 



+ 



(mod. 2) . 



Belated Expreasiona for Bernoulli's and Euler's 

Numbers, 

By J. C. Fields. 



By the formula* 

we may very readily connect Bernoulli's and Euler's numbers. 
Put t^=e"**, then 

sec X + tan X = — -j—. + i = 7 — ^ , (2) 

where, when n is even, E^ is one of Euler's numbers, and when n is odd, Ber- 

(ry -4- 1 ^ ^ 1 

noulU's number Bn+i = 2''+i(2»+i— i) • Putting <^ (w) = ^^-^ in (1), we get 
whence 

J- K = r±x^L- - V v (-irpi(-rtr(i+i)-^^-^" 

2 • \dxJ u-\-i~ .L^^-^ r!(p — r)! 



=E^-i^S^V- {(r4)-=EK":V^^'} 

*For demonstration of this formula see Bertrand^s Calcul Diff6rentiel, p. 141, or Amer. Joum, of 
Math.^ Vol. XI, p. 890, formula (7). 
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= ^-E(- »'<-"•)• (r^)''" EC : T-^y 



n+l «-l 






=r^'EECVy-'n-^<^) 



i 1 



n + l * — 1 



» 1 

Observing that (1 + iy= 2i, we find 



E. 



•.=<t) 



JE". 



- = -(l+<i) 




jr", (n odd) 



h 




?i. + r/»+l\,» 



8 1 



i*"^'! • jr"*, (neven). 



( 



When 71 is odd we have then 



n+l 
2 



n + l *-l 



5 _ 2(«+l) /^* ^l^V V^^'+'('" + ^V•' 



2 1 



(4) 



Taking account only of the real terms in the summations on the right side 
of (4), since E^ being real, the imaginary terms must cancel one another, we may 
also write (4) under the form 



n + l 



n + 1 



HCI ^){(l -(- if^h-i-{i + (- lf^)*.-4 . (n odd) 

n + l 

K = {- l)'-^-'2-^2(^ + ^){^._, + (- l)-» t;,_,|. (n even) 
where (— 1)*«. =«"_(»_ 2)" + («— 4)" — 



(5) 



Third Memoir on a New Theory of Symmetric 

Functions. 

Sy Major P. A. MacMahon, R. A. 



In this memoir I carry on the development of the Theory of Separations. 
It is divided into seven sections (8 to 14), and is numbered continuously with 
the second memoir. It brings the theory up to the point where modes of calcu- 
lating tables of separations may be advantageously discussed. Sections 8 and 9 
lay down the fundamental laws of operation which in sections 10, 11 and 12 are 
applied to the deduction of some comprehensive theorems of algebraic sym- 
metry. Section 13 is concerned with the multiplication of symmetric functions. 
Section 14 commences the application of the operators to the functions which 
appear in a table of separations and establishes the theorem which is prelimi- 
nary to further researches which may possibly appear in a future number of this 
journal. 

I desire to draw attention to the fundamental theorem in operations of which 
a statement merely is given in Art. 140 of Section 9. It is a generalization of a 
theorem of Sylvester, to be found in the Philosophical Magazine, 1877, under the 
title, **A generalization of Taylor's theorem," 

§8. 
The Differential Operators. 

120. I purpose to keep in view throughout the following investigation the 
analogy between quantity and operation which was pointed out by Hammond 
for the first time in Vol. XIII of the Proceedings of the London Mathematical 
Society. 

I present the analogy in an extended form and from two distinct points of 

■ 

view. 

25 
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Supposing n to be indefinitely great, I write down two relations, viz : 

1 + aix + (1^7? + d^ + ....+ a^a* 

= (1 + aix)(l + a^x){\ + ttga-) (1 + a^x), 

111 1 

which lead to the algebraic theory of the expression of any rational function of 

the quantities a^, a^, ag, . . • . a^ 

as a rational integral function of the number n and of the quantities 

121, By multiplying the two equations together and subsequently multi- 
plying each side by exp ?i, we obtain 

e" Tl + «i« + (hfl^ + «3aj' + Vl + a_i — + a_, -^ + a«8 -^ + J 

= e« (l + a.x)(n- a^)(l + a3x) . . . . (l + ^)(l + ^)(H- -^-) . . . . 

Observe that the right-hand side is 

6»{l + (l)x + (l»)a:»+(l»)x»+....}{l + (T) 4- +(l')^+(l'')^ +••••[. 

that is, 

e-[l + (l)«+(T)^ + (l')x« + (l)(T) + (r)4r + (l»)a:»+(l')(T)« 

and this is 



e» {l + (l)x + (1) ^ + (1') x» + (0) + (IT) + (P)-^ 



+ (l»)x» + (10)x + (l«T)x + (01) ^ + (IP) -1- + (T») ^ + . . . .| 
= e" y^ (I'O^T") »*~^ 

the summation being for all zero and positive integer values of x , /I and ft . 
^""^ . ^(ro*T'')a:'-''= exp {(0) + (!)« + (T) ^| 
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symbolically, where 

(iy(oy(T)'* 

^ \ 'y { is the symbolic expression for (1*0^1'*) . 

Hence we may write 

6" (1 + Oix + a^ + )(l + a_i — + a_, ^ + J 

= e~ exp |(0) + {l)x + (T) -^ I symbolically. 
Returning to the former identity and taking logarithms, we find 

n + log{l+aiX + a^+ ) + log(l +a_i— +a^,-^ + ) 

= {0) + {l)x -i(2)ic» +i(3)a^ -.... 
+ (T)-^-i(5)^+i(5)^-...., 

an identity which indicates that any symmetric function which can be exhibited 
by means of partitions composed of positive, zero and negative integers, is 
uniquely expressible by the use of the quantities 

it further gives the law of such expression of the sums of the powers of the quan- 

oil) 0l2> **8i • • • • 

1 22. We are now led to the result 



e" 



exp |(0) +(!)» + (1) -^} symboU< 



(0) + (l)» -i(2)x« +i(3)x» -.... 
= ®xp < _ I 1 1 

+ (1) — -i(5)^ + i(5)^- 



which gives 



exp .J(0) + {i)x + (T)-^\ symbolic 



_ J (!)» -i(2)x» +i(3)x» —....J 



a formula of great importance, as will appear presently. 
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1 23. Write now 



1 + A^+ Aix + A^a^ + . . . . 



80 that 



= exp{(0)+ (l)a: _i(2)x* +i(3)x» — ) 

+ (T)^-i(5)-^+i(5)^-.... j 

A^ = e~ («i + «s«-i + «s«-2 +....)» 
^3 = c** (a, 4- Gfja-i + a^fz^f +•...)» 

124. The quantities 

Aq, Ai, A^if A^f A^o, . . • • , 

now, I believe, introduced into analysis for the first time, are of great and funda- 
mental importance in the theory ; subsequently they will be freely adopted as 
arguments of the symmetric functions, and it will appear that, for the purposes 
of analysis, they are the proper functions to consider. 

125. As I wish to show the complete correspondence which exists between 
the algebraic theory and the theory of the related partial diflferential operations, 
it is necessary to write down some obvious results which, however, are in corre- 
spondence with theorems in operations which are by no means obvious. 

Thus the last written identity, through expansion of the exponential func- 
tion and comparison of coefficients, leads to the manifest conclusions : 



2! 2! 

+ (l)»-3(2)(l)+2(3) (I)» - 3 (5)(1) + 2 (5) 1 

3l • 3T "^ j' 

^. ^..{(,)+(ari(j)(T).^ w--M|y)+^w .g>L-@+....|. 
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relations which also are simply reached from the expressions of A^^ Aiy A^i, ... . 
in terms of n, Oi, a_i, o^, a^^ .... by expressing these last quantities in terms 
of the sums of the powers. 

126. Again, from the identity, 

1 + Aq + Aix + -4,x* + A^af + . . . . 
+ A^i — + -a_2 -^ + J._j -^ + . . . . 
= exp](0) + (l)a — i(2)a:« + i^)^^ — 



• ... 1 

we obtain by taking logarithms, 

(0) + (l)x -i(2)a^ +i(3)x» -.... 
+ (T)-^-i(5)^ + i(3)^-.... 

= log (1 + jio + Aix + A^ + A^ + 

+ A_i — + A_t -^ + A_^-^ + . . . . 

and on expanding and comparing coefficients of like powers of a;, we have 
(O) = log(l + J.)-,-^. -^ +(^^. 

-^8-^-8 , n A^A-^A^^^ 

A\A.i A^AU 3 ^»ii!.i 

(1 + A)* • • • • "^ (1 + A)» - 2 (1 +A)« 

the summation being in regard to every solution of the indeterminate equation 
in positive, zero and negative integers. 



... 
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127. In general, 

m Sm^ , . . TCj! Ttil TCq! Tt^il Tt.j! . . . 

tzrZl(Zn)-y^ (-)'^'-M S7t-l)! ^-.^'.^'.il-M'-. 

the summations being in regard to the solutions of the indeterminate equations 

2^7t^ = m , 
Xtn^ = — m 

respectively, in positive, zero and negative integers. 

§9. 

128. We may express symmetric functions, of the nature here considered, 
as functions either of the quantities 

or of the quantities 

where observe that the latter set of arguments does not involve the number n 
explicitly. Both sets of quantities are defined by the identities 

6* (1 + aix + OgO* + a^x^ + . • . .)(l + ^-1 "^ + ^-•'^ + a-8 -y + • • • •} 

= 1 + ^0 + ^135 + A^ + A^7? + . . . . 

1^ . . 1 . - 1 

X 

= e- (1 +a,x)(l +a,«)(l + a,x) . . . . (l + ^)(l + ^)(l + ^) • • • • 

129. Let us now introduce a quantity (i in addition to the n quantities 

We thus obtain the identities 

^+\l+aix+a^7?+a^+. . .)(l+a«i— +a., ^ +a.8 ^ +. . •)(l+/^a5)(H- jj^^) 

+^-.i-+^..^+...|('+''<'+7^) 



+ -4_i ^ + -4«2 ^ + -4_j ^ + • • • • 
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so that we are face to face with the identities 

{pq .... o"r6" ....) + {pq .... o-~^r«) (i^ 

+ (q' . . . o'^rs . . . .) ^P + (i> . . • 

+ {pq o"5 )—r- + {pq' . 



. o^rS . . . .)/[4^ + . . . . 



= exp (do + diH + d_i — J.^ 

= exp I e (jio + 9i(i + 9-i y) + (e — 1) go\ .^. 



133. We now write 
exp (do + d^ + d.i ^) =H-Z)ou» + A/" + ^2/«* +. . . 

exp |e(sro + gri^+gr_i^) + (e—l)gr, 1 = 1+ (7^0+6?^^ + G^2^* + . . . 

+ G^-i~ +^-2'7? + • • • » 

the expansions being of course symbolic, and we find on equating coefficients 
of like powers oi fi, 

- ^o {P2 • • • • ^"^'^ ....) = {pq .... o"~Vs ....), 
" ^p {m • • • • ^"^^ . . . .) 



A (m- 


. . . d'ra . . . .) 


2>, {pq. 


. . . 0"/* . . . .) 


D, {pq. 


. . . o'°r8 . . . .) 


^-Am • 


. . . d'rs . . . .) 


D_,{pq . 


. . . (frs . . . .) 



-{q . . . . o" r^ . . . .), 

= Gq {pq .... o'^rs ....) = (p . . . . o" r^ . . . .), 

: (/jg' .... 0" -^ ....), 

■ CP? .... 0" r . . . .), 



Gr^r{pq • • • • 0"^^ . . . .) 

6r_, (/>y .... 0V« . . . .) 



or X, being positive, zero, or negative, Z), or G^ is an operating symbol which, 
performed upon a monomial symmetric function, has the eflfect of striking out 
one part x from its partition. 

Also, if P denote a partition which contains no part x. 



Moreover, 



D^P=G,P =zero. 
D,{x)= G,{x)=\. 



(Compare Hammond, Proceedings of the London Mathematical Society, Vol. 
XIII, p. 79.) 
26 
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134. As remarked above, in the two results 

1 + D^ + D^ + J9^» + = exp(d, + d^ + d^^—^ 

1 + Go + 0,(1 +0^^ + = ex^^e(^go + giii + 9^i—) + {e — l)9o^ 

the multiplications arising from the developments of the exponential functions 
are symbolic. 

135. It is convenient to indicate this, as Hammond has done, by placing a 
horizontal line over the operators which are so multiplied.* 

136. We have now the relations which follow, obtained at once by a com- 
parison of coeflScients on either side of the two identities 



l + JJo — e- |i + 1! ii-t" 2! 2!"'" 3! 3! "*" T 



#=• 



D, =e''|^+2rr! + 3rT! + 4r3! + -"-r 



#=0» 



~ Z_^(»+l)!«!' 






• ssoo 



= '"E.! 



d\d'Ji^ 



(« + l)!' 

* = 



* It wiU be conTenient also in future to write exp u when the multiplication of operators that occur 
in u is symbolic, and exp u in other cases. 
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and in general 



#=00 



9 = ^ ' 



#=100 



#=0 ^ '' 

whatever be the value of x . 
187. Also 



«=« 



■11/3 — ^(««-»g. \ ^f»« fl^fl^l 



# = 

# = 00 






(5 + x) 

#=0 ^ ' ^ 



#=00 



i7 — ^(8e-l)y, \^J8#+n g^fl^T" 



138. In these relations the factors expe?o, exp(2e — l)groare to be multi- 
plied symbolically into all that follows ; this is of no importance in the case of 
the factor exp d^, because neither of the operations di, d^i involves the quantity 
n as a symbol of quantity ; we may in this case, if we choose, perform the 
operations r d^dl^ \ 

r "^TTTT"^----} 

»^d ^^T. ^ — 1 _l_ ^~ ^ ^^ J- 

exp ao=lH-Yy^ + -2rH-..-. 

successively, for their successive operation is equivalent to their symbolic multi- 
plication. Also the symbols which occur in di and d^i are altogether indepen- 
dent, so that the operation __^_____ 

di-^'dLi 

may be regarded as the successive performance of the operations 



dj+ 



and dLi, 

and may likewise be written 
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hence we may also write 

^ = 00 f =00 



D. = 



Lmf ^L^U -\-x)\ t\ 8\ 




^ = 0D «=a» 



D -W d\d^,d^ 

^''~ L^ L^8\ t\ (5 + x)!' 

With regard to the operations g^, g^^ g_i the case is different, since the same 
quantities occur as symbols of quantity in all three. Hence it is absolutely 
necessary to actually perform all the symbolic multiplications. 

139. It is now necessary to find the expressions for 



and 



exp (d^ + d^ + d^i —J 

^ [^ (go + 9i(^ + 9-1 y ) + (^ — 1) fl^of 



in series of products of linear operators in which the multiplication is not 
symbolic. 

In the first place write 

^A = 9ax + «l9a;^ + i + ^^ax + S + • • • • 

^-X = 9a_x + «- A_x-i + «-29a«x-« + • • • • 
Now •; 1 I J I ^ J I ^ 8 I 

exp d^(i= 1 + difi + -^ fi^ + ^^ fi^ + . . . . , 

and the correspondence between the algebra of the operators c?x and that of 
symmetric functions weis pointed out and established by Hammond (loc. cit. Proc. 
Lond. Math. Soc). 

Hence since, as is well known, 

1 +(l)/t^ + (l')/^^+(l^)/^^ +.... = exp {(l)/x-i(2)^« + i(3)/t^«-....} 

we derived at once 

l + djfi + -^fi^+Y\(i^+' . . . =exp{d^ — id2fi* + id^^— ); 



that is, exp di(i = exp (d^fi — i rf^* + i d^(i^ — ••••)> 

where the multiplications on the dexter are not symbolic. 
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Similarly 

exp ci_i — = exp ^d_i — i^-«-jp- + i^-s-;^— )• 

Hence, remarking what has gone before, the absolute identity 
exp r^o + ^ + ^-1 — J=exp|do+^ — i^* +i^^ — .... 



• • • 



140. In the second place, writing in general 

where X is any positive, zero, or negative integer, it will be convenient to at 
once put on record a theorem of great generality and importance that I have 
been led to by the present investigation. 
Let 

exp]/o+/i2^ +f^ +...A = \+F, + F,y + F^ +.... 

where y is arbitrary, be an absolute identity. Then the theorem asserts the 
absolute identity 



exp (/oSro+ fg^ +7,5^2 + \ = exp /F^^ + F^^ + F^g^ + \ 

+ /_iSr_i +f^jg^^ + / V + F^ig^^ + F^2g^2 + ^^ 

Of this theorem I have two independent proofs which will be communicated 
elsewhere ; it enables us from any linear function P of the operators to deter- 
mine another linear function Q such that 



exp P = exp Q, 
or conversely. 

141. In the case before us we are given 



e x p I ( 2e — 1 ) gr^ 4- e/^fl^i + -~- fl'- 1 j , 



so that J?J> = 2e — 1 , Fi=> efi, J<Li = — and the remainder of the J^^'s vanish. 
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Hence taking logarithms of the ruling identity 

/o+/iy +/«y* +....=log(2e + c^y + -^) 
1 ^ 

+ /-1 y +/-» yj + • . • . 

= l+log(H-/«i^) + log(i + ^) 
= l-\-Hy — i i^V + i/ttV — 

and thus/o, fi, /_i, /», /_2, .... are determined, and we reach the relation 

exp (grg + ^j^ — i 5^2^* + i fl'rf*' — 

"T fl'-i "t; — 4 9-t 'Tfl "r * y-8 ,,s • • • • 

r f* r 

='exp I (2e — l)9'o + c^i/* + ^fl'-i -^} • 

142. For present purposes it is useful to mention another theorem in regard 
to these operations. 

Let P denote any linear function of the operators and consider the combi- 



where exp P and exp g^ denote two successive operations. 
It is easy to prove that 



exp gro . exp P = exp {eP + {e— l)g^\, 



and writing Pz=.g^'\- g^ + g^\ — i we have 



exp sr^.exp (g^ + gili + fl'-i y) = exp |(26 — 1)3^0 + e^r^ + ^fl^-i y j 



and this leads to 



expflro.exp(gro + gri;z + gr.i— ^ = exp (flTo + flrj/^ —hg^li^ + 

and thence to 

'^ Sl-'i——^ 9-2-7^ + ^9-9-7^ — /' 
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143. Recalling previous results, we now obtain 
1 + i>o + D^ + !?,/«* +....= exp \d^-\- d^^i — \ d^* + . . . . 

1 + <?o + (ri/* + Os(^ + = Q^\gQ + gift — iflfjjtt' + 

+ G'-i — + (r_, --r+ + fif-i-r ifi'-2-^+. . • .[, 

and from these 

144. 

d^ — d^ c^] — d_f 



2! • 2! 
dl — 3<^ + 2rf, <^j — 3d_jjd_i + 2<i_, 



(1+A) = c-' { 1 + <^<i-i + 

+ 3, • 3, + J, 

n _^./^ , d\ — dt . <^ — Sd^ + 2d» d* _i — d_t I 

n — ^.i^ , , (g-i— (^-8 , d\ — di (g.1 — 3<;_gd_i+ 2d_, I 

-0-1 — e-'l^^i + d, 2] 1" ~'2r ' 3l "^ j' 



etc. = etc. 



. 9i — 3 M i + 2flrg gii — 3y_,gr_i + 2y_, , ) 

t- 3, • 3j -h J, 

('I -e^jflr, +— ^j— gr_i+ g, . -^ + 1, 

145. And also by taking logarithms 
dfi 4- dill — \ d^fi^ + J d^^ — . . . . 
+ »-i — i ^-s -^ + i ^-8 ~7^ — • • • • 



= log{l+ A + A/^ +i>rf£« 



"^^ • • • • 



+^--i-+i>-4 +....}, 
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9o + 9if^ — \g%l^^ + i 9z^^ — . . . . 

_L 1 1 _! . 1 -L 

i" 9^1 — — 1 9-i ..% I 1 9-z ..8 — .... 

r r r- 

= log j 1 + (3^0 + G^ii + G^^ + 

which lead to the relations 



9o 



iM^ • • • • 7t) I 7ti ! Ttp ; 7C_ i \ 7t_ ^ ! . . • . 



^ ym = ditto, 

^ — ^^ 9--M= ditto, 

m 

the summations having regard respectively to the solutions of the indeterminate 

equations 

"ZtTtt = ; 2^7tf = m ; ^tTit = — ^ • 

We have also similar relations between the d and D operations, or if 

^l> ^2> ^8» • • • ' 5 4^1» 4^2» 4^8> • • ' • 

be two sets of fictitious quantities such that 

(i+d..+^-^+....)(i+<«..A+^=i^^+....) 

= (1 + e,a:)(i + #^) . . . . (i + ^)(i + ^) 

= (1 + ^x)(l + *^) . . . .(1+ ^) (1+ ^-) 

and we represent symmetric functions of the two sets by partitions in brackets 

[ ] and [ ]' respectively, we have the following correspondence between 

quantity and operations : 

I. 

Quantity. 
146. 

e"" (1 4- a^x + a^ + . . . .)\l + a-i — + a-2 ^ + • ' ' 7 

= e»(l + «,x)(l + M....(l+^)(l+^).... 



= e* exp 



j(0) + (l)« + (T)i|, 
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(1)^(0)'* (TV 
where A ^ \ ^ is symbolic expression for (l^O'*!*') 



= 1+A +^ia; +A^ + 

= exp{(0) +(l)x -\{2)7? +...: 

+ (T)-1— i(5)^ + 



• • • 



147. 



II. 
dr Operations. 



= ^'{1 + M(i + M . . . • (i + -^)(i + ■^) • • • • 

= ^|[0] + [l]x+[T]^|, 

where *■ J L J L J jg symbolic expression for [l*0''r] , 

= 1 + Do + A* + D^ + 

= exp I [0] + [1] a; — i [2] a> + 

so that [^] = c?Mf 

and r , J. -, _ <^',<^'---' . 

IPiPt J-njlTt,!.... 

III. 

gr- Operations. 
148. 

= e'. (H- 4„x)(l + 4.,a,) . . . . (i + ^)(i + ^) . . . . 
= exp [0]' ^ |[0]' + [1]'» + [1]' ^ [, 



27 
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where ■^■-'^||— |- is a symbolic expression for [l^O"!']', 

=z 1 -\- G^ + G^x + G^ + 

= exp j [0]' + [1]'« — i [2]'a!» + . . . . 
80 that [m]' = g^, 



f'l/i'i 



§10. 

149. I now apply the foregoing section to a new demonstration of the 
** Law of Reciprocity " in the theory of separations of which a purely arith- 
metical proof was given in the second memoir. 

Consider three identities 



= .«(l + a.x)(l + a.x)....(l+^)(l+^).... 



1 + 5o + Aa; + 5,0* + ....+ jB_i ^ + 5_g-^ + 



= e»'(l+Ml + /3,x)....(l+^)(l + ^V) 



1 + Co + ^i« + <V +....+ C7_i^ + C-,-^ + 

= e«"(l + y,x)(l + y.x) . . . .(l + ^)(l + ^)'. • . 

and let symmetric functions of the quantities 

«i» otj, tta, . . . . be denoted by partitions in ( )., 

Pl> P»» PS) ...•** ** ** ** ** ( )||, 

yi. yt. ys " " " " " ( )„ 



• 

^n^n\ n" are each to be suppoeed indefinitelj great, and further n = n\ 
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then we have a triad of identities. 
150. 

1 + Aq+ A^x + A^ + 



• • 



+ ^-1^ + ^-1 -i^- 



X 



«» 






X 



a* 



1 + Co + C7ix -\- C^ + . . . = 



a; 



x» 



exp{(0).+ (l)^ 




+ m- X 


-H5).^+... 


exp 1(0), + (l),x 

4 




+ m. X 


-M2)/,^ + ... 


e^P 1(0), + (!),»: 

4 


-i(2)^ +... 


+ (IX ~ 


- i (5). ^ + . . . 



• • • 



.). 



151. Now assume that, between the quantities herein involved, there exists 
the relation 

1 + C,+ Giy + Gaj' + . . . . 

= nYi + jBo + a,% + a;^^ + 

a relation which also implies the identity 

1 + <^iy + Cjjy* + C8]j/3 + = n (1 + afiiy + ajftay* + aV)^ + . . 

y being arbitrary, so that 

log (l + (7o + ^ly + (V + . . . • 

OL, ^ y a; ^y^ ' 

leading to 

(0),+ (l),2, -H2)y +.... = (OUO), + (lUl),y -i(2).(2)^ +.. 

+ (i)v y - i (5). 7 + • • • • + aUT). y - i (2).(5), ^ + . . 

and thence to {m\ =: (m).(7n)^, 

where m is any integer, positive, zero, or negative. 



• • • 
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152. This result, which is of great importance, shows that the function of 
^o> ^i> ^-i> ^i> ^-2 7 • • • • , denoted by {m\^ is unaltered when the n quantities 
0^1) ocj, as, . . . . and the several v! quantities j^i, /^s, j^s, • • • • are interchanged; 
but every symmetric function is expressible in terms of sums of powers of the 
quantities, and it hence follows that every symmetric function of the n quantities 

yi> 7%j ysi • • • • 

remains unaltered by the interchange of the n quantities 
with the several rJ quantities 

Pi> P2> P3> • • • • ; 

we may say, in fact, that if any assemblage of partitions in brackets 

( )v 

be expressed in terms of partitions in brackets 

( )a and ( )^, 

it remains unaltered by the interchange of the brackets ( ). and ( )^. 
. 153. For example, it is shown in this way that if we have a result 

(sf'5j« \ = + J^pl'pl" )a{K'^ )^ + 

we must also have 

(«r«?. ..)> = ••• + J\{PVPV> • .)«(^*^'- • .)^ + {pvpv^- •)^(^^^•• • •).} + • • • , 

and this fact will be shown to involve the " Law of Reciprocity" brought forward 
in the first and second memoirs. 

154. It should be remarked that, as a consequence, the assumed relation 
may be also written in the form 

1 + <^o + <^iy + %* + . . . . 

1 1 

y f 



= n"(i + A + Miy +/3J^t2/' +..-. 
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156. Associated with the triad of identities above set forth, we have a triad 
of operator relations, which I will write as follows : 

1 + .G=o + .G^iy + ,Oiy' +.... 



= exp I [0]: + [l]:y -i[2]:y» +... 



where 



ML = .gm, 



+ ra:y-4[5]:-^ + 



• • • 



l + fOo + fGjy 



+ fi^^ + . . . . 



= exp{[0];+[l];y -\\2y,f + 



• • 



where 



[to]; = ^., 



+ |T|^y-4[5];^ + 



1 + ,(7„ + ,Giy 



\JPxPt •"•lf-n,\'n^\....' 

+ Y^ay* + . . . . 



+ v^-1 TT + v^-» TT + 



y 



= exp I [0]i + [l]iy -i[2]y +. 



where 



Wy = tS'-. 



+ raiY-4[5];^ + 



i»'.....3;= f^;T£Y--- . 



7(l! 7(3! 

156. Now writing the assumed relation, viz. 
1 + C'o + (7,y + Ciy» + 



y ' y* 



= n(l + B, + a,B,y . + a\B^ + 



^ a, ^ y ' a; -» -J • 



IF 



>l 



• • • • 



• • • 
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in the abbreviated form 
we have 

and 



^^u,,= {{l+B,)d,,+B,d, +. . . [ (■^^s,+a,B,y +a\B^ 



+ ... 






.m^.m. 



hence pfl'» fT" = (a? + a? + Oj" + ) 2/'"Cr= {mXy^U, 

leading to 

+ "^ f9»G_i + — r fg^G-t + . . . . 



= W.2/"{l+ C-.+ C^ +G^ 



"T" • • • • 



"T" f^— 1 I f^— 8 — 5 -I- • . . . 



which gives, on equating coeflScients of like powers of y, 

,9J^ + G,) = (m\G.^ , 



but regarding 5©, 5i, 5_i, 52> -^-si • • • as functions of (7o, Ci, CLj, (7,, CL2> • • • 
only, we have 

pg^ = ^g^ (1 + (7o) 9c7o + ^n^^li^c, + pfl^« 0^9 a, + • . • . 

we thus arrive at the conclusion that, regarding the assumed relation as defining 
a transformation of any function of Cq, G^ G_i, C,, CLg* • • • • ii^to a function 
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of Bqj Bi, j8_i, ^2, 5-2» . . . . , Oi, ocj, 0^3, . . . . being the constants of the trans- 
formation, the operation g^ 
is an invariant. 

157. It may be remarked by the way that 



whence 



that is, 



ygn^log^l + Go + G,x + 0^ + 



• a > . 



= a:~, 



• • • • 



= X' 



( — l-H-l _ 

where m differs from zero, and 

whilst yg^ {8)y =0 if « 4^ m ; 

we have thus a set of transcendental solutions of the partial differential equation 

ygm=.0, 

and all of these solutions have otherwise been proved to be invariants of the 
supposed transformation (vide second memoir). 
168. Returning to the relation 

we may write 

i>9o+ fi9\y —ififftl/' +....= (0). + (l).v^iy — i(2).^sra3^ + 

+ p9-i— — ifi9-ii;j-+ •• • • ■^(J)ay9-i— — i (2). vfl'-« :3^ + . . . . , 



y 



*y 



y 



f 



y being arbitrary, and also in the form 



exp 



4- 

I • • • • 



+ [i]^y-i[:5]^^+.... 



= exp I (0).[0]; + (l).[l];y - J (2).[2];y 



+ • 



+ (i).m; y - 4 i^\m y- + • 
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and then from previous work we are led to the result 
169. 



T fi"—l ., I fi^—2 „» + . . . . 



^ -I- r ^ 

= n" (l + ,Q, + a. ,G^ + a* ^Gaf' + . . . A 

"•" ^^^-^ Y + "^ >^-«7" + • • • •/ 

and a comparison with the assumed relation 

=*n"(l + 5o + a.B^ + a»5,y» + . . . J 

leads to the following theorem : 

160. ''In any relation connecting the quantities 

C^}, C/j, CLi, Oji, OLj, .... 
with the quantities 

-6o> -^ij -6— 1> -6»> -6— » > . . • • 

we are at liberty to substitute 

,0^ for G^ 

and ,(?, for 5,, 

and we so obtain a relation between operators." 

This very important theorem can be appUed forthwith. 
161. By means of the initial relation 

1 + <7o + (7ia5 + <V + 

+ CLi — + CLg -^ + . . . . 

= n"(l + A + a,5ia; + a]B^ + 
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Where x is arbitrary,* we can express Cq, Gi, (7_i, Cj, CLg in terms of 

the quantities jBq, A» -S-i» ^»» -S^^, .... and monomial symmetric functions of 

the n quantities 

tti, a|, . . . . a^; 

and, multiplying out, we obtain a result such as 

C^VQ; = + LB'iiB^i + ...., (I) 

and also a result such as 

G[\C[\ .... = .... + MB:iBt^. ... + .... (II) 

Join to these two, a third, viz. 

(«f'4> \=: + A{pVpl^ \+ B{X\X\' )^ + . . . . (Ill) 

Now the equation (I) yields the equation of operatorsf 

and performing each side of this upon the opposite side of the relation (III), we 
obtain 

^yG^^y^^: («r4'. . • ')y = ApG;;^G;i (2>r'i>? • . . .)^» 

no other terms surviving the operation; but 

yG:;,G:i .... {8^8? )y = i^G;]fiG'^ {pVpi' — )^= i; 

hence L^= A^ 

and also from the identities (II) and (III) we obtain 

M=B, 

and this leads to 

(5j»5j« ... .)y =.,.. + X {pVpl' )fi + M{7i['?J^ . . . .)^ + . . . . 

Now, it has been shown previously that 

* This relation takes the place of the relation in the second memoir, viz. 

« = n / 
l+Xo+XiX +X2X* + = ^i^il + Xo + a^iX +fi?x^X^ + 

XX* Ot X fl^ X* 

tiie notation alone being changed. 
t Compare Hammond, ioc. cit. 

28 



.... 



218 MacMahon: Third Memoir on a New Theory of Symmetric Functions. 
hence we must have 

JiJ ■■— • • • • "^ e/ ( ^2 ^2 • • • • /a "l • • • • i 

M=^ — + JipVpi" ....)« + ••••» 

162. And then the relations (I) and (II) become 

Gi\Gi\ — = — + J{K'>k — )aB:iR:i — + — , 
<7i\ ci\ — = vJ{pVpv — )aS:iS^s: — + — , 

which is the law of reciprocity it was required to establish. 

§11. 

New Law of Symmetry. 

163. Suppose that we find the relation 

(j>VP? )y= + PB^iRli + , 

leading to the operator relation 



.ITi ^W, 



Tti! Tig! . . . . — ' ' ' ^ -^y"^»i v"^*« .... -r .... f 

where P is an aggregate of symmetric functions of the quantities ai, ocj, . . . a^. 
Fiurther, suppose that 

since ^g^ = 3^, + B^^^ + B^d^^^, + . . . . 



•w» .«»« 



3'j_ 9»' .... 



. • . • 



we have &^i^^^ '--— = -^ — ^ (- terms which, operating upon a function 

Til ! Ttg i . . . . Tti I Ttj I . . . . ox 

of 5o, ^1, 5_i, . . . . , do not diminish its degree; hence, attending only to 
terms of like weight and degree, 

Py(^V,yG:i .... K>«,". . . .),= q?^&^B;'^b;i 

that is, P = Q; therefore we have the theorem 
164. "If 

Cpi'i'j' — )y = — + ^ (M'^ — \^:i^,: + . 

then («,"«? \ = -\-A {X['^- )aB;\B;i + " 
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165. To make manifest the importance of this theorem I take a concrete case 
and, for simplicity, restrict myself to symmetric functions which are expressible 
by means of partitions composed merely of positive integers. We have now, 
as arguments, the quantities 

Oi, Og, U3, . • . • i Ci, Cf, Cf, . . , . 

derived from the relations 

l+bix + b,a»+ = (1 + /?ia!)(l + Mil + /?,x) , 

i-\rcix + c^ + — = (1 + n*')!! + y2«)(i + y»«) . • • • . 

and tlien the fundamental relation leads to the set of identities 






(1)A, 
(2)A+(1»).J?, 

(3)A+(21)A6i + (l')aJ!. 

(4)A + (31).6A + (2*).65 + (21») A^ + {1*)J>\, 



and we can, for example, form a table of the fourth order by expressing the 
symmetric functions of yi, y,, yg* • • • • of weight four in terms of the quantities 

^l> ^2> ^3> ^4» • • • • 

166. Such a table is now given : 





64 


6.6. 


bl 


6.6f 


bi 


(4)y 


-4(4) 


4(8)(1)-4(81) 


2(2)» — 4(2>) 


-4(2)(1)' + 4(2)(1') 
+ 4(21X1) -4(21') 


(i)*-4(i')(n'+2(i»)' 

+ 4(1»X1) -4(1<) 


my, 


4(4) 


- (8)(1)+4(81) 


— 2(2)' + 4(2') 


(2X1)'- (21)(1) 
-4(2X1')+ 4 (21') 


(l)'(l')- (1«)(1) 
— 2(1')' +4(1*) 


(8')y 


2(4) 


-2(8)(l) + a(81) 


(2)'+2(2») 


2(2)(i') — 2(21)(1) 
+ 2(21') 


(l')'-2(l»)(l) 
+ 2(1*) 


81')v 


-4(4) 


(8X1) -4 (81) 


-4(2') 


(21)(1)-4(21») 


(1')(1)-4(1M 


(l*)y 


(4) 


(81) 


(2') 


(21') 


(1*) 



This is to be read from left to right ; for instance, the last line is read 

(1*), = (4) 6, + (31) 6A + (2') 61 + (21») bM + (1«) b{. 
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m 

167. In this table the suffix a has been for convenience omitted. 

The theorem shows that the s^^ row and the s^^ column are identical; the 
table in fact possesses, what is termed, row and column symmetry. 

In any column the terms are all separations of the partition of the 5-product 
at the head of the column. 

In any row the assemblages of separations are formed according to a law 
defined by the y partition at the left of the row. 

168. To explain this I form the assemblage of separations of (21*) according 
to the law defined by the partition (31); the process consists in first writing 
down the expression of (31) in terms of separations of (1^), thus : 

(31) = (1'')(1)«-2(17-(1»)(1) + 4(1*), 

the specification of each term is then written down and, beneath, the correspond- 
ing coefficient, thus : 

Specifications, .... (21*) (2-) (31) (4) 1 



Coefficients, 



+ 1 



— 2 — 1 +4 



The two lines, last written, define the law which is applied to the case in hand as 
follows : The line of specifications is again written down, and underneath each 
specification those separations of (21*) which are of that specification, care being 
taken to write down a separation in correspondence with each permutation 
amongst separates of the same weight. 
We thus obtain two lines, viz. 



Specifications. (21*) 

! 


(2*) 


(31) 


(4) 
(21*) 


Separations. 


(2)(1)« 


(2)(1») 
(l=')(2) 


(21)(1) 



We finally attach the coefficients, which appear in the definition of the law, to the 
separations of corresponding specification ; the result is the assemblage 

(2)(l)='-2(2)(l«)-(2l)(l) + 4(21«) 
-2(1^)(2), 
or (2)(1)«-4(2)(1*)-(21)(1) + 4(21«), 

which will be found in the second row and fourth column of the above table. 
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169. The process is conveniently placed in four rows as follows : 



f Specifications, 
I CoeflBcients, 



(21') 



r Separations, 



^Assemblage, 



(21') 


(2') 


(31) 


(4) 


+ 1 


2 


— 1 


+ 4 


(2)(1)» 


(2)(1«) 
(l')(2) 


(21)(1) 


(21') 


(2)(1)» -4(2)(1«) -(21)(1) +4(21^) 



Now, observe that the assemblage which occurs in the fourth row and second 
column is identical with that just found, and moreover is formed from separa- 
tions of (31) according to the law defined by the partition (21*), since 

(21*) = (1»)(1)-4(1*). 
The process is as under : 



f Specifications, 
[^Coefficients, 



(31) 



Separations, 



Assemblage, 



(31) 


(4) 


+ 1 


— 4 


(3)(1) 


(31) 


(3)(1) -4(31) 



and the assemblage thus found is necessarily in the fourth row and second 
column of the table. 

170. I now enunciate a law of symmetry. 

Theorem : 

**If any symmetric function {pi^pl^ . . . .) of weight n be expressed in terms 
of separations of the symmetric function (1*), a term of specification {TJ^TJi . . . .) 
is found attached to a certain numerical coefficient x; two rows of specifications 
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and corresponding numerical coefficients respectively are said to define the * law 
of the symmetric function {p\' p? . . . .) .' The assemblage of separations of a 
symmetric function (^psj*. . . .)> formed according to the law of the symmetric 
function {pl'pl^ . . . .) is identical with the assemblage, of separations of the sym- 
metric function {pl'pl^ . • • •)» formed according to the law of the symmetric 

function {sl'sl* )." 

171. I subjoin an additional example of the theorem, indicating the reci- 
procity between the functions 

(31») and (2^2) of weight 6. 
(2n^) = (l^)(l*) -4(0(1) +9(1*), 



(2^2) 



(31«) 



(42) 


(51) 


(6) 


+ 1 


— 4 


+ 9 


(31)(1») 


(31»)(1) 


(31") 


(31)(1«) — 4(31*)(1) +9(31») 



Specifications, 
[^Coefficients, 
I Separations, 



Assemblage, 



(31«) = (1«)(1)» -2(10(1') -(1»)(1) +6(1«) 



Specifications, 



(31')- 



(2*1«) 



. Coefficients, 



Separations, 



Assemblage, 



(41») 


• (42) 


(51) 


(6) 


+ 1 • 


2 


— 1 


+ 6 


(2»)(1)« 


(2')(1^) 
(21»)(2) 


(2'1)(1) 


(2»1») 


(2»)(1)» — 2(2»)(1') (2n)(l) +6(2»1») 

2(21«)(2) 



and the identity of the two assemblages, viz. 

(31)(1»)_4(31*)(1) + 9(31») = (2')(1)»-2(2«)(1»)-2(21»)(2) — (2»1)(1)+6(2»1») 
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is easily established ; each is, in fact, equal to 

(42) — 2(41*) — 3(321). 

172. The theorem is not restricted to positive integers, but there seems to 
be no advantage to be gained practically in extending it to the most general case. 

§12. 

173. In the foregoing section another law of symmetry was incidentally 
met with. As it is of importance, I propose to further examine it. 

From the relation 

Gl\Gl\ = + LB^lB:; + .-.., (I) 

is derived the operator relation 

/nf», /nf», — IT rur^ rur^ i 

and operating with these two sides upon opposite sides of an assumed relation 

(sj>5j« \ = . . . . + A (/>r»i>? )^ + . . . . (II) 

we obtain at once 

L = A, 

so that a law of symmetry is involved in the two results 

L/ j,j V/ p^ . • . • — .... "T~ XJMJg^ *t • • • • I • • • • 1 

{sl'sl' ... .)y = .... + X {pl'pl* ... .)p + . . . . 

By direct multiplication of the product 

^Pi^pt • • • • > 
we observe that L is composed of separations of the symmetric function 

(«!'«»• )., 

of specification {pVpl* ); 

X is in fact composed of the tabular assemblages of separations which appear in 
the tables of the first two memoirs. 

174. Hence in the result 

m 

{sl%* . . . .\= + X {pVpl* . . . .)p + . . . . 

L is composed of tabular separations of the symmetric function 

(«r«? . • . ••). 

of specification {pVpV ••••)• 



I 
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175. It is now easy to form any function 

Example I. 

To form (1^0)^, first write down all the separations of (1^0), and underneath 
them their respective specifications. 

Separations: (1)^(0), (10)(l)\ (1*)(1)(0), (l')(10), (1»)(0) , (1^0)(1), (1»0), 
Specifications: (1»0) (1') (210) (21) (30) (21) (3). 

We have now to form the C products corresponding to the several specifications 
and therein pick out the terms involving the 5-product B\B^. 

Thus CIG^ = + (l)'(O) B\B^ + 

+ 3 (1)2(10) BJ^o + 

+ (l*)(l)(0)5J5o +.... 

+ Ul*)(10) + (l»0)(l)}5J5o+.... 

+ (l')(0)^fio +.... 
-\- (\^0) B\B, + 



Gl = 

G^ Ci Gq = 

G^Gi = 

G^Gq^^ 

G,= 



... 



Hence 



(1»0), = (1)»(0)(1»0), + 3 (1)'(10)(1»), + (1«)(1)(0)(210), 

+ Kl*)(10) + (1'0)(1)} (21), + (l')(0)(30), + (1«0)(3),. 

Observe that from this point of view (I'O)^ is a generating function for the 
tabular separations of symmetric function (r'^O). 
176. If we now take the operator relation 



l+,0o + ^0^ +.... = nYl + ,Go + a.,Qiy + 



+ fiQ-\ + . . . . 



+ ^vG'-i^ + 



a. 



y 



•I 



we obtain pOo=^ (O)y^o +...., 

^<?i=(l)A + (10)Av^o+...., 

where only those terms which are significant for present purposes have been 

retained. 

Operating with these relations on opposite sides of the expression for (I'O)^, 

we have 

(0)(1«), = (1)»(0)(1% + (1^)(1)(0)(21), + (1»)(0)(3)„ 

which is (1»), = (1)»(1»), + (1»)(1)(21), + (1»)(3), 
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and 

(1)(1«0), + (10)(1»), = (1)U1)'(0)(1*())^ + 2 (1)(10)(1'), + (l')(0)(20), + (1'0)(2),} 

+ (10)i(ini»), + (l*)(2),}, 

which is true, because the process explained gives 

(I'O), = (ino)(l«0), + 2 (1)(10)(1*), + (1»)(0)(20), + (1'0)(2), 
and {l*\ = (^l)\l\ + {l*){2\. 

This example will serve to show the method of utilizing the operators for the 
derivation of new results from those already obtained. 

177. The most important cases are those which have reference merely to 
partitions composed of parts which are positive, non-zero, integers. 

We may write down a table of weight 4. 

(4), = (4)(4), , 
(31),= (31)(4),+ (3)(1)(31)„ 
(2% = (2«)(4), + (2)»(2«)„ 
(21»X = (21»)(4), + (21)(1)(31), + 2(2)(1')(2'), + (2)(1)\21»)„ 
(!«), = (1^)(4), + (1«)(1)(31), + {\J{2\ + (l')(ir(21»), + (l^l^, 

and thence we may immediately write down the corresponding operator relations, 
viz. writing in general 

?! m! .... "^^^^ • • • • ' 
we have 

fgZi^X = (3l),fl'4 + (3)(l),fl'3y^l, 



.# = (2») ,g, + (2)%sr?>,_ 

^,^^' = (21») ^4 +(21)(1) ygz^ + 2 (2)(l^,5r«) + (2)(l)« ;^^, 

^fl-i" = (1*) vfl'* + (i')(i)v^3.fl'i + (1')%^.*' + {^')(})\g..gf + (l)Vi^ 

and so in general it is clear that on the right-hand side we must obtain each 

tabular separation of the partition of the ^ operation on the left-hand side 

attached to a symbolic product of y operations of the corresponding specification. 

These results may be utilized in a variety of ways, though at present I do not 

stop to further discuss them. 

§13. 

The Multiplication of Symmetric Functions, 

178. Professor Cayley has, in this Journal (Vol. VII, p. 2), laid down an 

algorithm for the multiplication of two symmetric functions which can be sym- 
29 
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bolically expressed by partitions composed of positive integers. Moreover, I 
have, in the Messenger of Mathematics (Vol. XIV, p. 164), shown how to apply 
differential operators to the same purpose. 

The method of operators may be used when the product contains any 
number whatever of functions, the coefficient of each term in the result being 
obtained by a separate and direct process. 

Professor Cayley's process on the other hand, while more simple in the case 
of a product of two functions, is not adapted when the number of functions 
exceeds two; it may be employed when the partitions contain, as well, zero and 
negative integer parts. 

Of this I give two examples. 

179. Example I. To multiply 

2a«/?/5-^ and i;a''^''', 

that is, to form the product 

(310T)(P), 



3 

T 
T 
T 


1 
T 



T 


1 
T 


11 


F 
2 


-J-2 


M 

2 

2 
1 


G 
2 

2 
1 
2 




(20«T) 




2 
2 
2 


(2lT*) 


T 
I 






(2105) 


I 
T 


I 




(30P) 


2 




2 
2 


(30'^) 


2 


2 


T 




T 




(31T5) 


1 


1 
2 




... 


T 


2 


(210T*) 


2 




T 


T 


2 


(30^«) 


4 


4 
6 
1 
3 




1 


T 


2 


(3lT'^ 


6 






T 


T 


2 


(31012) 


1 








! TT 


1 


(310P) 


6 
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where -F" means ** frequency," if, multiplicity, and the coeflScients in the column 
headed G are to be attached to the partitions in the same rows. 

Reference should be made to Cayley (loc. cit.) 

180. Example II. To multiply 

2a«/3V' and 2a«^^ 
that is, to form the product 

(0«)(0»), 
we have 



000 


00 

• 


F 


-5-12 


M 


G 


00 




6 


(0») 


6 


3 








6 
1 


(0*) 


24 


12 




00 


(0») 


120 


10 



and the result is 

(0«)(0«) = 3 (0») + 1 2 (0^) -f 10 (0») . 

181. To establish the method of operators, suppose ^ to be any rational 
integral function of a A. A \ A^ A ^ 

and let ^ = ^i^%^z • • ' • ^i) 

if now we make the transformation of Art. 1 29, we shall have 

1 + Go + <? V + V + 

+ (?-! — + (7-,A + .... '*' 
+ 6?-! — + G^,\ +....'** 



1 + Go+ G^ + G^^ 



4. 

I . • . • 
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or 

= nU, + G,q». + G^q>.ii + G^q^^ii^ + 

Whence, equating cofactors of like powers of /ka, we obtain 

G^^ = 22 Gx^^i^ . <?A,<?>/, • ^A,4>/, . . . . , 
where 

(1). (^i>l2'^3 . . . .) is any partition whatever of Jl into positive, zero and 
negative integers. 

(2). ^i^y ^1^1 ^1^1 • • • • are different members of the set ^i, 4>2, 4>s, .... ^<. 

(3). The summation is taken for every partition of ^ into positive, zero and 
negative parts. 

(4). The summation is further taken for all the expressions obtained by 
permuting the numbers Zj, Zji ?s, .... in all possible ways. 

182. Hence if 4) be a symmetric function expressed by a product of parti- 
tions, the operation G,, is performed by abstracting every partition of X in all 
possible ways from the product, one part at most being taken from each partition. 

The process is in general simple enough and it must be made perfectly 
clear by a series of examples. 

183. Example I. Let 

<?>=(0^)(0«)(0'). 
Then 

Go^ = G, (0^) . (0«)(0«) + (0^) . G, (0^) . (0») + (0^(0^) . G, (0^) 

+ Go (0*) . G, (0«) . (0^) + G, (0*) . (0-^) . G, (0*) + (0^) . G, (0^) . Q, (0«) 

+ G,{Q').G,^0^).G,{0'). 

= (0^)(0'^)(0*) + (0*)(0*)(0«) + (0^)(0^)(0) 

+ (o^)(o«)(o«) + (0^)(0«)(0) + (0^)(0^)(0) 

+ (o^)(oW; 

where observe, in the first, second and third lines respectively, the partitions 
(0), (0^), (0*), each of which is a partition of zero, have been abstracted in all 
possible ways from the product in such wise that one part only is taken from 
each partition of the product. 
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184. Example II. Let 

<^ = (0)-;- 

then 
G^ = m (0)— » +^m{m- l)(0)"-» + + i m (m - 1)(0*) + «i (0) + 1 , 

the successive terms in the value of Gq<P corresponding to the abstraction of 

(o),(o») (0— ). (0"-'). (0"). 

Thus (?o(or = ] 1 + (0) }" — (0)"; 

that is, G^" = (n + 1)" — n", 

which is clearly right. 

In general Gro/(n) =/{n+ 1) — /(n) 

= (E- l)/(n) 

in the notation of the calculus of finite differences. Hence Gq is precisely equiv- 
alent to the symbol A of the same calculus, or 

GJ{n) = A/{n). 
186. Example III. Let 

4) = (2)(1)(31)(0). 

To operate with Gi we have to consider the following partitions of unity, viz. 

(2T), (2T0),(1),(10). 
Hence G,^ = (1)(3)(0) + (1)(3) + (2)(31)(0) + (2)(3l). 

186. Example IV. Coming now to multiplication, suppose we are required 
to find the coeflBcient of the term 

(30^) 

in the product (310T)(r) . 

If (310T)(T') = + A (30*5) + , 

then, operating throughout with G^GIG^^, we find 

GsGlG^^{Z101){V) = + A+ , 

where on the right-hand side the only term which is a simple number is the 
sought coefficient A; we have then to operate upon the product with the opera- 
tion G^G^G^i and the numerical term that issues will be the result we seek. 
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To carry this out, we find 

<y.,(310T)(P) = (310)(T), 
G^oG^-2(31oT)(P) = (31)(T) + (30), 
(?JG-,(310T)(P) = (3) + (3) = 2(3), 

G^8G?G^-,(310T)(P)= 2. 
Hence (310T)(P) = +2 (30*2) + , 

which agrees of course with the result obtained by Cayley's algorithm. 

§14. 

The Linear Partial Differential Operators of the Theory of Separatisms. 

187. I propose to adapt the operations 

9^1 9iy 9—ii 9t^ 9—21 • • • • I 
so that they may be performed on the expression of any symmetric function in 
terms of separations of a given partition. 

It will be remembered that a partition is separated into partitions termed 
"separates." Any combination whatever of the parts of a partition may present 
itself as a separate. If the separable partition be 

precisely {li + 1)(4 + 1)(78 + 1) • • • • • — 1 distinct separates may occur. 
It is necessary to consider all these separates as independent variables. 

Let then ( 2'«+'*1^'+''«0p«+'«F-»+'-»5''-«+'-' ) 

be any separate of a given separable partition 

then, by a known theorem, 

9b = ^9» (• • • 2^«+'*l'»+'>0'^«+'«p-'+'-»2''-«+'-« . . .) a(...2P.-KnP>+'ioPo+'oiP-i+'-,|P-H---«...)» 

the summation being in regard to every separate. Moreover, we have proved 
the relation 



8 



9' — / ^ ^ f ^ I ^ f ^ nz — t .... 1X2 iTi* o-q' tr«t w-a . . . . , 

A— i^ . . • • TCji TCxi ^i 7t_i! 7l_2 ^ .... 



when the summation is in regard to the solutions in positive, zero and negative 
integers of the indeterminate equation 

Xfn^ = s, 
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and alfio 

Gl'Gl'Gl'G'jr^Gli ( 2P«+'«F«-^'«0^«+'«r-*+'-*5'*-'+'-' ) 

= ( 2'*«F«0^«p-»2''-* ). 

188. Hence (— )' 

^Lm/ ^Lm/. . . . ^! Ttil Tto! 7t_i! 7t_,! .... 

the summation being in regard 

(1) to every separate ; 

(2) to every solution of the indeterminate equation Xtnt = « in positive, 
zero, and negative integers. 

189. To take a concrete case, consider the separable partition 

(21"-*); 

we then have 

g, = 8o, + (1) 3(1., + (1») da,, + .... + (1-') 3(1.-., 

+ (2) a,„, + (21) a„„) + (2i») a^a., +.... + (2i»-«) a^„._.„ 

^,=8a, + (1) 3(1.*,) + (l»)aa..., + .... + (l*— «)aa.-n 

+ (2) a(,„ + (21) a.,,..,, + .... + (21-— ») a,„.-., 

— »{9(ji.-«) + (l)3(a«->) +•••• + (!"-*) 3(si»-i)f. 

relations which are obtained at once from the general formula. 

190. Again, consider the separable partition 

(320; 
the separates are 

(1) . (2) . (3) , 

(1») , (21) . (31) , (32), 

(21») , (31*), (321), 

(321»); 

then 

g, = 3,1,+ (1) a„.,+(2) 3(a,+ (21) 3^.,+ (3) 3ji,H-(31) 3,3i.,+ (32) 3,„„H- (321)3,«i., ; 

wherein only those separates which contain the part unity occur as independent 
variables. Also 

gt = 3(1.) + (2) 3(„,) + (3) 3,„.) + (32) 3„a.) 
- 2 {3(„ + (1) 3«, + (1») 3(a., + (3) 3<„, + (31) 3,«, + (31») 3,„i., } , 
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wherein the operation is comprised of two portions corresponding to the parti- 
tions (1*) and (2) of the number 2. 

In the first and second portions respectively the independent variables con- 
tain the partitions (1^) and (2). 

This should be compared with the known formula 

«2 = «i — 2a3. 
Similarly 

fl's = — 3 { 9(»1) + (1) 9(21») + (3) 3(321) + (31) 9(S21>) } 

+ 3 { 3,3, + (1) 3^31) + (1^) 3,31.) + (2) 3,32) + (21) 3c«i) + (21«) 3,321.) } 

in correspondence with 

^3 — • • • • -^ ^Q.^(X\ "T* "^8 » 

and 

5^4 = — 43(21.) 

+ 4 ]3,3i, + (1) 3(31., + (2) 3(321, + (21) 3(321.)} 

in correspondence with 

«4 = — ^ci^i + 4a3ai + . . . . 
Also 

gr^ = 5 -j3(3p) + (2) 3.821., f — 5 1 3(32) + (1) 3(321, + (l^) 3(32i.,[, 
fl^« = — 1 2 ] 3(321, + (1) 3(321*) [ , 
3^7 = 219(321.), 

in correspondence respectively with 

«8 = — 12asa2ai +...., 
^7 = — 21a3a2ai + . . . . 

Any of these results may be easily verified. Thus from the first memoir 

(7)= _^(321-) +...., 

and since ^^^(7) = + 7, 

it is obvious that g^ and — 213(331., are equivalent operations. 

191. The formation of these operators is seen to be particularly simple in 
the case of a separable partition composed merely of positive (non-zero) inte- 
gers. They are written down at once from the expression of Vandermonde for 
the sums of the powers of the quantities in terms of the elementary (that is, 
unitary) symmetric functions. 

Let us now consider a separable partition which contains as well zero and 
negative integers. 
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For example, the partition 

(210»T) 
of weight 2. 

We must now consider the expressions of the sums of the powers in terms 

of the arguments 

•^0> -^If '^— 1> -^Sj -^— 2» • • • • J 

merely retaining necessary terms of the infinite expressions 
^— 1 ^ u4_ I — AqA_ I + AqA_i +...., 

^0 ^ -"0 — 2 -"0 •"1-^—11 2-a.i-a.o-a._^i — oAiAqA^i'T' • • • • , 

•^1 ^^ Ai — AiAfjf'^- AiAq A^A^ i-j" ^A^AqA^i oA2AqA^i~y' . • • . , 
fig — — — ^ ^uoLg "i ^A^Aq'^^' ZA^Aq"^-^ ^A^A^A.^i'y' 1 JiA^A-]^AqA^,-^''~~ Ja^iAj^A'^AqA^.'^'j' • . • , 
^3 — *""" ti-cljuaLj i" bu3L2-^i-^o~~~*' 2"^! "i • • • • 

• 

192. Hence the following expressions for 

9-iy 9o^ gu g%j 9si 

g_[= {3,1, + (0) 8(01, + (1) 3(11, + (2) a,,!, + (0*) 3(0.1, + (10) aaoi, + (20)a,2„i, 

+ (2l)a,ai, + (210)a,„oi, + (20»)a„o.i)+(10'')aaoq) + (210«)a„,o.r,} 

- ]a(oi, + (0) 3(0,1, + (1) a,ioi, + (2) 3(201, + (10) 3(10.1, + (20) 3(«,.i, 

+ (21)3(aoi, + (210)3,„o.i,} 

+ {a,o.i) +(1)3,10.1, + (2) a(«)«i) + (21) a^sjo.^,}; 

go = 3,0, + ( 2)_3,«„ + ( 1) 3(10, + (0) 3(0.) + ( 1) 3,01, + ( 21 ) 3,„o, _ 

+ (01) 3(0,1) + (10) a_,,o,) + (20) 3,,,^, + (11) 3,„r, j- (21) 3(,„i, 

+ (210) 3(ao,) + (21 1) 3(2^01, + (201) 3«o,i, + (lOl) 3(,o,i) + (2101) 3,ao.i, 

- i]a(o,, + (1)^3(10,) + (2) 3_,s„., + (1) 3,o,r,_+ (21) 3(„„, 

+ (21) 3„o,i) + (11) 3,10.1, + (211) 3(„o,i) } 

- {3(11) + (0) 9(101, + (0») 3(io,r, + (2) 3(3,1) + (20) 3,2101) + (20') 3«io.i, } 

+ 2 ] 3(101,+ (0) 3,10.1) + (2) 3(8100 + (20) 3,„o.i, } 
— 3 { 3,io,j)+ ( 2) 3(210.1) } ; 
flr, = 3(1, + (0) 3(10) + (T) 3(11) + (2) 3(,i)_+ (0') 3(0,1, + (OT) 3(101, +^2l) 3bit, 

+ (20) 3(210) + (01) 3,10.1,+ (201) 3„ior,+ (20') 3(,io,, + (20«1) d^^j^ 

- \ 3ao) + (1) 3,101) + (0) 3(10,) + (2) 3,210) + (01) 3„o,i, + (21) 3„ioi, 

+ (20) 3(210.) + (201) 3(210,1, ^_ 

+ 1 3(10,) + (1) 3(10.1, + (2) 3(210.) + (21) 3,210.1, } 

- { 3,21) + (0) 3,201, + (1) 3,2,1, + (0*) 3,20.1, + (10) 3(2101, + (10*) 3,210.1, } 

+ 2 j 3,201)+ (0) 3,20,1, + (1) 3,2101, + (10) 3(210,1, } 

— 3 ] 3,20.1)+ (1) 3(210.1) f ; 
30 
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g^ = -2\ d,^^+ (T) a^,!, + (0) a(,o) + (1) 9(2i)_+ (01) 3(201) + (0*) V) 

+ (11) a^,n) + (10) 9(210) + (0*1) a«oai) + (101) 3(2101) 
+ (10') a(«io») + (10*1) 9(210.1) I 

+ 2 { 3(20)+ (l)_9(2oi) + (0) 9(20.) + (1) 3(2io)_+ (01) d,^n) 

+ (11) 3(2101) + (10) 3(210.) + (101) 3(,io.I) } 

— 2 ] 3(2o«)+ (l) 3(20^) + (1) 3(210") + (11) 3(210.1) } 

— 4 ] 3(211)+ (0) 3(2101) + (0*) 3(810.1) } 
+ 12 {3(2101, + (0)3(210.1,} 

— 243(2io«i, > 

g^=-Z\ 3(21)+ (1) 3(211, + (0) 3(210) + (oT)_3(2ioi) + (0«) 3(2io.) + (0^) 3(2io.d } 

+ 6 { 3(210) + (_!) 3(2101) + (0) 3(210.) + (01) 3(210.1, } 
9 \ 3(210.)+ ( 1 ) 3(210.1, } • 

103. These operations appear to be somewhat complicated, but it will be 
seen subsequently that for practical use they may in general be broken up into 
effective fragments. Their application to calculations in the separation theory 
must be reserved for a future occasion ; I hope then also to bring forward a new 
theorem of distribution of an extended character and to apply the method of 
this memoir to its analytical solution. 

The main result was communicated by me verbally to the London Mathe- 
matical Society at its February meeting. 

Woolwich, England, April 24, 1889. 



Remarque au sujet du theorbme d^Euclide sur IHnfinite 

du nombre des nombrea premiers. 

Par M. Joseph Pbrott h Gra-Thumiac (Morbihan). 



{Suite.) 
11. 

Soit u un nombre non superieur ^ d, nous designerons le groupe form6 par 
Tensemble des solutions de P^galit^ 

X'- = 1 (gr. B.) 

SOUS le nora de sous-groupe principal de rang i^ de B^. II est clair que ce sous- 
groupe est identique a H^ . Les groupes 

porteront le nom de sous-groupes caraderiatiques de H*- Quant aux nombres 

nous les designerons sous le nom de nombres caracteristiques de H^ . 

Nous avons vu qu'il est toujours possible de trouver un systSme de wij 

tels que I'expression 

a'^a^* .... a**i (oii ajjfc = 0, 1 , 2 . . . . Vj, — 1) 

soit susceptible de repr&enter tons les Elements du groupe B* et chacun une seule 
fois. Un tel systSme d'elements 

portera le nom de systhne de bases du groupe S* et chaque element tel que a^ 
sera dit une des bases du systSme. Le nombre des bases d'un tel systfeme est 
d ailleurs constant et egal a mi. En vertu de cette propriete nous dirons que le 
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groupe Ha ©st nti-hase ou a nii bases. Si mj ]> 1 , on dira que le groupe H^ est 
polyhase par opposition au cas ou twi = 1 et dans quel cas le groupe H^ est dit 
monohase. On voit done que tout groupe E^ qui n'est pas monobase est polybase. 
Nous avons montr6 encore que, d'une maniere generale, si I'expression telle que 

ou 6i, i,, . . . . 6„ designent des Elements du groupe E^, est susceptible de repre- 
senter tons les Elements du groupe Ha, on aura 

Ranger les sous-groupes monobases d'ordre s du groupe H^ en classes suivant 
leurs portees respectives en les faisant 6maner du groupe-unite, puis en faire 
6maner les sous-groupes monobases d'ordre s^ ranges suivant leurs port6es respec- 
tives, etc. (comme nous Tavons fait au §8), sera dit ranger (to array, aufstellen) 
le dit groupe H^. 

Soit A un sous-groupe de Be et u son rang par rapport au nombre premier 
Sj le groupe sera identique au groupe forme par Tensemble des solutions de 
regalit6 0/^=1 {gr. A) 

et par suite tout a fait analogue au groupe H^. 

D'une maniere generale, soit 4) un groupe eulerien, t un nombre premier et 
w im nombre entier quelconques, le groupe B form6 par Tensemble des solu- 
tions de r6galit6 x^=l (gr. 4)) 

sera tout a fait analogue au groupe B^. En effet, soit tl/ le rang du groupe 4> par 
rapport au nombre premier t. Si '4^ = 0, le groupe B est identique au groupe- 
unite. Si t(?>'4^ le groupe B est identique h Tensemble des solutions de Pegalit^ 

x^=l (gr. 4)) . 

Enfin, &i w<i4^\e groupe B est identique a Tensemble des solutions de T^galit^ 

x'-^l (gv.B). 

Done dans tons les cas le groupe B est analogue au groupe Ha, si Ton convient 
de considerer le groupe-unite comme appartenant a la categoric des groupes Ha- 

On aura alors toujours 

Ho = 1 (gr. fl) . 
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12. 
Passons maintenant a la resolution de r6galit6 

AX=B (gr.H,) 

oh A et B designent deux sous-groupes donn6s de B$ et X un sous-groupe 
cherche. Nous commencerons d'ailleurs par le cas particulier ou 

c. rird. nous nous occuperons de la resolution de l'6galit6 

AX=U, (gr. E,). 

Si Ton decompose J. et Xen un produit de groupes simples, l'egalit6 J)r6c6dente 
donnera une decomposition de Be en un produit de groupes simples. La decom- 
position de A ne doit done contenir aucun groupe simple qui ne puisse figurer 
dans une decomposition de B$. Cela revient a dire que tout groupe simple M 
d'ordre s, qui est sous-groupe tant de A que de B$ doit etre de la meme port6e 
dans ces deux groupes. 

Je me propose de faire voir que la condition prScedente qui est n6cessaire 

pour que Pegalite aX= Be .(gr. H^) 

soit resoluble, est aussi sufBsante. 

Soit u le rang du groupe A par rapport au nombre premier Sj 

^1 » ^i , • . • . Vu 

ses groupes caract6ristique8 et 

/111 7221 * ' * • ^« 

ses nombres caracteristiques. II est clair que 4>jfe, oh k<Uf est un sous-groupe 
de ffj,] je dis que tout 616ment de 4>k qui ne fait pas partie de ^uj^i* ^^ p^ut faire 
partie de ffk^i non plus. 

En effet, si un element b faisait partie de 4>fc et de fii+i sans faire partie de 
4>i:+i, le groupe B form6 par les Elements 

1, b, b\ V"^ 

* Pour Xf = ti, le groupe 4jk-f-i est suppose identique au groupe-unit6 ; et de mdme jETo-f-i est suppose 
identique au groupe -unite. 
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serait de portee «* dans le groupe A et d'une port6e non inferieure a 5*"*'^ dans le 
groupe Ha, contrairement a la supposition. L'in verse est aussi vraie, c. k-d, si 
tout Element de <I>jt (pour toute valeur de Jc depuis 1 jusqu'a u) qui ne fait pas 
partie de ^k+i ^^ f^i* P^s partie de ffk-^i °^^ ]plu8, tout sous-groupe simple 
d'ordre s de A et de Be est de la meme portee dans les deux groupes. En efifet, 
toute base b d'un tel sous-groupe simple B fera partie de groupes tels que 4>i et 
Bi sans faire partie de ^i^i ni de 5^4.1 ; le groupe B sera done de la portee «' 
dans les deux groupes. 

Designons par Ai le sous-groupe principal de rang 1 du groupe A , on aura 

Cela 6tant ainsi, il y aura trois cas k considerer 

1). u<d', 

2). u= 6, mais 4>a different de 5i; 

3). 4>,= 5,. 

Dans le premier cas, soit B'^ un groupe monobase d'ordre «* et B' son emet- 
tant d'ordre s, je dis que le groupe B' n'aura de commun avec le groupe Ai que 
Felement-unite. En effet, si les groupes Ai et B' avaient en commun un 616ment 
b different de Telement-unite, cet Element b ferait n6cessairement partie de H^ et 
de 4>ik par exemple ou k<u, sans faire partie de 4>4^.i. Le groupe B' serait 
done de la portee ^ oh k<id dans A et de la portee s^ dans He contrairement k 
la supposition. 

Je pose done A' = AB'^f 

le groupe J.' sera de rang 6. Soient 

ses groupes caract6ristiques, on aura 

pour u<k<d et 4)i = 4)kfi' 

pour k<u. 

Je dis que tout Element c qui fait partie d'un groupe caract6ristique de A' 
tel que ^t, sans faire partie de ^t+i, fera bien partie de Hj,, mais non de -Si+i. 
PourA: = 0, ona ^^^^-^^^^—^ 

et pour 0>yfc>ii ^'j^=z^l^^ 
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de sorte qu'il suffit de consid6rer le cas oii A;<t^. L'616ment c peut s'obtenir par 
la composition d'un 616ment 6 du groupe B' avec un 616ment d du groupe ^^ ne 
faisant pas partie de ^kJ^i ^t par suite de JT^+i non plus. Comme r616ment b 
fait partie du groupe fii+i, il est clair que Pel^ment c n'en fera pas partie. 

2™® cas. Dans ce cas soit b un Element du groupe H^ ne faisant pas partie 
de <I>^, le groupe monobase B' auquel b sert de base n'aura de coramun avec le 

groupe ^0 que r61ement-unit6. Soit B* un 6manant* d'ordre s^ du groupe J5'; 
je dis d'abord que B* n'aura de commun avec le groupe Ai que Telement-unite. 
En efifet, si B' et Ai avaient en commun un 616ment difierent de rel6ment-unit6, 
le groupe B' serait un sous-groupe de J.^. Le groupe B' ferait done partie d'un 
groupe tel que ^kOh k<id sans faire partie du groupe 4>fc+i; il serait done de 
la port6e «* dans le groupe A et de la portee s^ dans le groupe B$ contrairement 
h la supposition. Cela 6tant ainsi, posons 

A' = AB'' 
et soient O/, <[>^, . . . • O^ 

les groupes caract6ristiques de A^. On aura 

pour toutes les valours de k depuis 1 jusqu'^ 6. Je dis maintenant que tout 
616ment c qui fait partie de <I>i sans faire partie de <I>jk4.i ne peut faire partie de 
J3ik+i Don plus. En efifet, T^lement c peut s'obtenir par la composition d'un 
616ment b du groupe B* avec un element d du groupe <I>fc ne faisant pas partie de 
^*+i« Or r^lement 6 fait partie du groupe -Si+i tandis que Fel^ment d n'on 
fait pas partie, I'^lement c=ibd n'en fait done pas partie non plus. Le groupe -4' 
est done analogue au groupe A en ce que tout sous-groupe monobase d'ordre a 
des groupes J.' et H^ est de la meme portee dans les deux groupes. 

3"* cas. On a <I>t = fii 

pour toutes les valours de k depuis jusqu'i Z, oii Z<C 6. Si Z= 1, les groupes 
A et Htf sont de meme ordre et par suite identiques. Supposons done Z> 1. 
Soit b un element du groupe 5j_i ne faisant pas partie de 4>|_xi J^s Elements 

1, i, b\ b'-^ 

formeront un groupe & qui fera partie de -fll_i, mais pas de <I>/_i. Je dis que les 
groupes Ai et B' n'ont de commun que Pelement-unite. En efifet, si les groupes 
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J.1 et ^ avaient en commun un element c appartenant k I'exposant Sj tout le 
groupe B' ferait partie d'lm groupe tel que 4)^ oii m <C ? — 1 sans faire partie de 
Ow+i et le groupe B' serait de la portee «"* dans le groupe A et de la portee ^^^ 
dans le groupe H^, con trairement S. la supposition. Soit B^"^ un 6manant d'ordre 

^^^ du groupe B\ je pose 

Af = AB'"'" 

et je designe par 4>i, <I>i , . . . . 4>i 

les groupes caract6ristiques de J.'. On aura 6videmment 

pour e>k>let ^lt = ^,B' 

• 

pour k<iL II est clair que tout Element d'un groupe tel que <I>i_i qui ne fait 
pas partie de 4>i, ne pent faire partie de H^ non plus tant que h'^l. Si A; = Z 
soit c un Element du groupe 4>i_i ne faisant pas partie de <l)Jt. Get Element 
s'obtient par la composition d'un element h du groupe B' avec un 616ment d du 
groupe <l>jk_i. Si 6 = 1, c est un Element du groupe <I>jfc-_i ne faisant pas partie 
de <l)fc et par suite de H^ non plus. Si h est different de 1 , Telement c ne fait pas 
partie de <I>jfe-i et par suite de 4>jfe = Hj, non plus. Soit maintenant k<il, r616- 
ment c s'obtient alors par la composition d'un Element b du groupe B' avec un 
616ment d du groupe <l>fc_i ne faisant pas partie de <1)|. et de fi^ non plus. . L'el6- 
ment b fait partie du groupe Hj, tandis que Telement d n'en fait pas partie ; il en 
r^sulte que r616ment c=^bd n'en fait pas partie. On voit que toutes les fois 
que A est un groupe different de Be et tel que tout sous-groupe monobase d'ordre 
8 de A et de He est de la meme portee dans les deux groupes, on pent multiplier 
le dit groupe A par un groupe monobase de maniSre k obtenir un groupe J.' 
jouissant encore de la meme propriete que tout sous-groupe monobase d'ordre e 
des groupes A' et Be est de la meme port6e dans ces deux groupes. Comme cela 
ne pent aller h I'infini, il est clair qu'apr^s une ou plusieurs transformations, on 
finira par obtenir le groupe H^. Le produit de tons les groupes monobases par 
lesquels on aura multipli6 A et les groupes transform6s, donnera une solution de 
l'egalit6 AX = Be (gr.E,). 

Un groupe A pour lequel une telle egalit6 est possible portera le nom de diviseur 
de Hff. Le produit de -4 et X donnant E«, cbacun des groupes A et X portera 
le nom de facteur complementaire de I'autre (par rapport au produit H«). 
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Passons maintenant k la determination du nombre des solutions de l'6galit6 

AX=B9 (gr. E«). 

Soit t; le rang d^une solution X de TegalitS 

AX = Bo (gr. Bo) 
et ri, r^f • . ' • r^ 

ses nombres caractSristiques. Si u est inf^rieur k6, je poserai 

71^ = 0, 

pour u<C,k<d et de meme si t; <C 0, je poserai 

rj, = o 

pour v^k<d. Cela 6tant ainsi, on aura 6videmment 

w, + r, = m2, 



w^ + r^ = ^tf . 
On voit que les nombres 

rj, r,, . . . . r^ 

sont indSpendants de la solution X qu'on a choisie pour les determiner et meme 
qu'il est facile de les determiner sans connaitre aucune solution de r6galite 

AX = Be (gr. B«) . 
Je pose en outre ^$+i = w^+i = ^«+i = Oj 

les differences m^^ — f^u^ij 

oillO<CAj<Cd+l,ne seront jamais negatives. On aura d'ailleurs 

wi|k — nii^i = (W|k — w^n-i) + (rfc — n+i). 

Designons par Xi le sous-groupe principal de rang 1 d'une solution X, on aura 
evidemment a^X, = Bi (gr. B,) • 

Nous diroDS qu'une telle solution Xi de l'Sgalit6 

AiZi =: Bi (gr. H,) 
31 
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correspond h la solution X de T^galitS 

AX=B0 (gr.Be). 

On voit qu^a toute solution X de Tegalit^ 

AX -Be (gV.Be) 

correspond une solution bien detennin6e de r6galit6 

Nous dirons inversement que la solution X de Tegalit^ 

AX=B9 (gr. H(,) 

correspond a la solution Xi de Pegalit^ 

A,X^ = Hi (gr. Be) . 

La condition n6cessaire et sufEsante pour qu^il existe une solution X de r6galit6 

AX=Be (gr. Ei,) 
correspondant h une solution donn6e Xi de r6galit6 

AX, = Bi (gr. E.) 

consiste en ce que Xi doit etre decomposable en un produit de groupes mono- 
bases renfermant Tu — rjc^i groupes monobases de portee s* pour toute valeur de 
k depuis 1 jusqu'S, d. Une telle solution X, de Pegalit^ 

AiXi = El (gr. E,) 

portera le nom de solution convenable de r6galit6 

^1X1 = El (gr. Sa). 

Une decomposition {Xi) d'une solution convenable X, renfermant Sj, — ^^^.i 
groupes de portee ** sera n6cessairement convenable par rapport a un certain 
groupe X auquel X, servira de sous-groupe principal de rang 1 ; nous d6signe- 
rons une telle decomposition (X,) d'une solution convenable X, de TegalitS 

AXi = El (gr. Be) 

sous le nom de d^omposition convenable, 

Cherchons maintenant le nombre de toutes les decompositions convenables 
de toutes les solutions convenables de r6galite 

^iZi = Ei (gr. E,). 
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Soient (^i) une decomposition coavenable de Ai par rapport au groupe A et {Xi) 
une decomposition convenable d'une solution convenable do T^galite 

AiXi = Hi (gr. Be) 
on aura 6videmment 

(A)(XO = (HO 

oil (Hi) est une decomposition convenable de Hi par rapport au groupe Ha- Nous 
voulons exprimer par Tegalite precedente qu'en prenant tous les facteurs de {A^ 
et tous les facteurs de (Xi) on aura tous les facteurs de (Hi). Si Ton remplace 
(Ai) par une autre decomposition [ilj de Ai convenable par rapport au groupe 
A, on aura encore [^i](Xi) = [EJ 

ou [Hi] designe une decomposition de Hi convenable par rapport au groupe H^ . 
La nouvelle 6galite doit etre d'ailleurs entendue dans le meme sens que la prece- 
dente. Ce fait est indiquS par la suppression de la parenth^se (gr. E«). On 
pent done obtenir toutes les decompositions convenables de toutes les solutions 

convenables de I'egalite 

^iZi = Bi (gr- Ha) 

par la consideration d'une egalite telle que 

OU (Ai) designe une certaine decomposition convenable de Ai par rapport au 
groupe A. Etant donnee une decomposition convenable (Ai) de Ai (par rapport 
a A) , pour parfaire une decomposition convenable de Hi (par rapport k H*) , il 
faut ajouter, en general, r^t — r^^i groupes monobases d'ordre «*. Le produit 
explicite des groupes monobases qu'on aura ajoutes donnera une decomposition 
convenable d'une certaine solution convenable Xi de Tegalite 

AXi = Hi (gr. Ho) 

et il est clair que toutes les decompositions convenables de toutes les solutions 

convenables de I'egalite 

AXi = Hi (gr. Ha) 

peuvent s'obtenir de cette maniSre. II s'onsuit que le nombre de toutes les 
decompositions convenables de toutes les solutions convenables de Tegalite 

AXi = Hi (gr. Ha) 
est egal a «"** — «** "^ ''* ♦^ «*** — ^'•a "*"'** +i + ^ ^"** — ^**- 1 
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oii, toutes les fois que r^ est 6gal ^ r^^.!, il faut remplacer le facteur corre- 



8 — 1 8 — 1 8 — 1 

par I'unitS. Or le nombre dee decompositions convenables d'une solution con- 
venable de a^X^ = Si (gr. E J 

est 6gal a ^r, _ 1 ^^ _ ^ ^r, _ ^r,-l 

t— 41 •* • ^ • • • • ~ 

*j^* g— 1 g— 1 g— 1 

fc=i (r* — n+i)! 

oii, toutes les fois que Tt^=^rtJ^i il faut remplacer le facteur correspondant 



• • 



8 1 8 — 1 8 — 1 

par Tunite. Le quotient des deux nombres que nous venons d'obtenir, donnera 
le nombre des solutions convenables de 6galit6 

-4iZi=Bi (gr-E,). 

Si dans une decomposition convenable (Xi) d*une solution convenable Xi de 
l'^g*lit6 A,X, = Ex (gr. E,) 

on remplace chaque facteur par un de ses 6manants de Fordre maximum, on 
obtiendra une decomposition d'une solution X de r6galite 

AX= E* (gr. Ea) . 

En prenant la decomposition (Xi) de X^ comme point de depart, on pent obtenir 
toutes les decompositions correspondantes de X. Ces decompositions seront au 
nombre de *=» 

Or le nombre de toutes les decompositions des solutions de Uegalite 

AX=B, (gr.E,) 

qu'on pent obtenir en prenant {Xij comme point de depart est egal & 

k = B 
JJ ^(»»»-i + »»_« + . - • . »i — » -f IK*** — »'»+i)^ 

Le nombre des solutions de I'egalite 

AX=n, (gr.S.) 
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qui correspondent & une solution convenable de 

A,X, = Hi (gr- Ha) 
est done 6gal k 

JI ^(»»_i+«^_s+...."»i — A+lX^-J-A + i) 
ilc = 2 

II est clair, en efiet, qu'6tant donn^e une solution Xi de F^galit^ 

AiX^ = Hi (gr. Be) 

la decomposition convenable (Xi) de Xi qu'on prend pour point de depart est 
indiffiSrente — on obtiendra toujours les memes solutions de 

AX=Be (gr.Ha). 
Pour obtenir le nombre des solutions de T^galite 

AX = Ha (gr. Ha) 
11 suffit de multiplier le nombre des solutions convenables de T^galitS 

A,X, = Hx (gr. E,) 
par le nombre des solutions de l'^galit6 

AX = E» (gr. E,) 

qui correspondent k une solution convenable de l'6galit6 

AiZi = El (gr. E,) . 

L'6galit6 g6n6rale AX=B (gr. E.) 

pourra se traiter de la meme mani^re, car si B est de rang w par rapport au 
nombre premier s, le groupe B est identique a I'ensemble des solutions de 
I'egalit^ ar=l (gr. B) 

et par suite analogue en tout au groupe E« . 

13. 

Abordons maintenant P^galite bilineaire 

XY= E, (gr. E.) 
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o^ X et Y sont deux sous-groupes cberches. Soit v un nombre entier nou 8up6- 

V nombres eatisfaisant aux conditions 

Wfc+i<Wfc {k= 1,2, V— 1), 

< w^ < m^ 
nk — n,^^i<mj^— iw^^ + i (Aj= 1, 2, . . . , t?— 1). 

Posons Wfc = {k=iv + 1, V + 2j . . . . d+1) 

on aura n/^+i^^/c (^= 1,2,,... d), 

^fc — Wfc+iS'^fc^^fc+i (^'= li 2, 6)^ 

Les nombres r^ d^finis par les egalites 

'''k = ''^k — ^k (Aj = 1 , 2, . . . . d + 1) 
satisferont alors aux conditions 

* 

n-hiSrn (*= 1,2, (?) 

^fc— ^fc4-l = ^fc — ^fc + i (*= 1, 2, . . . . 0). 

Designons maintenant par '4^$ {nij^, n^) le nombre des solutions de Tegalit^ 

XY= 3e (gr. E,) 

ou X et Y admettent respectivement les n et les r comme nombres caracter- 
istiques. Soit (H^) une d6composition de Be en groupes simples, je prends dans 
cette decomposition n^ — n^+i facteurs d'ordre ^ (pour Aj= 1, 2, . . . . d) et je 
d6signe par (X) le produit explicite de tons ces facteurs, tandis que ( Y) d6signera 
le produit explicite de tons les autres facteurs de (H^) ; on aura alors 

iX){ T) = (H.) 

ce qui veut dire que (Ha) renfermera tons les facteurs de (X) et de ( Y) et n'en 
renfermera pas d'autres. Si Ton designe par X le produit implicite de tons les 
facteurs de {X) et par Fie produit implicite de tons les facteurs de (F), on aura 

bi®^ XY=3e (gr.E,). 

Pour chaque decomposition donnee (E^) de Be le nombre des egalites analogues h 

{X){Y) = {B,) 
sera egal a ''^* (ffl^— W fc+i) ! 
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Disons d'ailleurs une fois pour toutes que I'expression O! aura toujours la valeur 
I dans toutes nos formules. Dans le cas oii Ton a % = r;t (^ = l^i 2, . . . . d) ^ 

toute 6galit6 telle que 

(Z)(F) = (E.) 

correspondra une 6galit6 

(r)(X) = (3.). 

D6signons maintenant par r^ (m^) le nombre des decompositions de H^ en groupes 
simples et posons pour toute valeur de h sup6rieure a d, 

w* = 

et tk{mk) = 'te{rnj)) 

nous aurons 

La valeur de r^ {m^ que nous avons obtenue au §9 devient, aprfes quelques 
reductions 

k^$ 

*=i (««*-»*+! — l)(5"»-~*+i-i — 1) ...;(«— 1) 

On sait que Gauss a montr6 que chaque facteur du produit que nous venons 
d'ecrire est une fonction entiSre de a. Cherchons maintenant le nombre des 
diviseurs de 3$ admettant les nombres caracteristiques 

Soit A un tel diviseur et Ai son sous-groupe principal de rang 1 , une decompo- 
sition (Ai) de Ai convenable par rapport i A, contiendra n^ — n^^i groupes de 
port6e 8^. Inversement, si Ton forme un sous-groupe B^ de rang 1 susceptible 
d'une decomposition renfermant w^ — w^+i groupes simples de port^e 

«* (Aj=1, 2, d) 



d'oii 
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ay ant pour produit un groupe premier* k ^4.1 et que Ton remplace • chaque 
facteur d'une telle decomposition par un de ses 6manants de I'ordre le plus 61ey6 ; 
on obtiendra comme produit un diviseur B de H« admettant les nombres carac- 
t^ristiques ^^^ ^^ ^. 

Cela etant ainsi, le nombre de toutes les decompositions convenables des sous- 

groupes principaux Ai de rang 1 de tons les diviseurs ^ de H# admettant les 

nombres caracteristiques 

7^2, n^f . . . • n^ 

sera 6gal ^ 

Or le nombre des decompositions de Ai convenables par rapport a ^ , est ^gal h 

Le nombre des groupes ^^ sera done ^gal k 

Quant au nombre des diviseurs A ayant un Ai donne poor sous-groupe principal 
de rang 1 , il est ^gal k 

JJ g(^k-.i + Wf-iH- . . . . •»! —k + !)(«»—«* +0 

. fc=« 

IF^tf 

Si Ton designe par ^0{mi^, Uj^) le nombre des diviseurs A de H« admettant les 

nombres caract^ristiques 

fiif fifj • . . • fi0j 

*C. ik-d. que le dit produit et le groupe H^t-^i ^^ doivent avoir en commun que r616inent'Unit6* 
En vertu de cette condition qui doit avoir lieu pour toute valeur de k depuis 1 jusqu^i ^, le groupe B 
estun diviseur de H^. Inversement toute decomposition de B| convenable par rapport au diviseur B 
doit remplir cette condition. 



««r Vinfiniti du nombre des nombres premiers. 249 

on aura. par consequent 

fc=i 

!( = • ;ks=« 
* = */5**-** + i l\/s"**-** + i-l 1\ /^^-'•t + i + l 1\ 

De meme, si Ton designe par x^i'^^hf ^0 1® nombre des solutions de I'Sgalite 

AX=B, (gr. E,) 

oxi A est un diviseur donn6e de 3$ admettant les nombres caract^ristiques 
on aura, aprfes quelques reductions, 

i=l 

2 »*r» 

Yoici, en r^sum^, les valeurs de nos quatre fonctions arithm6tiques 

k=$ *=• 

'^' \ s-1 A 8-1 ;""U"=i; 

• *=• k=$ 
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Le Dombre des Bolutions de I'egalite 

X'Y=p.. (gr.E,) 

oft X^ est UD diviseur donne de H# admettant les nombres caract^ristiques 

^i> ^> . • . . w#, 
^tant ^gal h, j^^im^, n^), il est clair qu'on aura 

Cette relation se rSduit k une identite si I'on y substitue les valeurs de ^${fnt^ nj^), 
XBi^^kf ^k) 6t '4^0 {mjc, fik). Le nombre de toutes les solutions de I'egalitS 

-Xy = H# (gr. Ha) 

est exprim^ par la somme 

jE^0{mi,, Til,) 

qu'il faut ^tendre k tous les syst^mes de nombres caract6ristiques 

fl\ f Tl^ I • • • • 7l§ 

v6rifiant les conditions 

(w* — n;fc+i)<(iiik — fWit+i) (fc= 1, 2, 6). 

L'6galit6 bilin6aire XF = ^ (gr, S,) 

ou J. est un sous-groupe de H« est analogue en tout ^ Tegalit^ bilineaire 

XY= E, (gr. E,) 

qui a fait I'objet de ce paragraphe. 

14. 

Le groupe A 6tant un groupe eulerien quelconque, nous avons defini'le 
groupe B0 comme Fensemble des solutions de l'^galit6 

a^=l (gr.n) 

oii 6 est le rang du groupe A par rapport k im nombre premier donn6 s. Tout 
groupe eul6rien qui pent etre obtenu d'une mani^re analogue sera d6sign6 provi- 
soirement sous le nom de groupe B$. Un groupe B$ est dit monotiteC^he ou pdy^ 
atSliche suivant que le nombre de ses sous-groupes d'ordre a est 6gal ou sup6rieur 
^ Tunitfi. Quand nous voudrons pr^ciser d'avantage, nous dirons qu'un groupe 

U$ pBt — steUche. On voit que pour qu'un groupe Be soit monostel^he il 



8ur rinfinit6 du nombre des nombres premiers. 251 

faut et il suffit qu'on ait 

Wx = 1 

de sorte que tout groupe B« monostelfeche est monobase et iuversement. Un 
groupe H« tel que tout sous-groupe monobase de ce groupe, sauf le groupe-unit6, 
n'a qu'un seul et unique 6manant de tout ordre non superieur h sa portee, est dit 
adone. Pour qu'un groupe E^ soit aclone il faut et il suffit qu'on ait 

1) soit 0=1, et dans ce cas tout sous-groupe monobase de H«, sauf le 
groupe-unite, n'aura qu'un seul et unique 6manant ; 

2) soit, quand d > 1 , 

Wi = 1 

de sorte que le groupe sera monobase. 

Les groupes E« aclones peuvent done etre partag6s en deux classes. 

1) Les groupes aclones polystelfeches. Ce seront tous les groupes H* de rang 
1 , sauf le groupe d'ordre s. 

2). Les groupes aclones monostel5ches qui comprennent tous les groupes E« 
monobases et inversement tout groupe H« monobase est un groupe aclone mono- 
stel&che. Comme le nombre des solutions de r6galit6 

7f = 1 (gr. E,) 

est egal ^ $*"', il est clair que cette 6galitc n'admet que s solutions dans le cas o^ 
le groupe Ea est monobase et inversement si cette egalit6 n'admet que s solutions 
le groupe E« est monobase. Les groupes de rang 1 ont et6 6tudies h, part dans 
le §7. 

Tout groupe E^ tel que tous ses sous-groupes monobases sont d'une memo 
port6e, est dit isoclone. II est clair que la portee en question ne pent etre que «*. 
Pour qu'un groupe Ea soit isoclone, il faut et il suffit qu'on ait 

fill ^^ ^2 =••••= fTlg. 

Comme cas particuliers de groupes Be isoclones, on a pour 0=1 tous les groupes 
Ea de rang 1 et pour m^ = 1 tous les groupes E^ monobases. On pent pousser 
jusqu'au bout la theorie des groupes isoclones avant d'aborder celle des groupes 
Ea quelconques. Nous verrons bientot que tout groupe Ea est decomposable en 
un produit de groupes isoclones de rangs difFerents. Une telle decomposition 
correspond a la decomposition d'un nombre entier en un produit de puissances 
de nombre premier premieres entre elles tandis que la decomposition en groupes 
simples correspond a la decomposition d'un nombre en un produit de nombres 
premiers. II faut bien se garder de confondre ces deux decompositions bien 
distinctes. 
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15. 

Si le groupe A contient tons leg elements du groupe B, on dit que le groupe 
A est un surgroupe du groupe B et que le groupe ^ est un sous-groupe du 
groupe A. Si ^ est un surgroupe Ae B el B est un surgroupe de C, le groupe 
A est un surgroupe de C et de meme pour un nombre quelconque de groupes 
A, B, Of D, E, etc. Si le groupe A est un sous-groupe de B et B est un sous- 
groupe de C, le groupe A est un sous-groupe de C et de meme pour un nombre 
quelconque de groupes. Si C est un sous-groupe tant de A que de ^^ on dit 
que C est un sous-groupe commun de A et B. L'ensemble de tons les Elements 
que A et B ont en commun forment un groupe Z). En efTet, deux elements 
quelconques a et & de cet ensemble donnent par la composition Telement ab qui 
fait partie tant de A que de B et par suite de D. Tout sous-groupe commun 
C de A et B est un sous-groupe de D qui pent pour cette raison recevoir le 
nom du plus grand^ commun sous-groupe de A et B. Deux groupes A et B 
dont le plus grand commun sous-groupe est le groupe-unit6 sont dits premiers 
eritre eux. On peut aussi dire que A est premier a j8 ou que B est premier a A. 
Inversement tout sous-groupe de D est un sous-groupe commun de A et B. De 
meme les Elements que trois groupes quelconques A, B et C ont en commun 
fonnent un groupe D et tout groupe F qui est un sous-groupe de -4, B et G 
en meme temps est un sous-groupe de D. Un groupe tel que -Fporte le nom 
de sous-groupe commun de A, B et C. Le groupe D est le plus grand commun 
sous-groupe de A, B et C, Inversement tout sous-groupe de D est un sous- 
groupe commun de A, B et C. On 6tendra sans peine ces considerations k un 
nombre quelconque de groupes. 

Si les groupes A et B sont tous les deux sous-groupes d'un groupe (7, le 
groupe (7 est dit surgroupe commun de -4 et -B. Le groupe C devra naturelle- 
ment contenir tous les elements qu'on peut obtenir en composant (gr. G) un 
616ment du groupe A avec un element du groupe B. L'ensemble de tousles 
616ments du groupe C qu'on peut obtenir en composant (gr. G) un 616ment de 
groupe A avec un element du groupe B formeront un groupe S qui sera un sous- 
groupe de G et un surgroupe commun de A et B. Tout sous-groupe de G et 
surgroupe commun de -4 et -B est un surgroupe de S. Le groupe S est done dit 
le plus 2^^^^^ <^ommun surgroujm dc A et B (dans le groupe G). On deflnira de la 



* Ad jectif |HJUt propru que uouh gardotis pour ue pas introduire trop de ueologismes. 
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meme maniiire un surgroupe commun R d'un nombre quelconque de groiipes 
Ay B, C, D, Eyle plus petit commun surgroupe S des groupes A, B, C, D, E 
(dans le groupe R) et Von fera voir que tout sous-groupe H de R qui est un sur- 
groupe de A, B, G, D et E est un surgroupe de S. Inversement tout sous- 
groupe de R et surgroupe de S est un surgroupe -4, i?, C, D et E. 

SiPegalite AX=B (gr. E.) 

est r6soluble, on dit que A est un diviseur de B et que B est un multiple de A. 
II est clair que tant A que X seront des sous-groupes de B. 

Si les 6galit6s AX= B (gr. H^) , 

AY=G (gr. E.) 

sont resolubles toutes les deux, on dit que A est un diviseur commun de B et C. 

De meme, si les 6galit6s 

BX=A (gr. A) 

CY= A (gr. A) 
sont resolubles toutes les deux, on dit que A est un multiple commun de B et G. 

16. 

Tout groupe E« monobase 6tant simple, il est clair qu'il n^admettra comme 
diviseurs que lui-meme et le groupe-unite. 

Tout sous-groupe B d'un groupe A de rang 1 est un diviseur de A. En 
efFet, si le groupe B est identique au groupe A ou au groupe-unit6, on pent 
considerer B comme un diviseur de ^, Si -B n'est identique ni au groupe-unit6 
ni au groupe -4, soit Cj un element du groupe A ne faisant pas partie de B, les 
elements ^ ^ ^«-i 

1 > ^2 J • • • • ^1 

ne feront pas partie de B non plus et par suite le groupe Gi forme par les elements 

sera premier a -B et le groupe BGi sera un sous-groupe de A. Si BGi est iden- 
tique a A, on aura bG^ = A (gr. A) 

si non soit Cg un element de A ne faisant pas partie de -BCi, r61ement Cg servira 
de base a un groupe Go qui sera premier vl BGi et le groupe BGiG^ sera encore 
un sous-groupe de A. Si le groupe BGiG^ est identique a -4, on aura 

BG,G, = A (gr. 4) 
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si uon soit c^ un element de A ne faisant pas partie de BCiG^, etc. En continu- 
ant de la meme mani^re on parviendra k une 6galite telle que 

BCiGi C\ = A (gr. A) 

d'oii en posant CiC, . . . • (7« = C (gr. -4), 

BC=A (gr.A) 

ce qui prouve bien que B est un diviseur de -4. Le produit de deux diviseurs 
d^un groupe de rang 1 sera un sous-groupe et par consequent un diviseur de ce 
groupe. De meme, tout surgroupe de rang 1 d'un groupe de rang 1 est un 
multiple de ce dernier groupe. 

Le plus petit commun surgroupe C de deux groupes -4 et 5 de rang 1 est 
necessairement un groupe de rang 1, car le produit de deux 616ments appartenant 
a Texposant 1 ou s est un Element appartenant a I'exposant 1 ou «. Le groupe 
C sera done un multiple commun de A et B. Soient s^, «", «• les ordres des groupes 
Ay B, G et 8"^ Tordre du plus grand commun sous-groupe 2? de -4 et 5, je dis 
qu'on aura t'\'U = v + w. 

En efFet, posons DDi = A (gr. A) , 

DD, = B (gr. 5); 

toute multiple de rang 1 de -4 et -B sera un multiple de DD^ et Z), ®t inversement, 

car tout surgroupe de rang 1 des groupes DD^ et />, q^i ^^^^ premiers entre eux, 

sera un surgroupe et par suite un multiple de DD^D^ et a plus forte raison de 

DD^ . On aura done 

DA A = G (gr. G) 

et par consequent < + w = v + ^• 

Tout diviseur D d'un groupe isoclone A de rang Q est un groupe isoclone de rang 
Q et inversement tout sous-groupe isoclone de rang d de J. est un diviseur de ce 
dernier groupe. En eCFet, si le diviseur D n'etait pas isoclone ou s'il 6tait d'un 
rang inferieur h,Q/\\ renfermerait un groupe monobase d'une portee inferieure h, 
8* et par consequent il ne pourrait etre un diviseur de J.. Pour demontrer la 
seconde partie de la proposition, designons par Ai et A les sous-groupes princi- 
paux de rang 1 de -4 et 2) et posons 

D,B, = A, {gv.A). 
On aura DB = A (gr. A) , 

ou B est un sous-groupe isoclone de rang Q adinettant B^ comme sous-groupe 
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principal de rang 1 . Le produit de deux diviseurs d'un groupe isoclone A de 
rang 6 est un sous-groupe isoclone de rang d et par suite un diviseur de A. 

Le rang 6^ du plus petit commun surgroupe de deux sous-groupes de Be de 
rangs di et 6^ respectivement pent etre exprim6 par la formule 



d.= 



'8 






oh [-g^l ^st le plus grand entier contenu dans -^ et f-^-l le plus grand 



entier contenu dans 



17. 



Soient A et A deux sous-groupes quelconques de E^ et A leur plus petit 
commun surgroupe. Le groupe A sera n6cessairement un sous-groupe de E». 
D6signons par Z^, Z,, . . . . Ze 

les sous-groupes caract^ristiques et par 

fiij fif^j • • • • fi0 

les nombres caractSristiques de A. Dans le cas oil le groupe A est d'un rang u 
inf§rieur k 6, il faut poser 

Nous d6signerons d'une mani^re analogue par 

les groupes caract6ristiques et par 

les nombres caract6ristiques de A. Enfin soient A le plus grand commun sous- 
groupe de J. et -4, 

y\ y^ yt yt 

£j\y ZJ2i Z/3, . • • . ^0 

ses sous-groupes caract6ristiques et 

A* A' A* A* 

/l-l, 'C2) /C3y • • • • n^ 

ses nombres caract^ristiques. Soient, d'une mani^re g6n6rale, Zk,k-^i ^e plus 
grand commun sous-groupe de Z* et Zk^i, ZJ^^^'^^ le plus grand commun sous- 
groupe de Zfc et Z*'*"\ enfin Z*;*:f J le plus petit commun surgroupe de ^ZJ^a+i 
et Zfc*'*"*"^ Le groupe -Zik*;^^!^ sera un sous-groupe de Z*. D^signons par 

tJt.k-fl hk Jk*.»t* 
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les ordres des groupes 

Soient encore -ZJ^xJ-^* le plus grand commun sous-groupe de Zj^t-^i et -ZJ'*"*"^ et 
^it\:i son ordre, on aura la relation 

Je pose maintenant, pour abr6ger, 

qr'ak — ^k-ht,ki 

93k— 1 = ^fc'.fc+l* 

Cela 6tant ainsi, un groupe tel que <^t sera un sous-groupe de tout groupe <I>| oh 
Z<C Aj et surgroupe de tout groupe <I>/ oi Z> Aj. II est k peine besoin de faire 
observer que des groupes voisins tels que ^j, et 4>jk4.i peuvent etre identiques, 

Soit D im diviseur commun quelconque de ^ et -4 et 

^i> ^2> • • • • ^* 
ses groupes caract6ristiques. D6sigDons par D^ le plus grand commun sous- 
groupe de <I>jk et D et par «** son ordre, il est clair que Dj, sera un sous-groupe de 
Di quand l<^k. 

Le groupe ^j est identique k I'ensemble des solutions de I'^galit^ 

of = 1 (gr. A) 

et par suite Z>| est identique au groupe forme par I'ensemble des solutions de 
r6galit6 ^—i (gr, /)) 

on aura done A = 'Pi (gr, H^)- 

Tout groupe Vj, est un sous-groupe de D^^^. En eflet, Vjk est un sous-groupe 
de Zi et D et par suite de D^_^ . Je dis que de plus tout 616ment a qui fait partie 
de 'Pfc-i sans faire partie de 'Pt, fait partie de D^^^ sans faire partie de /)»-». 
En eflFet, un tel element a fait partie de Zu^\ et Z*""^ sans faire partie de 2du 
ni de Z^\ il fera done partie de ^zk-i sans faire partie de ^t^-t ^t par conse- 
quent il fera partie de D^^^ sans faire partie de D^_^. Cela 6tant ainsi, il est 

clair qu'on aura 

*.=A»-» (gr. Ha). 

* D^oil il r6sulte que D est un diviseur de A. 
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En effet, si Ic groupe D^u-% renfermait un 616ment h ne faisant pas partie de 9^^, 
cet el6ment ferait aussi partie de A= *i ^^ P^'' suite d'un groupe tel que ^i^i 
sans faire partie de ^i oii l<h. L'61ement h ferait done partie de Az-5 s^^ns 
faire partie de D^^^ et ne pourrait par consequent faire partie de Z?8fe-»« 

Decomposons maintenant le groupe A^-s ^^ groupes simples, puis achevons 
la decomposition de -Ds^^s ^^ commenpant par celle de 2?8«-»? P^is achevons la 
decomposition de A«-4 ®^ comraenpant par celle de A^-s ^t ainsi de suite jusqu'^ 
ce que D^ se trouve d6compose. Une telle decomposition de D^ sera dite con- 
venahle par rapport au diviseur D de Aet A. II est clair qu'elle sera aussi con- 
venable par rapport a D dans le sens que nous avons donne S, cette expression 
au §9. On aura d'ailleurs toujours 

car si le groupe D^^s renfermait un 61ement b ne faisant pas partie de D^jc^i, cet 
616ment servirait de base k un groupe B qui serait de rang s^"^ dans le groupe D 
et de rang ^ tant dans le groupe A que dans le groupe -4, ce qui est contraire k 
la supposition que D est un diviseur de -4 et .4. 

Designons par 7i le produit de tons les groupes simples qu'on a ajoutes a la 
decomposition de Z>fc+i afin d'achever celle de Df, et posons par extension 

Le groupe Tj, portera le nom de trongon (piece, Stiick) n"* h d'une decomposition 
du sous-groupe principal de rang 1 du diviseur Z) de ^ et -4. Tout tronpon dont 
le numero est divisible par 3 sera d'ailleurs identique au groupe-unite. En 

on aura une decomposition de D^ en tronpons. Je dis que tout tronpon n** ^k — 2 
sera premier au groupe ^%^i* En effet, tout element a du tronpon J^^, autre 
que reiement-unite, fait partie do D^^2 sa-^s faire partie de -Dst-i et par suite il 
fait partie de <I>8fc_8 sans faire partie de <I>3fc_i. 

Tout tronpon T^^i est premier tant au groupe -Zit%+i qu'au groupe Zi'^^'^K 
En effet, tout element a du tronpon T^^i autre que Teiement-unite, fait partie 
de i?sfc_3 et Z>3fc_8 sans faire partie de Dg^ ni de Afc + iJ il ^it done partie de 
Zk, Zjc et Z^ sans faire partie de Zj^^i ni de Z^"^^. II ne pent done faire partie 
ni de Z^^jc^i ni de Zl^'^'^\ ni h plus forte raison de Zi:^iii=i^^. Quant au 
tronpon T^ qui est identique au groupe-unite, on pent dire qu'il est premier 



* Pour ne pas ezcluse le cas oil A; = ^ , on peut ^aler ^sa— i ^^ groupe-unit6> 
33 
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au groupe ^u-^i* Cela etant ainsi, nous designerons sous le nom de tronpon de 
80fis*groupe^ de diviseur (de A et A) n^ 3k — 2 tout sous-groupe de ^V^s V^ 
est premier h 0»^i. Je designerai de meme sous le nom de tronj^n de sous- 
groupe de diviseur (de A et A) n^ 3& — 1 tout sous-groupe de Oj^-i qui est 
premier tant au groupe ^jj^^+i qu'au groupe Zi^^'^K Enfin je prendrai pour 
troDpon de sous-groupe de diviseur n^ Zk le groupe-unit6. 

Si Ton prend un tronpon de sous-groupe de diviseur n^ 1 , puis un tronpon de 
sous-groupe de diviseur n^ 2 et ainsi de suite, enfin un tronpon de sous-groupe de 
diviseur vP Zd — 2 , on aura un aysthne de tronpons de sous-groupe de diviseur. 
Nous avons vu que le sous-groupe principal de rang 1 de tout diviseur commun 
de J et J. est decomposable en im produit de tronpons de sous-groupe de diviseur 
formant systfeme. Je dis qu'inversement les ZB — 2 tronpons de tout systSme 

*ii 3^1 • • • • 3^_j 
peuvent etre r6unis en un produit 2)| qui servira de sous-groupe principal de 
rang 1 i un certain diviseur commun 3) de il et -4. En eflFet, le tronpon %u-% 
6tant un sous-groupe de <1>|*_8 sera premier ^ Sg^-s, le produit Ij^^jlj^., etant 
un sous-groupe de 4>j«-8 sera premier iL 2:3*_4, le produit ^^^it»-z%»^i^ 6tant 
un sous-groupe de 4>i*-.4 sera premier iL %2$^^ et ainsi de suite de sorte qu'on 
pent bien poser 

%^%t %20-2 = 3)i (gr. E«). 

En efiet, d^composons chaque tronpon J^ du systfeme en facteurs simples 

oii «^* est I'ordre du tronpon a:*. Tout groupe simple %{ d'une telle decomposition 
sera de la port6e s^ '« ^loh \_ T \ ^st le plus grand entier contenu dans j 

dans le groupe A. Si Ton rem place chaque groupe simple de la decomposition 
de chaque tronpon du syst&me par un de ses emanants de I'ordre maximum dans 
le groupe A, on obtient comme produit un certain sous-groupe 3) de J, qui 
aura 2)i pour sous-groupe principal de rang 1 . Soient 

les sous-groupes caract6ri8tiques de 35, on aura 

*I1 B^agit naturellement du sous-groupe principal de rang 1. 
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Tout groupe 2^ sera un sous-groupe de ^3k^% = Z^ et par suite de Zj, et Z^. Soit 
a un Element faisant partie de Xje sans faire partie de Sjc^i, on pent faire 

a = bcde (gr. A) 

ou b est un Element de 2*+!, c un 616ment de *3:^ c. a-d. Pel^ment-unitS, d un 
element de Xs^-i ^t ^ un element de %sk-2* L'element cde et par suite Telement 
de devra etre different de Telement-unite. L'element b fera toujours partie de Z^^ i 
et de Z*'*'^ Dans le cas oii e= 1 , Telement d fait partie de Zj^ sans faire partie de 
Z^ic+i ^^ de Zj(f'*+\ il ne pourra done faire partie ni de Zj,^i ni de Z^"^^. L'61e- 
ment a = 6d ne fera done partie ni de Zjc^\ ni de Z*+\ Si a est diflFerent de 1 , 
rel6ment bed fait partie de Zi;i^i tandis que e n'en fait pas partie tout en faisant 
partie de Z}!] Tfilement a^^bcde fait done partie de Z^ sans faire partie de Zj^^ti- 
A plus forte raison I'el^ment a ne fera partie ni de Z^ k+i ni de Z^^'^^ et par suite ni 
de Zjc^i ni de Z^'^\ Le groupe S) est done diviseur tant de A que de A. 

Nous dirons d'un tel diviseur S) qu'il correspond au dit systfeme de tronpons 

Plusieurs diviseurs peuvent correspondre au meme systfeme de tronpons. 

Soit D un diviseur commun quelconque de Aet A^ Df, le plus grand com- 
mun sous-groupe de D et O* et «** Tordre de 2)^, les groupes 

•^l» -^J> -^S) • • • • JJ^B — Z 

seront dits groupes g&neriqiies du diviseur D (de A et A) et les nombres 

• • • 

seront dits nombres generiqves du diviseur D (de 4 et J!). Si Ton designe par 

les nombres caract^ristiques de Z>, on aura la relation 

Soit «** Tordre d'un tronpon n** k du sous-groupe principal de rang 1 du diviseur 
A on aura e, = H-i,^,. 

Le nombre ej^ sera d'ailleurs toujours 6gal a zero et I'ordre du diviseur D sera 
6gal k k=9B-% [lij] 



n s'" 



6' 
fc = l 



Cette expression montre que si Ton veut obteuir un diviseur D (de A et A) de 
I'ordre maximum, disons un diviseur supreme (supreme, hochst) il faut porter au 
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maximum Tordre de chaque tronpon. Designons maintenant par ^* Fordre de 

tout troDcon 7]^ de Tordre maximum, et cherchoos la valeur de e^. Je dis d abord 

que si Ton n'a pas 

r»_,4>3k_, = 4>3t_2 (gr. 4>»_,) 

Fordre du tronfon T^^^ n'est pas maximum. En effet, si TegalitS precedente n^a 
pas lieu, soit b un element du groupe ^»^t ne faisant pas partie de 7^_s4^.i, 
les elements 6, i*, 6*, 6'"' 

ne feront pas partie de T^^i^^k-i- En effet, si un 616ment tel que V ou 0<^t<C^8 
faisait partie du groupe Ttt^t^^^i, il en serait de meme de tout element tel que 
b^> et par suite aussi de Telement b car on peut choisir ^ de mani^re k avoir 

6«« = b (gr. 4>»-,). 

Le groupe B forme par les elements 

1,6, 6^, b'-^ 

serait alors premier au groupe 7^_,<I>3k_i et Ton pourrait former le produit 
BT^^2^3k-i ^t par suite le groupe ^7ik_, serait un tronpon n*^ 3k — 2 d'un ordre 
superieur k celui du tronpon 7ifc-2* Pour tout tronpon 7ik_| de I'ordre maxi- 
mum on aura done 

r3k_,4>3fc^l = 4>34_, (gr. 4>3k-2) 

et par suite e^^^ = g^^^ — g^^i. 

Le nombre des tronpons 7^_2 ^^ Tordre maximum sera 6gal au nombre des 
solutions de Tegalite 

4>3k.iX = 4>8k_2 (gr. ^2k^i) 
c. a-d. i ^» -!'"-«. 

Pour un tronpon T^^i il y a deux cas k considerer. 
1^'cas. On a Kic+i^.^l''"^^^ 

Dans ce cas je dis qu'il faut qu'on ait 

En effet, le groupe ^^k-i etant le plus petit commun surgroupe de 7^3*-.i^*%+i et 
3^8Jk-l'^&'*'*'^ I'ordre du plus grand commun sous-groupe de ces deux demiers 
groupes sera 6gal k 

et par suite le groupe ^zk^i renfermera 
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Elements ne'faisant partie ni de 7ifc-i^*,*+i ^^ ^^ ^sk-i-^*'*"^^* Or soit b un tel 
Element, le groupe B auquel il sert de base sera premier tant a T^^iZJl^jc^i qu'a 
Tifc-i-^fc'*"^^ et par suite le groupe BT^jc^i sera un tronpon n^ Sk — 1 d'un ordre 
superieur k celui de T^^^i. II en resulte qu'on doit avoir 

^Sfc— 1 + %, fe + 1 ^ 99k — 1 

et par suite ^3*-i^fc.*4-i = *»-! (gr. <>3fc-i). 

2™* cas. On a h^'"^^>hlu+i^ 

Dans ce cas on devra avoir 

et ^afc-i^*'*-^' = 4>8*.i (gr. 4>afc-.i). 

Enfin quand ^k,jb4.i= ^J'*"^^ les deux expressions donnent la meme valeur de 
63fc_i et Pon aura tant 

que ^ak-i^fc'*"*"^ = <>8ifc-i (gr- <>3*-i). 

Soit 3^8*-! ^^ tel tronpon de I'ordre maximum et 

7r __ rpl /Tig rp^u^i 

8*— 1 — -'Sfc— 1-*8*— 1 • • • • -*8fc— 1 

une de ses decompositions en groupes simples, un facteur tel que T^^i de cette 
decomposition sera un sous-groupe de 4>8jk_i et sera premier tant au groupe 

Zlu+\^\k-i - . • - ^vT-i qu'au groupe Zi'^'^^Tli,_iTl,^i ^1?i. Inversement 

si Ton peut former une suite de %_i sous-groupes simples de ^zk-\ 

'*'3fc — 1» '*'8*— 1» • • • • '*'8*— 1 

tels que tout groupe 2:3jfe_i soit premier tant au groupe -Zj^fc+iSg^t-i^L-i - - • "^v^-i 
qu'au groupe Zi'^'^^%\ic-r^^-\ • . • • ^sjkl^i, tous les groupes de la suite pourront 
etre reunis en un produit %zk--\ qui sera un tronpon n^ Zh — 1 de Tordre maxi- 
mum. Le groupe <I>sjk_i etant le plus petit commun surgroupe de 

yk <>i <>8 c>.^— 1 of yk. *+iqti <^^ c^i—i 

^*,fc4-l*3fc— 1*3*— 1 • • • • ^Sk— 1 ^^ ^k *'Zk—l'^Vc—% • • • • *8ifc— 1 

I'ordre du plus grand commun sous-groupe de ces deux derniers groupes sera 
egal S. ^l-^^{^gu^ 

Le nombre des Elements du groupe <I>jk-_i qui ne font partie ni de 

-^fc, fc + l^^Sfc — 1^3k — 1 • • • • *8*— 1 ^^ de Zjb' ^Sifc — l3^8fc — 1 • • • • 2^8)^-1 

est done egal a 
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Cette expression est toujours positive tant que I — 1 ^ e^.i et par suite le 
groupe Osk^i renfermera dans oe cas au moins un Element b ne faisant partie 

ni de ^,*+i5ik-i2L-i ^sTii ni de ^^*+^2ik-iSi-i IfclS. Si Ton 

designe par B le groupe auquel b sert de base, ce groupe sera premier tant au 
groupe -ZJfc+,3:ik_iaSk_i .... X^T^i qu'au groupe iZ^*+*Jlfc_i3:|fc_i .... Sirii. 
On pent done faire j/^_^ _ ^ (g^. cD,^^^) ^ 

Le nombre des groupes Xik^i correspondant k une suite donnee 

*jfc— 1> ^ak— 1 • • • • ^sfc— 1 
est done egal k 

Le nombre de toutes les decompositions de tous les tronpons n^ Sk — 1 de I'ordre 
maximum est done egal k 



/=i 



8—1 



Si I'on ne consid^re comme distinctes que les decompositions qui different au 
moins par un facteur, ce nombre se reduira a 

r lA - . 

Or le nombre des decompositions de tout tronpon n? Sk — 1 de Tordre maximum 
en groupes simples est 6gal k 

n ; — = — - — r- n 



II en resulte que le nombre des tronpons n^3k — l de Tordre maximum est 6gal k 

= g*u-au ~n~'(«'»-'-»'**-'+»— 1); 
1=1 



ob. 






7i<*> = ^^ii^4^ rx 
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Le nombre de toutes les decompositions en tronp ons des sous-groupes principaux 
de rang 1 de tous les diviseurs supremes de 4 et A est done 6gal iL 

n «v*+ix n n (^^'^-^^"'-^-^^—i). 

Le nombre dQ3 decompositions en 'tronpons du sous-groupe principal de rang 1 
d'un diviseur D (de A ®* ^) ayant les groupes 

•^l> •t'jf • • • • J^S9—t 

pour groupes g6n6riques et les nombres 

• • • 

pour nombres g6n6riques, est facile k 6valuer. En efifet on a d'abord 

puis on pent prendre pour 7i*-8 toute solution de r6galit6 

de meme pour T^^^ on pent prendre toute solution de r6galit6 

D^^^X= D^^^ (gr. D^^^ 

et ainsi de suite. Comme de cette manifere on obtient toutes les decompositions 
de Di en tronpons, le nombre de ces decompositions sera 6gal k 

If=JW-8 
8 *=1 

Le nombre des sous-groupes principaux de rang 1 des tous les diviseurs supremes 
de A et -4 est done 6gal ^ 

k=i 1=1 



oii les nombres tj, i,, . . . . tga-j 

sont les nombres g6n6riques de tout diviseur supreme. 

En multipliant ce nombre par le nombre des diviseurs de A, qui corre- 
spondent a un sous-groupe principal donn^ i?i, on aura le nombre des diviseurs 

supremes de A et J. . 

Quant au nombre des diviseurs de A qui correspondent k un Di donn6, il 
estegaU *=• 
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18. 

Soient, comme an paragraphe preaMent, ^* Tordre maximum que puisse 
atteindre on tron^n n"' k de sous-groupe de divbeur (de A et A), et 

Le Dombre des tronr^ns n* Zk — 1 d'ordre «*»-' sera egal i 

r n — 

1 jj r- «- 



Le nombre des tronpons n^ Zh — 2 d'ordre «^-* est egal a 



TT • TT 


>/-» 


1 11 « • 1 11 

«U-J' 1 = 1 * ^ ^tt-J- / = ! *" 


— 1 











/=1 



^»-,-^+l_ 1 



Quant au nombre des tronpons n"^ ZJc, il est, comme nous le savons, toujours 
6gal & un. Cela etant ain^i, le nombre de toutes decompositions en tronpons des 
souS'groupes principaux (de rang 1) de diviseur de J, et J. admettant les 
nombres c, sera 6gal ^ 

Soient A un diviseur de J, et J. admettant les nombres f , 



ses groupes generiques et 

{l, {j, . . . . (3^_2 

ses nombres generiques, on aura 
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Le nombre des decompositions de Ai en tronpons sera 6gal i 

Le nombre des groupes Ai correspondant ^ tons les diviseurs A admettant les 
nombres e, sera par consequent 6gal a 

le = 39 — S 
^fc — 1 

X n n 1 ziTfi :; — . 

Le nombre des diviseurs A (de A et A) correspondant ^ un Ai donn6 est 6gal au 

nombre des diviseurs de A correspondant a ce meme Ai. Or ce dernier nombre 
est 6gal ^ *=« 

En multipliant le nombre des groupes Ai par le nombre des groupes A qui cor- 
respondent ^ un Aj donn6, on aura le nombre des diviseurs A de ^ et -4 qui 
admettent des nombres e satisfaisant aux conditions 

S'il s'agissait de d6terminer le nombre des diviseurs A de J. et -4 admettant des 
nombres caracteristiques tsk-, donn6s d'avance, il faudrait poser 

et puis intercaler des nombres i^^i satisfaisant aux conditions 

Le nombre des diviseurs A sera alors donn6 par une somme 6tendue ^ toutes les 
maniferes possibles d'intercaler les nombres i^^i* 

Faisons observer d'ailleurs que le nombre des A qui correspondent ^ un Aj 
donn6 ne depend que des nombres caracteristiques i^^^ de A et est ind6pendant 
des nombres ^8fc_i. La question se ram^ne done ^ la recherche du nombre des 
groupes Ai. 

Tout diviseur de A et -4. est d'ailleurs diviseur d'un diviseur supreme — car 

rien n'empeche de completer ses tronpons jusqu'^ ce qu'ils atteignent Tordre 

maximum — mais il pent etre diviseur de plusieurs diviseurs supremes en meme 

temps. 

34 
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19. 

Tout nombre entier P n'est decomposable que d'une seule et unique manifere 
en un produit de puissances de nombre premier premieres entre elles 

si Ton convient de ne considerer comme distinctes que les decompositions qui 
different au moins par un facleur. 

Le produit d'un diviseur de Pj par un diviseur de P,, par un diviseur de 
Ps • • • • V^^ "^ diviseur de P^, donne un diviseur de P et tous les diviseurs de 
P peuvent s'obtenir de cette manifere. Chaque diviseur de P n'apparaitra d'ail- 
leurs qu'une seule fois. 

Supposons maintenant qu'on ait deux nombres entiers P et P' decomposes 
en puissances de nombre premier 

pi — p' p' p' 

EV/ — -pn nn pn 

Jr — x^i ±2 • • • • ■* *, • 

Soit d'une manifere generale 

p,n 

une puissance de nombre premier divisant tant P que P' et figurant explicite- 
ment au moins dans une des deux decompositions, j'ecris la suite complete de 
telles puissances 

Pin -Din -Din 

1 > -^2 , . . . . X'^^ 

et je pose P'" = P["Pi" P'.'J. 

Le produit d'un diviseur de P[" par un diviseur de P^'', .... par un diviseur de 
P^^, donnera un diviseur commun de P et de P' et tous les diviseurs communs 
de ces deux nombres pourront s'obtenir de cette manifere. Chaque diviseur 
n'appardtra d'ailleurs qu'une seule fois. En particulier le nombre P'" qui est 
plus grand que tout autre diviseur commun de P et P', est dit le plus grand 
commun diviseur de ces deux nombres. Tous les diviseurs communs de P et P" 
Bont done des diviseurs de P'^ et inversement. 

Tout groupe Ea est decomposable en un produit de groupes isoclones de 
rangs differents H "= T T ^ . . . . T 

oii T'fc d^signe un groupe isoclone de rangi. Soit ^^*** ■"*•*+ »^ Tordre du groupe 
Tjc et 771^^1 = 0, les nombres 
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sont les nombres caracteristiques de Ha. Si 

est une autre d6composition de H^ en groupes isoclones de rangs difFerents et 
^(m\-m'4^,) pQi.(jre d^ groupe Ti de rang k de cette decomposition, on aura, pour 

toute valeur de A:, 

Wt = ml 

et Q= ff. 

Inversement si TJ designe un diviseur isoclone de E# de rang k et d'ordre 

k = 9 

E. = n n. 

k = l 

Soit Dfc un diviseur quelconque de TJ sans excluse le groupe-unit6 auquel le 
groupe 71 pent etre 6gal lui-meme, on pourra poser 

fc=a 

D= nz)fc 

fc=i 

et D sera un diviseur de E^. En donnant a Dj, toutes les valeurs possibles, on 
aura tons les diviseurs D de Be et chaque diviseur apparaitra sous toutes ses 
formes, une fois sous chaque forme. Le nombre des diviseurs D admettant des 
nombres caract6ristiques w^ donnes d'avance, est une fonction des nombres «, m,, 
et Wfc. 

Soient maintenant A et B deux sous-groupes de Ha et w^ et nj, leurs nombres 
caracteristiques, on pent reunir dans une seule collection n^ k tons les diviseurs 
isoclones de rang k communs a -4. et a jB. Alors le produit d'un groupe de la 
collection n** 1, par un groupe de la collection n** 2 et ainsi de suite jusqu'a la 
dernifere collection n** rj par exemple, donnera un diviseur commun de J. et 5 et 
tons les diviseurs communs de -4. et 5 pourront s'obtenir de cette manifere et de 
sorte que chaque diviseur apparaitra sous toutes ses formes, une fois sous chaque 
forme. L'inconv6nient de cette mani^re de proc6der consiste en ce que le 
nombre des diviseurs communs D de J. et 5 admettant des nombres caracter- 
istiques rk donnes dWance, n'est pas une fonction des nombres «, iw^, %, r^ seuls. 

Si, dans chaque collection, on prend un groupe de I'ordre maximum, on 
obtiendra un diviseur de J. et jB de Tordre maximum — un diviseur supreme. 
Mais un tel diviseur n'est pas unique. II est vrai encore que tout diviseur de 
A et B est un diviseur d'un diviseur supreme et inversement tout diviseur d'un 
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divLseur supreme est un diviseur commun de Aei B. Mais un diviseur commuii 
de J. et jB peut etre diviseur de plusieurs diviseurs supremes en meme temps. 

Nous avoDs introduit le plus graud commun sous-groupe C de A et B eiH 
8 est trouve que tout diviseur commim de J. et ^ est un diviseur de (7, mais 
I'inverse n^a pas lieu. Soient c^ les nombres caracteristiques de C il nous a 
fallu intercaler entre chaque couple de nombres c^ et c^^i quatre nombres 

satisfaisant aux conditions 

Le nombre des diviseurs communs D de ^ et jB admettant des nombres r^ 
donnes d'avance, est une fonction des nombres a, c, h, r seuls. 

20. 

Soit A un sous-groupe quelconque de E^, Aj, le plus grand commun sous- 
groupe de A et Ht et «"* Tordre de Aj^. Designons par 

les sous-groupes caracteristiques et par 

Ctj, (X^i • • • • OL$ 

les nombres caracteristiques de A. 

On aura, comme au §17, 

^i = <I>i 

et ^^ sera toujours un sous-groupe de -4^. On aura done 

Cela etant ainsi, posons 

T, = A, (gr. H.) 

et J[4=7;A+i (gr-H«) 

on aura A^ = 7\7i . . . . 7i 

oii les T seront les irorKpas (gr. E^) de A^ . Le nombre des decompositions de A^ 
en tronpons (gr. E*) est egal ^ 

k=l 

Je dis maintenant que 7i est premier a -Si+i- En efFet, le plus grand commun 
sous-groupe de A et -Si+i etant egal a A^^^, le plus grand commun sous-groupe 
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de Aj.=i T^il^+i et H^^i sera aussi egal a A-^-i ©t par consequent 7^ est premier 
a Hk^i, Designons niaintenant par 9^;. le plus petit commun surgroupe de fft+i 
et A]^, ^f. sera aussi un surgroupe de i/i-^-i et 7i et par suite de iZ^^iTi. Or 
Hk+\Tic etant un surgroupe tant de H^^^i que de Aj^, on aura 

*,= /4+i7i (gr. H.) 
c. a-d. que toute solution de Tegalite 

satisfait a Fegalite ^^ = 11^. ^.iX (gr. *fc). 

Je designerai maintenant sous le nom de tronpon n** k (gr. H«) tout sous-groupe 
3:^ de JBj, premier k Hk^i- Si Ton prend un tronpon n*^ 1, un tronpon n** 2, . . . . 
un tronpon n"" 0, on obtient un systfeme de tronpons (gr. E^) 

Tons les tronpons d'un systfeme peuvent etre reunis en un produit Si, 52> • • • • ^« 
qui sera naturellement un sous-groupe de H^ et inversement tout sous-groupe de H« 
peut etre decompose en un produit de tronpons (gr. E«) formant syst5me. Soit 
maintenant G un multiple de A de sorte qu'on ait 

AB=0 (gr. G) 

par exemple et soit G^ le plus grand commun sous-groupe de G ei H^. II est 
clair que le plus grand commun sous-groupe de Gj^ et A sera 6gal ^ Aj^. Desig- 
nons maintenant par Zj^ le plus petit commun surgroupe de Gi,^i et A^^ on aura 

«°«or« C,+rT,= Z, (gr.Z,). 

Le groupe Z^ sera d'ailleurs un sous-groupe de Cjt. Nous poserons 

Zg = A^ = 10 , 
ZuU^=Gu (gr. G,) 

on aura G= T,U,Te^^U,^i T^U^. 

Je dis que C/^ est premier h, 9^^. En effet, si Ujc n'^tait pas premier a ^i, 7]^?7i 
ne serait pas premier ^ ZTk+i et ces deux demiers groupes auraient en commun 
un element a different de relement-unite. Or Pelement a fait partie de G et de 
■^fc-hi Gt par suite de (Ti+i de sorte que (7^ et T^Ui, ne seraient pas premiers et 
Gjc^iTj^=' Zi, et Uic non plus, contrairement a la supposition que Ujc est uue solu- 
tion de I'egalite z^X = C^ (gr. 6\). 
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Je designerai par 0^ le plus petit commun surgroupe de i9ik+i ^t (7^; on aura 

H,^,v, = e, (gr.e,). 

Si I'on designe par T^ un troncon n** k (gr. E#) du groupe C|. Le groupe 7^0^ 
etant aussi un troncon n^ h (gr. H#) du groupe (7i, on aura 

d'ou 'Ptt^. = e, (gr.e*). 

Je pose maiutenaot 

m aura jij^i = (7i (gr. (7) 

ou Bi admet une decomposition en tronpons (gr. H#) tels que le tronpon n"* k verifie 
la condition d'etre premier non seulement a -fT^+i, mais aussi a ^fi,=zH^^yTt. J© 
dis que toute decomposition de jBj en tronpons (gr. H^) 

jouira de la meme propriete. En effet, si Ul qui est premier a UiUl^i . . . Rt+i 
avait en commun avec ^^ un element a different de Telement-unite, les groupes 
^jk et Bi auraient un commun sous-groupe G d'un ordre superieur ik celui du 
groupe UiUi^i . . . Ul^i et par suite aussi a celui du groupe UbU^^i . . • Di^-i, 
ce qui est impossible. Si done G est un multiple de A, on pent trouver un 
facteur complementaire B^ de A^ par rapport a Cj d'une nature telle que dans 
toute decomposition de Bi en tronpons (gr. E*) 

Ui sera premier i *^ et a plus forte raison k Z^ de sorte qu'on aura 

Z^U,= G^ (gr. Gt). 

Un tel facteur complementaire Bi portera le nom de facteur complementaire 
convenable de A^ par rapport a Gi . 

Le nombre des tronpons Uu est donne par le nombre des solutions de I'egalite 

Z^= G, (gr. G,) 
qui est egal k ^(^-**+i)^«*+i + K-o*+i)}- 

ou hic=^ Cjc — ajc. 

Le nombre de toutes les decompositions de tous les groupes Bi est done ^gal a 



fr=tf 
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Quant au nombre des decompositions d'un groupe B^ en tronpons (gr. Ea)t il est 

fc=i 
Le nombre des groupes B^ est done 6gal ^ 

Cela nous donne le nombre des solutions de r6galit6 

A,X^ = G, (gr. G) 

oii Xi doit etre un facteur complementaire convenable de A^ par rapport ^ G^ . 
Le nombre des tronpons Oi pouvant servir ^ former un facteur complementaire 
convenable B^ de -4i non seulement par rapport S. Gx i mais aussi par rapport ^ 
tout multiple de A^ admettant les memes nombres c , est 6gal ^ 

\ '=*» — ** + ! ^••t ^*W* + l + «» — «*+! + ' — 1 

(6* — 6fc + i)I 1=1 8—\ 

d i vi86 par 1 '= ** " ^*+^ g^-»*+i — g'-i 

En effet, les groupes TJ^ ne sont pas autre chose que des sous-groupes de H^ 
d'ordre «**""**+» et premier ^ 9^^. Reduction faite, on trouve I'expression 

Le nombre des groupes B^ est done 6gal ^ 

n g(*» — *» + !)(•** + i + ajj — a^^i) 
fc = l 

X n n 5^ — 



ft* — ^ + 1 — '4-1 1 



fe=l z = i S 

Le nombre des groupes G^ admettant les memes nombres c est done egal ^ 

&=a 

jj ^(ft* — ft*+ 1)(*"» -f. 1 — o» + 1) 

ilr = l 

X n n - — i— r — nuT — ^ — - • 

Soit C' un multiple de A admettant G^ pour sous-groupe principal de rang 1 ; 
d6signons par r^, T,, V. 
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les groupes caract6ri8tique8 et par 

yi> ys. — y# 

les nombres caracteristiques de C. On aura 

OLkSyk'^^k (A;= 1, 2, . . . . 6). 

Posons ^k=^yk — oLjc {k^l, 2, . . . .6) 

•les nombres ^ seront les nombres caracteristiques de toute groupe B pour lequel 

on a AB=G (gr. 67). 

Soit Bi un facte ur complementaire convenable de A^ par rapport a Cj, si I'on 

designe par Bj, le plus grand commun sous-groupe de B^ et 5^ et par «** I'ordre 

de Bj,, on aura 

h+i<ht {k= 1, 2, e), 

Ofc + Jfc = Cfc (A? = 1 , 2 , . . . . d) . 

Prenons maintenant une decomposition convenable (Ci) de C/j (par rapport a C) 
telle que tons les facteurs d'une decomposition convenable de Ai (par rapport h 
A) y figurent explicitement et designons par (Ci)' ce que devient (Ci) quand on 
y remplace chaque facteur de (A^) par im de ses emanants de I'ordre maximum 
(dans le groupe A) . Si dans ( Ci)' on remplace de toutes les mani^res possibles, 
chaque facteur d'ordre s (ne faisant pas partie de (^i)) par un de ses 6manant8 
(dans le groupe H*) d'un ordre 6gal a la portee du dit facteur dans le groupe G, 
on obtiendra tons les multiples G de A admettant les groupes caracteristiques F 
et ayant par consequent le groupe Gi pour sous-groupe principal de rang 1 . Un 
tel groupe G apparaltra d'ailleurs autant de fois qu'il existe d'expressions ( Gi)" 
qu'on pent obtenir de Texpression (C^)' en y remplapant chaque facteur d'ordre 
8 (ne faisant pas partie de {Ai)) par un de ses emanants de I'ordre maximum 
dans le groupe G. Le nombre de tels groupes G que nous considererons comme 
constituant une classe G, est done egal a 

fc=i ^ '*=^ ^' 

Les groupes Pi, P,, .... P, 

jouissent des propri^tes suivantes. Le groupe P^ est d'ordre «^* ; il est surgroupe 
tant du groupe ^^ que du groupe F^^i et sous-groiipe de G^. Comme yi=Ci, le 
groupe Pi est d'ailleurs egal a (7i. Inversement si Ton forme ime suite de groupes 

1 1 , J. 2 y • • • • 1 tf 
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tels que Vl soit d'ordre s^* et qu'il soit surgroupe tant de ^j, que de rik4.i et sous- 

groupe de (7^, il existera un multiple C de A admettant les groupes F' comme 

80us-groupes caracteristiques et ayant par consequent les memes nombres carac- 

teristiques que G et le meme sous-groupe principal de rang 1 Cj. En efFet, il 

suffit de decomposer le groupe V[ de manicure que la dite decomposition renferme 

explicitement une decomposition convenable de Ay (par rapport ^ A) aussi bien 

que des decompositions des groupes 

p/ p/ p/ 

■■-2J ■*-3> • • • • ■*•*• 

Si Ton remplace dans une telle d6composition (rQ de V'l tout groupe qui fait 
partie de Ay par un de ses emanants de I'ordre maximum (dans le groupe A) et 
tout groupe qui fait partie de VI sans faire partie de ^^ ^^ de n + i, par un de 
ses 6manants de I'ordre ^ (dans le groupe E^), on obtiendra bien un groupe C 
ayant les proprietes requises. Les groupes 

tM p/ p/ 

nous donneront ainsi une classe C de multiples de A admettant les nombres 
caracteristiques y et ayant Gy pour sous-groupe principal de rang 1. La classe 
G' renferme naturellement le meme nombre d'individus que la classe G. Le 
nombre des classes (7, C", etc., est done egal au nombre de systemes de groupes 

Le nombre des groupes Ve est 6gal au nombre des multiples de <I)^ qui sont d'ordre 
8^6 et qui sont en meme temps sous-groupes de G^. Pour obtenir un tel mul- 
tiple Ftf de <I>^, je multiplie <I)^ par un sous-groupe Hy de G^ d'ordre s et premier 
ji. <I)^. II y aura, comme nous le savons, 

8^B — 5"tf 
8— 1 " 

de tels groupes %y. Multiplions ^e'ii P^t un sous-groupe $, de G^ d'ordre 8 et 
premier ^ ^b^i • H y en aura 

S^9 «"• + ^ 



8— 1 



de tels groupes $,. En continuant de la meme mani^re, on finira par obtenir 
un tel r^ sous la forme 



•tf 



Le nombre des produits explicites 

3 6 3^i^3 • • • • 2iy — 



*tf 
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sera 6gal k i '=^« "*• ^$ — «•# + '-^ 

{y$ — ae) ! ,=1 8—1 

si Ton De consid^re pas comme distincts les produits qui ne different que par 
I'ordre de leurs facteurs. Le nombre des produits implicites 

%i%z .... %y^^^^ 
diffSrents s'obtiendra en divisant le nombre precedent 



{y$ — OL0)l 1^1 8—1 

par 1 '=^«"*#^y#-*#_ ^«-i 

(y* — Oo)! 1=1 8—1 

ce qui donne «««(>, -.a)''"V*' g^^^'*~'+^— 1 

Le nombre des solutions d'unc 6galit6 telle que 

4>^= r, (gr. r,) 
6tant6galai «•«(>#—•> 

le nombre des groupes F^ sera 6gal k 

Si les groupes T,, r,_i. . . . Tfc+i 

sont d6ji fix6s, le nombre des groupes Ft qu'on peut leur associer, est 6gal au 
nombre des sous-groupes de (7^ qui sont d'ordre «^* et qui sont multiples de F^+i 
et de <I>;ti ou, ce qui revieiit au meme, qui sont multiples de leur plus petit 
commun surgroupe que nous designerons par Aj^. Le plus grand commun sous- 
groupe de 4>fc et Vk^i 6tant egal a <l>fc+i, Tordre du groupe A^ sera egal k 

Le nombre des groupes F^ est done 6gal k 

' = y»"-n+i — «» + «»+! o«» — y»+i— «» + «A + i — ' + 1 1 

JT Z 

Le nombre des syst^mes de groupes 

* 1 > Fg , • . . - F^ 
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est done egal k 

k=--9 I = y» — y» + i — a»+a^ + i o<?4 — Yi^i — a4 + «»^.i — I + l | 

n n - — - — X rjTi — • 

Le nombre des multiples C de J. admettant les nombres caracteristiques y et 
ayant pour sous-groupe principal de rang 1 un groupe Ci donne (admettant les 
nombres c) est done 6gal k 

k = e (u = k''l 

fc = i ^ '' = ^ 

2e= I = ^» — ^* + 1 ^©4 — y* + 1 — «4 + «» + 1 — I + 1 j 

Enfin le nombre des multiples C de A admettant les nombres c et les nombres 
caracteristiques y est 6gal a 

k=9 

n ^(*» — *» + 1)("** + 1 — «* + 1) 

ik = l 



t = tf (» = * — ! 

X n «<^*"^* + »^{ 2 (~«-y«; 

i = 1 



Les nombres a peuvent etre aussi d^finis corame 6tant les nombres caracter- 
istiques de tout diviseur de Be ayant Ai pour sous-groupe principal de rang 1 . 
Pour obtenir un tel diviseur de B$, il suffit de decomposer Ai de maniere que 
des decompositions des groupes 

figurent explicitement dans la decomposition de Ai et de remplacer dans cette 
decomposition de Ai chaque facteur par un de ses emanants de I'ordre maximum 
dans le groupe E^. De iheme les nombres c peuvent etre definis comme 6tant 
les nombres caracteristiques de tout diviseur de E^ ayant Gi pour sous-groupe 
principal de rang 1. Soit 6 un tel diviseur de E«, si dans une decomposition de 

« 

Ai telle que nous Tavons definie plus haut, on remplace chaque facteur par un de 
ses emanants de I'ordre maximum dans le groupe 6 , on obtient un diviseur 9( de 6 
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qui sera auBSt un divbeur de E«. Les nombres c sont done assujettis aux con- 

ditiouB 

(Ofc — ai^i)<(ct — Ct^i)<(jWk— iWfc^,) (*= 1, 2, . .. .6) 

ou a^^i = C0^i = m^_i = 0. 

Les nombres y sont assujettis aux conditions 

{au — at^i)<{yk — yk^i) (4-= 1, 2, .... fl), 

yt<Ci (i=2, 3, 0), 

yi = Ci. 

21. 

Au point ou nous sommes parvenus, I'exposition du developpement ult^rieur 
de la theorie des groupes H#, n'offre d*autres difficultes que celles d'elocution et 
de notation. Je ne m'y attarde done pas, et je passe rapidement a Texposition 
du theorhne fondamental de Gauss qui nous permettra de ramener la theorie des 
groupes euleriens quelconques a celle des groupes H«. 

22. 
Soit n un groupe eulerien quelconque d'ordre q et 

les nombres premiers par rapport auxquels le groupe A est d'un rang superieur 
^ z6ro. Comme Tordre du groupe A est fiui, le nombre des nombres premiers a 
sera aussi fini. Nous designerons, d'une mani^re generale, par B^ le rang du 
groupe ft par rapport au nombre premier «fc, par H^^ le groupe form6 par Fen- 
semble des solutions de l'egalit6 

a^* = 1 (gr. fl) 
et par *f * son ordre. 

Le groupe H«, ne contient que des elements appartenant aux exposants 
et le groupe H^, que des Elements appartenant aux exposants 
ces deux groupes n'out done de commun que Telement-unite et on pourra les 
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combiner de manifere ^ obtenir un groupe H^.H*, d'ordre sj^^^jf*. Ce dernier groupe 
ne contiendra que des 616ments appartenant a des exposants de la forme 

8[^8\* (<i = 0, 1 , (?i; ^8 = 0, 1 , (Jg) 

et n'aura done de commun avee le groupe E^, que Telement-unite. On peut done 
combiner les groupes H^.H^, et He^ de manifere ^ obtenir un groupe H^jH^^H^, d'ordre 
8^'8^*8^\ En continuant de la meme manifere on finira par obtenir un groupe 

d'ordre ^f'^jf* . . . . 8^*, lequel groupe sera 6videmment un sous-groupe de 11. Or 
8oit a un Element quelconque du groupe A appartenant a un exposant 

ou i^i, jP2> • • • Pm soiit des nombres premiers diflferents. Dfiterminons les nombres 

de mani^re qu'on ait* 

ai = 1 (mod. pi') tti = Tmod. -^ J , 

og = 1 (mod. pi*) a, = Tmod. — ^ J i 



a, = 1 (mod. pi') a, = f^mod. -^ j 



et posons a"' = 6i, 

a-« = 5„ 



a*' = 6,. 



Un element tel que b^ appartiendra k I'exposant pi", car on aura 

bH'" = a**^** = 1 (gr. a) 
tandis que 6f *'*"' = a-*^r*~' 

ne pourra etre 6gal h Tunit^, I'exposant ajcpl"'^ n'etant pas divisible par u. 
Les nombres premiers 

PuPii ' 'Pb 

* DisquisitioDes arithmeticae, art. 86 et 81. 
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font done necessairement partie de la suite 

9^ f 9^ y • • • • O^ 

et VoD aura, par ezemple^ 

A = *•, A = *», P» = K 

oil ^1 ^ti • ' • • ^M 

8ont des nombres de la suite 

Si z '< ^9 designons par 

les nombres de la suite 

1, 2, .... n 

qui manquent dans la suite 

^1t ^s» • • • • ^» 

pris dans un ordre quelconque et posons 

h = 1 (gr. n) 

pour toute valeur de h satisfaisant h la condition 

z<h<n 
on aura a = hfif . . . . 6» (gr. ft) 

ou les elements fti , 6j , • . . . 6» font partie respectivement des groupes 

L'element a fait done partie du groupe 4^ et par suite A est un sous-groupe de 
^f. On aura done Clz=z9 — '^.'^. w 

et « = ^f •«?• ....*;•. 

C'est le th^rhne /ondatnental de Gauss* qui pent etre enonce de la mani^re sui- 
vante. 

Soit A un groupe eulerien quelconque et 

son ordre, oh s^ s^, . . . . s^ sont des nombres premiers differents, si Ton d^igne, 
d'une mani&re generale par Se^ le groupe forme par Fensemble des ^l^ments du 

• Werke, Bd. II, p. 267. 
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groupe ft qui appartiennent i des exposants egaux 5, des puissances de s^, y 
compris la puissance «2, Tordre du groupe H*^ sera 6gal i sj* et Ton aura 

En particulier, si Ton a 



(j = «' 



on aura A = H« . 

Tout groupe eul6rien dont Tordre est une puissance de nombre premier est dit 
uniprime. Ce sont done les groupes uniprimes que nous avons etudi6s sous le 
nom de groupes Be dans les paragraphes precedents. 

23. 

Nous avons vu que tout groupe monobase dont Pordre est une puissance de 
nombre premier est simple. Je dis que tout groupe simple est monobase. En 
effet, Pordre de tout groupe simple A est une puissance de nombre premier, car 
autrement le groupe A serait decomposable en un produit de plusieurs groupes 
uniprimes ayant pour ordres des nombres sup^rieurs h Punite. Le groupe A est 
done uniprime et par suite il est monobase ou 6gal k un produit de groupes 
monobases. La derni^re supposition ^tant h excluse, il est clair que le groupe 
A sera monobase. Si done on demande de decomposer un groupe ft d'ordre p' 
en groupes simples, le problfeme est identique k la decomposition du groupe 11 en 
groupes monobases. II n'en est pas de meme quand Pordre du groupe 11 est 
divisible par deux nombres premiers differents. Soit, en eflFet, 

Pordre du groupe 11. On aura, comme nous Pavons vu, 

fl = H,.H,, E^ 

oh le groupe E*, est d'ordre pi' , le groupe S*, d'ordre pl^, . . . le groupe E^, 
d'ordre^^J*. Cela etant ainsi, decomposons les groupes E en groupes simples et 
substituons ces decompositions dans Pexpression 

fi = S,,E,, E,, 

nous obtiendrons une decomposition de fi en groupes simples. Toutes les decom- 
positions de n en groupes simples peuvent d'ailleurs s'obtenir de cette maniere. 
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Ed effet, si dans une telle decomposition on reunit en iin seul tons les groapes 
dont les ordres sont des puissances d'un meme nombre premier, on obtiendra une 
decomposition de A en groupes uniprimes dont les ordres seront premiers entre 
eux. Or une telle decomposition est compl^tement d6termin6e. Dane, etc. 
Une decomposition de A en groupes simples sera naturellement aussi une decom- 
position de A en groupes monobases. Soit main tenant Ai un groupe simple 
faisant partie de la decomposition et ayant pour ordre une puissance depi, pl^ 
par exemple. II est clair qu'il j aura au moins un groupe simple de cette 
esp^ce provenant de la decomposition de H«, . II y aura de meme dans la decom- 
position de A un groupe simple A^ d'un ordre pi\ Cela 6tant ainsi, soit 

A,A, = B (gr. A) 

je dis que le groupe B sera monobase. En effet, soit Oi une racine primitive du 
groupe Ai et de meme Oj une racine primitive du groupe A^ , r616ment oio^ du 
groupe B appartiendra a I'exposant Pi'pp et sera par consequent une racine 
primitive du groupe B. En effectuant la combinaison des groupes Ai et A^ on 
diminue d'une unite le nombre des groupes monobases de la decomposition de A. 
En general, on peut reunir en un seul groupe monobase, deux ou plusieurs groupes 
monobases dont les ordres sont premiers entre eux. Toutes les decompositions 
de A en groupes monobases peuvent d'ailleurs s'obtenir de la mani^re indiquee. 
En effet, si dans une decomposition de A en groupes monobases, on decompose 
tons les groupes monobases en groupes uniprimes d'ordres premiers entre eux, 
on aura une decomposition de A en groupes simples. Designons maintenant par 

Hi ^^ A.ijAi .... -o-i * , 



Bn= AiAl' . . . . A^:^ 



les decompositions des groupes H en groupes simples. On peut d'ailleurs sup- 
poser que les groupes H sont ranges dans un ordre tel que 

II est clair que le nombre de groupes monobases d'une decomposition de A en 

groupes monobases 

A = MiM^ . ... My, 
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est au moins 6gal ^ %, car si Ton decompose tout groupe M^ de cette decomposi- 
tion en groupes uniprimes et que Ton d^signe par (7fc le groupe uniprime dont les 
Elements font partie de Ei, on aura 

On pent cependant decomposer le groupe A en % groupes mpnobases 

£t ^ B^B^ • • • • B^^ . 

En effet, pour cela il suffit de poser 

-Oj ^^ ^1 -Aj . • • • ^f^ J 

5,, = -4i~»^^i->> ^^» 

oil il faut supprimer des expressions telles que Af^ oill A]>Wfc. Le nombre de 
groupes monobases en lesquels il est possible de decomposer le groupe fi varie 
done de Ui h. t^ + itj + . . . . Wn , car en partant d'une decomposition de ft en 
groupes simples — ^laquelle decomposition contiendra Wj + 1^ + . . . . Wn groupes 
monobases^-on pent arriver & la decomposition de A en i^ groupes monobases par 
Tapplication successive du procede consistant ^ reunir deux groupes monobases 
en un seul. Un groupe tel que fi qu'il est possible de decomposer en % groupes 
monobases et qull n^est pas possible de decomposer en un nombre moindre de 
groupes monobases, est dit h Ui bases. D'une manifere generale, tout groupe 11 
pour lequel t/i >• 1 est dit polybase. La condition necessaire et suflSsante pour 
qu*un groupe fi d'ordre 



o\X jPi»JP». Pn 

sont des nombres premiers differents, soit monobase est que ses groupes uniprimes 

d'ordres jpp, pj% . . . . jpj- 

Boient tons monobases. Cette condition pent etre remplacer par celle-ci. Pour 
36 
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que le groupe A soit monobase, il faut et il suffit que r6galit6 

x'* = 1 (gr. Q) 

ait p^ racines et pas plus quelle que soit la valeur de Ic depuis 1 jusqu'iL n. 

Parmi les mani^res de decomposer A en groupes monobases, et y en a one 
de particuli^rement remarquable, car c'est la plus facile i^ obtenir thSoriquement, 
si Ton veut faire abstraction du th6or&me fondamental de Ghiuss. En supposant, 
comme precedemment 

et de plus que les ordres des groupes A^, A'^^ .... A^ n'aillent pas en diminu- 
ant, on posera 

■^\ —— ^\J^2 . • • • ^o^ 



^•i — -^1 -^» • • • • -^n 

et 11 = ^i^t • • • • B^ . 

On voit que I'ordre du groupe Bi est divisible par celui de ^,, celui de B^ par 
celui de B^ et ainsi de suite. C'est la decomposition de M. Schering et de M. 
Kronecker. 

En disant qu'un groupe A est si Uj bases, on est loin d'en caract6riser com- 
pl^tement la nature, mais cette denomination se justifie par le role que joue le 
nombre Ui dans les applications. 

Soit done, comme dans ce qui pr6c^de, 

A ^= BiBi .... B^^ 

d^signons par ^ii ^^^i • • • • ^ui 

des racines primitives des groupes 

Bii -oj, .... -o^, 

et par A^, /^, . . . . h^^ 

Jeurs ordres, I'ezpression 

h\'hl^ i;-i 
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06 Vi varie de Okhi — 1 , 



Vu, " " a h,^ - 1 



representera tous les 616ments du groupe £i et chacun une seule fois. 
Je dis maintenant que si une expression telle que 

al'al* . . . . aJr 

est susceptible de repr6senter tous les Pigments du groupe A, on a 

m>Ui. 

Eq efTet, tous les 616ments du groupe B«, sont susceptibles d'etre reprSsent^ par 
Texpression ^j,^. ^s.. 

Or si Ton pose aj, = Cu,i, c^t^,, . . . .c^n 

o^ Cfi^ I est un 616ment du groupe E*^ , 

Cj ^ <h\fi%U • • • • Cm,i 

representera un 616ment du groupe H«^. Tout 616ment a du groupe E9, 6tant 
susceptible d'etre represent^ par I'expression 

al>a;« . . . . aS' 
apparaitra ainsi sous la forme 

oii C{ est un 616ment du groupe E«^ . On aura done dans ce cas 

et I'expression «i*o^' • • • • «5r 

se r^duira si celle-ci cJli, <$i, • . - • cJii 

qui sera ainsi susceptible de rejNr^senter tous les 616ment8 du groupe H9, • D'od 

m>v^. a Q. P. D. 
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24. 

Je ne m'arreterai pas si la deduction des theor^mes. de Fermat, yTilson et 
d'autres propositions sur les groupes euleriens qu'on trouve dans les 616ment8 
d'arithm^tique. Comme d'ailleurs le theor^me fondamental de Grauss ram^ne la 
theorie des groupes euleriens quelconques a celle des groupes uniprimes, il est 
inutile de nous y attarder, et je passe done rapidemeht aux applications spSciales 
que j'ai en vue. 

25. 

Si, en executant une operation univoque ^ sur deux suites de nombres 

a , 5, «... A 

771, n, . . . . z 

on obtient le meme resultat, on pent ecrire soit 

^ (a , 2», . • • • A) = ^ (tti , 71, . . • . z) 
soit a,5,*..*A =771, 71, ....z (^) 

ou la lettre ^ entre parenth^es veut dire, que de chaque cdt6 il faut executer 
I'operation ^. Dans ce second cas, il est d'usage d'ecrire 

a, 5, . . . . A^77i,n, ••••z (^) 

et de dire qu'on a remplac6 une 6galite par une 6quivalence. Designons, par 
exemple, par ^(a, 2^) le quotient de 2^3^ par la plus haute puissance de 6 qui le 
divise, il est facile de prouver que l'6quivalence 

a , 6 -^ 771 , 71 (^) 

entraine Pegalite a — b=^m — 7i 

et inversement.* De meme, si Ton designe par ^^(a), Toperation qui consiste 
k obtenir le reste de division du nombre a par un nombre constant q, on pent 

6crire a-^b {pq) 

si en divisant tant a que b par q, on obtient le meme reste. Gauss ^critf 

a = b (mod. q) 

*Cf . M. Krouecker : Ueber den Zahlbegriff (Philosophische Aufs&tze an Zeller. Leipzig, 18S7, p. 272). 
t Dis^^uisitioues arithiueticae, art. 2. 
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et il dit qu'on a une congruence.* Les nombres a et J sont dits congrus Tun h, 
Pautre ou entre'eux suivant le module q. Les nombres a et 6 peuvent d'ailleurs 
etre donn6s implicitement, dans ce cas une congruence telle que 

a = b (mod. q) 

veut dire qu'apr^s avoir ex6cut6 toutes les operations qu'il faut pour obtenir a et 6, 
les resultats seront congrus entre eux suivant le module q. 

En partant de la definition de la congruence, on 6tablit sans peine les opera- 
tions qu'on peut executer sur des congruences. D'abord, la congruence 

a = b (mod. q) 
entraine celle-ci b = a (mod. q) 

et les deux congruences a = c (mod. q), 

b = c (mod. q) 

entrainent celle-ci a = 6 (mod. q). 

Si A = a (mod. j), B = b (mod. q), etc, 

on aura A + B+.... — a + b + .... (mod. q). 

Si A = a (mod. 5) , B = b (mod. q) 

on aura A — B — a — b (mod. 5). 

Si -4 = a (mod. q), B = b (mod. q) 

on aura AB = ab (mod. q) 

et de meme, si Ton a 

A — a (mod. q)^ B = b (mod. q), G = c (mod. 5), etc. « 

on aura ABC . . . . = abc .... (mod. q). 

Enfin, si A = a (mod. q) 

et k est un entier positif, on aura 

J.* = a* (mod. 5^). 
II resulte de Ih. que si dans un polynome tel que 

Asif' + Bx^+ Cx' + 

on substitue h la place de x des nombres congrus entre eux, les resultats seront 
congrus entre eux.f Les nombres qui figurent dans les congruences peuvent 

*C'e8t avec raison qu'un certain Professeur Hipp de Hanibourg traduisait le mot congrtientia par 
Oleichrestigkeit (Lettre de Schumacher a Gauss du 30 decembre 1809).^ 
t Disquisitiones arithmeticae, art. 6, 7, 8, 9. 
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d'ailleurs etre positifs, 6gaux ^ zero ou negatifs saut les exposans qui doivent 
toujours etre positifs. 

26. 

Soit u un nombre entier positif quelconque, designons par U Tensemble de 
tous les nombres entiers positifs premiers ib u et non sup^rieurs ^ li et par 4" (t^) 
leur nombre. Soient a et i deux nombres de Tensemble ?7, le produit ah sera 
premier si tc et par suite si I'on divise ah par u on obtient un reste o faisant partie 
de I'ensemble U. On pent 6crire, en se servant de la notation de Gauss 

ah = c (mod. u). 

Nous consid6rerons tous les nombres de I'ensemble U comme des elements d'un 
groupe 17 et nous dirons qu'en composant a et 6 on obtient c, ce qui pent s'6crire 

ah=^c (gr. U). 

L'expression ah ne veut plus dire ici qu'il faut multiplier a par 6, mais qu'il faut 
composer a et 5. En vertu des propri6t6s de la multiplication et des congru- 
ences, le groupe ?7 sera un groupe eulerien d'ordre -^(u). Soit t un nombre 
premier impair quelconque, il est clair que I'etude de I'egalit^ 

x' = 1 (gr. U) 

pent etre remplac6e par celle de la congruence 

7f=l (mod. u) 

* 

oil, selon Gauss, on ne consid^re que comme une seule et unique solution tous 
les nombres satisfaisant k la congruence qui ne different que par des multiples 
de u. En effet, parmi tous ces nombres il ne doit y avoir qu'un et un seul qui 
sera non sup6rieur h. u,* lequel nombre sera aussi premier k u, en vertu de la 
congruence ^^ = 1 (mod.u). 

Le nombre 1 joue d'ailleurs le role d'element-unit6 dans le groupe U. Oon- 

siderons done la congruence 

x^=l (mod. u) 

qu'on pent aussi mettre sous la forme 

of— l=:{x — l)X{x) = l (mod. t^). 



* DiBquisitiones arithmeticae, art. 26 et 4. 
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Si t ne divise pas '^ {u) , le groupe B$ form6 par I'ensemble de tous les 616ment8 
du groupe 17 qui appartiennent k des exposants 6gaux h des puissances de <i se 
r6duit au groupe-unit^ et la seule et unique solution de I'^galit^ 

af=l (gr- CT) 

sera a: = 1 . 

II s'ensuit que la seule et unique solution de la congruence 

x* = l (mod. u) 
sera x = l (mod. u) . 

Mais quand t divise '^{u)^ I'ordre du groupe Bb sera la plus haute puissance 
de t — d6signons-la par f — qui divise 'J' (w) . Le groupe U renfermera alors des 
616ments appartenant k des puissances de t autres que l'unit6 et en particulier h 
la puissance t . On pourra d'ailleurs remplacer l'6galit6 

af=l {gr.U) 

par r6galit6 af=l (gr. Be) 

oil 6 d6signe naturellement le rang du groupe {7 par rapport au nombre premier t. 
Soit done a une solution de r6galit6 

af=l (gr.H,) 

diff^rente de r616ment-unit6, on aura 

a< — 1 = (a — 1) X{a) = (mod. u). 

Le nombre a — 1 ne pouvant pas etre divisible par u, il j a deux cas h consid6rer : 

r. X(a) est divisible par u. 

V. X{a) n'est pas divisible par u, mais a — 1 et -Sr(a) sont respectivement 
divisibles par deux diviseurs compl6mentaires h etk deu. 

Arretons-nous au premier cas. On aura alors 

X{a) = (mod. i^). 
Je pose maintenant 

{x — a){x — a^) (aj — a^-^) = aj'-^— /iaj^-*+ —/t^2+/t-i 

et je cherche k e valuer les coefiScients (mod. u). On aura d'abord 

fj^izza^ a^ + . . . . a*""^ = -Z'(a) — 1 = — 1 (mod. u). 
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Gherchons le nombre des solutions de la congruence 

sci + aj + . . . . Xn = A (mod. t) 

oii h d^signe un nombre donn6 pris dans la suite 

0, 1, 2, t—\ 

ex fljj ) Xg J • • • • Xn 

sont des nombres cherch^s qui doivent etre diflGSrents entre eux et faire partie 
de la suite q, 1, 2, t—1. 

Quant au nombre n, il est Buppos6 satisfaisant aux conditions 

0<n<<— 1. 

Deux solutions x^ x^^ . . . . x^, et Xi, x^, . . . . x^ ne sont d'ailleurs consid6r6es 
comme distinctes que dans le cas ou une des solutions ne pent etre obtenue par 
la permutation des nombres de I'autre. Soit h un nombre de la suite 

0, 1, 2, t—l 

different de A, je consid&re de meme une autre congruence 

y\ + y%+ ^n = * (niod, t) 

analogue & la pr6c6dente. Je dis qu'& chaque solution de la congruence 

a^i + a5$ + • • • • aJ» = ^ (mod. t) 
on pent faire correspondre une solution bien d6termin6e de la congruence 

yi + 2^8 + yn = * (mod. t) 

et inversement. En effet, posons 

Tihi = h (mod. t) , 
nhi = h (mod. t) 

oii hi et ki sont des nombres de la suite 

Nous Savons par la th6orie des groupes eul6riens compl6t6e par la consideration 
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des congruences od figurent des nombres non premiers au module que les 
nombres Aj et A^ seront compl^tement d6termin6s.* Cela 6tant ainsi, je pose 

Xm — y^ + h — lh (mod. t) 
et par suite y^=iX^ + hi — hi (mod. t) 

le nombre m 6tant tout nombre de la suite 

De cette mani&re je fais correspondre h, chaque solution de la congruence 

^ + ^ + . . . . x,» = A (mod. t) 

une solution bien d6termin6e de la congruence 

y\'^y% + — yn = ^ (i»od. t) 

et inversement.f Les deux congruences auront done le meme nombre de solu- 
tions. Ge nombre est d'ailleurs facile & 6valuer. En effet, le nombre des expres- 
sions telles que , . 

^ «! + ar, -h . . . . a^n 

difiSrant entre elles au moins par un des nombres qui figurent dans la somme, 

6tant 6gal h, t\ 

n\ {t — n)\ 

on obtiendra le nombre cherch6 en divisant , ,, — -. par t. ce qui donne 

n\{t — n)\ '^ 

(<-!)! 
n\ (< — w)!' 

J'aborde maintenant une congruence telle que 

^1 + a^ + • • • • a^H = A (mod. t) 
ou a?i, a^, • • • • x,^ 

sont des nombres de la suite 

ly Zj * m • , t "■" 1 

et je d6signe par j(jl^^ le nombre de ses solutions. Quand n> 1, toute solution 

de la congruence 

3^1 + a:» + .-..«« = A (mod. <) 

ou X\ I aCn y . • • • SCu 

* DisquisitioneB aiithmeticae, art. 26. t Ibid. art. 8. 

37 
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font partie de la suite 

est soU une solution de la congruence 

Xi-^- x^+ . . . .Xn=h (mod. t) 

oii les ind6tennin6es ne peuvent pas prendre la valeur 0, soit par la suppression 
de Tindetermin^e qui est 6gale a z6ro, une solution de la congruence 

3^1 + 2^3 + • • • • Xn-i = h (mod. t) 

# 

oii les ind6termin6es ont encore des valeurs difF6rentes de z6ro. L'inverse ayant 
aussi lieu, on aura .„ _i) , .^) _ (^—1)! 

pour n >• 1 . 

Or on obtient imm^diatement 

et X?' = 1 

pour A ^ ; on aura done 

,,._ it -1)1 {t-l)l (< -!)! 

^ ~n! (< — «)! (n— !)!(< — n+1)!^ + I— iJ 2!(< — 2)! 

et* 






nHt — n)\ (n— 1)! (< — n + 1)! 

Cela 6tant ainsi, on aura 
/, = xi"' + (a + a»+ .... a'-')xir'={- l)"+X(a);clr' = (-!)• (mod.«). 

Comme on a d'ailleurs 

— *~ 
ft-i = n aV~* = 1 (mod. «) 

on aura (ac — a){x — a*) .... (a; — a*~^) = -ST (a) (mod. u) 

* La Bommation donne (^ — 1)1 ^ > , 

;ti-) = nl«-n-l)l~^~ " 

V 



••-1 
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dans ce sens que tout coefficient de X{x) sera congru au coefficient correspondant 
dans le d^veloppement de {x — a){x — a*) . . . . {x — a*"^). 

Montrons maintenant qu'il existe des modules u pour lesquels la congruence 

X{x) = (mod. u) 

est possible. En premier lieu, si u est 6gal h un nombre premier q tel que t 

divise ^4^ (g) , l'6galit6 

^ = 1 (gr. Q) 

ou Q d6signe le groupe form6 par Tensemble de tons les nombres positifs pre- 
miers kg et non sup6rieurs a q, admet n^cessairement une solution a difFerente 
de rel6ment-unit6. L'expression 

a' — l=(a— l)X(a) 

sera alors divisible par q . Or nous savons que la divisibility d'un produit par 
un nombre premier suppose la divisibilit6 d'au moins un des facteurs par ce 
nombre premier.* La solution a 6tant difFerente de 1 , la difference a — 1 ne 
pent etre divisible par q-, c'est done le facteur X{a) qui doit Tetre et I'on aura 

X{a) = (mod. 5). 

De meme, si le module u est Sgal a une puissance q*^ d'un nombre premier q pour 
lequel t divise '^{q), la congruence 

X{x) = (mod. j^') 

admet n6cessairement une solution. En effet, soit b une solution de la con- 
gruence «.< = 1 (mod. q) 

differente de l'unit6, on aura 

X{b) = (mod. })• 

D6signons par q^ la plus haute puissance de q qui divise X{b)j si x>w, en pent 

faire a^b, si non posons 

6^=1 + hg^ (mod. 5* + ^) 

ce qu'on pent toujours faire en vertu de ce que 6* — 1 = (6 — l)X{b) est divi- 
sible par ^. Je dis que h n'est pas divisible par q, car dans le cas contraire 
b^ — 1 = (J — 1) X{b) serait divisible par q"^^ et comme b — 1 n'est pas divisible 

^Euclidis Elcmenta, ed. Heiberg VII, 80, t II, p. 248. 
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par 9, X{b) serait divisible par g^+^ contrairement k la supposition. On aura 
maintenant pour toute valeur de k 

{b + h(fy— 1 + *5* + tV^^Tc(f (mod. 2* + ^). 

Je pose maintenant 

A + 7r^y-^ = (mod. q) 

et je determine h par cette congruence ce qui est toujours possible car t ne pent 
avoir un facteur commun avec q que dans le cas ou < = g^ ; or dans ce cas t ne 
pourrait diviser '^{q)^ les nombres premiers a g^ et non sup^rieurs ^ q devant etre 
cherches dans la suite 

Le nombre k 6tant ainsi choisi, on aura 

{h + k^y=l (mod. 5* + ^) 

et Fexpression 

(6 + k(fy -l = {h + kq^— l)X{h + kq;") 

sera ainsi divisible par g"+^ Comme 6 + A:g^ — 1 n'est pas divisible par g, on 
aura JT (6 + ifcg') = (mod. j* + ^) . 

Le nombre k 6tant premier ^ g et si Ton veut non superieur & g, I'expression 
h + kq" sera premi&re a g^+^ et non sup6rieure ^ g*+^ En procedant ainsi de 
proche en proche, on trouvera une solution a de la congruence 

-r(a) = (mod. g«+^) 

premiere S, g*"*"^ et non superieure S. j*+\ 
D'une mani^re gen^rale, si I'on a 

ou < divise tons les nombres 

les nombres gi, gs^ • • • • g^ 6tant d'ailleurs des nombres premiers diff^rents entre 
eux, on pent trouver une solution a de la congruence 

-Sr(x) = (mod. w) 

et par suite effectuer la decomposition 

X{x) = (a — a){x — a*) . . . . (» — a*^^) (mod. u) . 
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En effet, si ai est une solution de Fegalite 

X(x) = (mod. 55^0 

ag une solution de r6galit6 

X{x) = (mod. q^^) , 



enfin a„ une solution de Tegalit^ 

X{x) = (mod. j^) 
on n'aura qu'Jt faire* 

a = Qi (mod. 95"*) , 

a = a^ (mod. jP) , 



a = a„ (mod. jj'- ) 

et Pon aura Jr(a) = (mod, u) 

et par suite 

X {x) = (a — a)(x — a*) .... (a — a*""^) (mod. t^) . 

II est facile d'6yaluer le nombre des solutions de la congruence 

x^ = 1 (mod. u) 

pour tout module u de la forme qi'q%^ ••••??• ou ^i , g^j, .... g^i, sont des nombres 
premiers diff6rents tels que t divise tons les ^'(j)* En effet, pour w = j on 

aura aj<_ i = (aj_i)(a;_a)(x — a*) {x — a^^^) (mod. j). 

Or un produit ne pent etre divisible par un nombre premier a moi?is qu'un des 
facteurs ne le soit ; on aura done les solutions 

a; = 1 (mod.'j) , 
x = a (mod. g), 
x = o? (mod. j), 



5c = a^""^ (mod. g). 

Ces solutions sont d'ailleurs toutes differentes entre elles, car si Ton avait 

tt'^ = a* (mod. j), 

par exemple, oii h et k sont des nombres differents.pris dans la suite 

0, 1, 2, t—l 



DisquisitioQes arithmeticae, art. 86. 
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et A >► ^, on en tirerait 

a*~* = l (mod. g^) 

contrairement k la supposition que a appartient a I'exposant t. Quand on a 

on a encore 

«* — 1 = (a; — l)(a; — a){x — a*) (x — a'~^) (mod. j^) 

et comme deux facteurs de ce produit ne peuvent pas etre divisible par q en 
merae temps, comme nous venons de le voir, il faut qu'un des facteurs soit 
divisible par q^. On en tire les seules et uniques solutions 

x=l (mod. j"*) , 
x = a (mod. q^) , 
x = a^ (mod. j^) , 

x = a^~^ (mod. 5**) 

qui seront encore diff6rentes entre elles. Le nombre des solutions de la con- 
gruence a;<=i (mod.j^') 

est done 6gal h t . Enfin pour 

ou aura de meme 

of — l = {x — l){x — a){x — a*) .... (x — af^^) (mod. u). 

Or comme deux facteurs du produit pr6c6dent ne peuvent etre divisible en meme 
temps par un meme nombre premier q, il s'agit de distribuer toutes les puis- 
sances de nombre premier q^ parmi les facteurs du produit 

{x — l){x — a){x — a*) .... (x — a*"^) 

avec la faculty d'attribuer plusieurs puissances de nombre premier h, un 'seul 

facteur. Comme il y a ainsi t alternatives pour chaque puissance de nombre 

premier, cela nous donne en tout 

f 

m 

solutions, qui seront d'ailleurs toutes differentes entre elles, en vertu de Particle 
36 des Disquisitiones arithmeticae. 
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II existe des modules pour lesquels la d6com position de X{x) en facteurs 
lin6aires est impossible, En effet, posons d'abord 

t6= t 

et d&iignons par T le groupe form6 par I'ensemble des nombres premiers kt et 

non 8up6rieurs k t, I'^galit^ 

x'=l (gr.T) 

n'admettra qu'une seule et unique solution 

x=l {gr.T) 
car ^4^ (t) n'est pas divisible par t • De meme la congruence 

af=l (mod. t) 
n'aura qu'une seule et unique solution 

x=l (mod. t) . 

Or comme on a Z (1) = < = (mod. t) 

on aura la decomposition 

X{x) = {x— ly-^ (mod. t) 

et par suite x* — 1 = (x — 1)^ (mod. t). 

Mais quand tt = r 

od T >► 1 , la congruence 

X{x) = (mod. r) 

n'admet pas de solution et par suite n'est pas decomposable en im produit de 
facteurs lin^aires. En effet, si I'on avait 

X{a)=:0 (mod. f) 

on en tirerait 

X{x) ={x — d){x — a*) .... (a; — a'""^) (mod. f) 

et par suite 

X{1) = (1 — a)(l — a») • • . . (1 — a'-^) (mod. r). 

On devrait done avoir, pour une certaine valeur de h comprise entre 1 et t — 1 
inclusivement ^a = i (n^od. t) 

et par suite a*^"*"*** = 1 (mod. t) 
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oh m etn sont des nombres entiers quelconques. On en tirerait 

a* = 1 (mod. t) 
pour toute valeur de k prise dans la suite 

et par suite t = f''^ (mod. f) 

congruence absurde puisque tant t — 1 que r sont sup6rieurs ^ I'unitS. La con- 
gruence a^ = 1 (mod. f) 

admet t solutions et pas plus car 4^ {f) est divisible par t et pas par une puissance 
sup6rieure de t. Or comme on a 

7f — l = {x—l)X{x) 
on voit facilement que ces solutions sont 

1, i + e-\ l + 2^-^ , i + (< — i)r~^ 

car toutes ces valeurs rendent x — 1 divisible par T"^ et X{x) divisible par t. 
Toutes ces solutions 6tant difierentes entre elles, il ne pourra y en avoir d'autres. 
II est clair que si Ton pose 

oh h est pris dans la suite 

J.y^|....r "~" J. 

toutes les solutions de la congruence 

sc* = 1 (mod. r) 
seront 1 , a, a', . . . • a^~^. 

Mais on ne pent plus parler d'lme decomposition telle que 

a* — 1 = (ar — l){x — a){x — a*) .... (a — o*""^) (mod. f ) 
car 1 + a + a* + . . . . a'""^ 

est bien divisible par t mais non par f. 

La congruence X (a) = (mod. u) 

n'est pas resoluble non plus quand le module est 6gal ^ un nombre premier r 
diflferent de t et tel que t ne divise pas '^ (r) . En eflfet, si Ton d6signe par B le 
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groupe form6 par Pensemble des nombres premiers ^ r et non supcrieurs a r, 
r6galit6 ^t = 1 (gr. E) 

n'admettra qu'une seule solution 

cc = 1. 

De meme la congruence 

af = l (mod. r) 

n'admettra qu'une seule et unique solution 

X = 1 (mod. r) . 

Or comme on a -3r(l) = t 

la congruence X{x) = (mod. r) 

n'admet pas la solution 

X = 1 (mod. r) 

et par suite elle n'en admettra- aucune puisque toute solution de la congruence 

X{x) = (mod. r) 

est n^cessairement une solution de la congruence 

a/ — 1 = (mod. r). 
On ne pent parler dans ce cas non plus d'une decomposition telle que 

7f—l = {x—iy (mod. r) 

car le coeflBcient de x^""^ dans le d6veloppement de (x — 1)' est 6gal h — t et par 
suite non divisible par r. D'une manii^re generale, la congruence 

X{x) = (mod. ?^) 

n'admet pas de solution et est indecomposable en facteurs lin6aires pour tout 
module u divisible par un nombre premier r different de t et tel que 't^ (r) n'est 
pas divisible par t . En somme, la congruence 

X{x) = (mod. u) 

est resoluble et par suite decomposable en un produit de facteurs lin6aires pour 
tout module u qui n'est divisible ni par f ni par aucun nombre premier r different 
de t et tel que t ne divise pas '^^{r). En effet, un tel module u est soit de la 
forme ^ — jj^^gw, ^j>. 

oil t divise tous les "^Kj), soit de la forme 
38 
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oh t divise encore tous les 4^ (?) • Dans le premier cas on n'a qu'a faire 

a = ttfc (mod. qlg") (A; = 1 , 2 , . . . . t;) 
et dans le second 

a = 1 (mod. t) , 

a = ajc (mod. jj"*) (A; = 1 , 2, . . . . t;) 
et I'on aura 

X{x) = {x — a){x — a*) .... (a — a'~^) (mod. u) . 

Tout nombre M qui n'est divisible ni par f ni par un nombre premier r diflR&rent 

de t et tel que t ne divise pas ^4^ (r) , peut done etre appel6 diviseur de X{x). 

Cela 6tant ainsi, designons par Hi le groupe form6 par Pensemble de toutes 

les solutions de r6galit6 

of = 1 (gr. U) 

et par <"*' son ordre, il est facile d'6valuer mi. En effet, posons 

u = rMN 

oii f est la plus haute puissance de t qui divise u, le nombre r pouvant d'ailleurs 
avoir la valeur 0, et if le produit de tous les diviseurs premiers 9 de — tels 

que < divise '^Kj), chaque nombre premier q devant d'ailleurs figurer dans M 
autant de fois que dans u. Le nombre JVn'est done autre chose que le quotient 

^ qui peut se r6duire 6ventuellement k un. Si Ton d&igne par v le nombre 

de nombres premiers difF6rents qui divisent if, la congruence 

af=l (mod. M) 

admettra, comme nous Tavons vu, f solutions. La congruence 

a* = 1 (mod. f) 

admettra une seule solution dans le cas ou r -< 2 et en admettra t dans le cas oh 
T > 1 . Enfin si iV> 1 , la congruence 

af=l (mod. N) 

n'admet qu'une seule et unique solution, car t ne divise pas '^^{N). Cela 6tant 
ainsi, en vertu de Particle 36 des Disquisitiones arithmeticae on aura 
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oil B est 6gal a 1 dans le cas oil r > 1 , il est 6gal & dans tous les autres cas. 
Le groupe Hi est done a wij = t; + e bases oh le nombre mi ne pent jamais sur- 
passer le nombre de nombres premiers difierents divisant u. Disons plus, 

comme on a j, (2*) = 2*"^ 

pour toute valeur positive et entifere de 2, le nombre Wj ne peut jamais surpasser 
le nombre de nombres premiers impairs divisant u. Nous avons suppos6 le 
nombre u decompose en un produit de la forme 

mais la th6orie elle-meme nous fournit cette decomposition. En effet, il resulte 

de la th6orie prScedente que le moindre commun multiple de tous les plus grands 

communs diviseurs de 

X{x) et u, 

oh X doit parcourir toutes les solutions de 

sc* = 1 (mod. u) , 

est 6gal a /J/ ou a if suivant que t est plus grand ou 6gal k . D'une manifere 
analogue, la th6orie elle-meme nous fournit la decomposition de if en un produit 
de puissances de nombre premier premieres entre elles. II y a une difterence 
essentielle entre le postulat III d'Euclide,* par exemple, et la supposition qu'on 
fait d&s le d6but de la theorie des formes quadratiques qu'il est possible d'effectuer 
la decomposition de tout nombre donne en ses facteurs premiers. Le postulat 
III ne regoit aucun perfectionnement S. mesure qu'on avance dans la geometric. 
II n'en est pas de meme de la decomposition d'un nombre en ses facteurs pre- 
miers. D'abord ce n'est qu'un tatonnement fort rude, mais il le devient beaucoup 
moins ^ mesure qu'on avance dans la theorie des formes quadratiques. II est 
done de toute necessite d'y revenir, une fois la theorie des formes quadratiques 
achevee. La sixi&me section des Disquisitiones arithmeticae n'est pas un hors- 
d'oeuvre, c'est un complement absolument indispensable de toute theorie des 
formes quadratiques. Que I'on ram^ne la question qui consiste ^ determiner le 
caract&re quadratique d'un nombre donne a par rapport & un nombre donne m ^ 
la decomposition de m en ses facteurs premiers, je le veux bien. Mais cela fait, 



* Elementa, ed. Heiberg, 1 1, p. 8. 
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que Von compl&te la th^orie en montrant comment la decomposition de m en ses 
facteurs premiers depend de la resolution de la congruence 

;ii?=a (mod. m) . 

Abordons maintenant la congruence* 

cc* = 1 (mod. u) . 

Ici, il se pr^sente quelque chose de particulier. En effet, Texpression a* — 1 est 
decomposable en facteurs lineaires algebriquement, car on a 

x«— 1 ={x — \){x+ 1). 
On aura done 

Q? — l = {x — l){x — w + 1) (mod. u) 

oh.u — 1 est, comme il est facile de voir, premier a u . S'il s'agit de rendre 
^ — 1 divisible par u, il suflSt done de rendre x — 1 divisible par un diviseur h 
de w et a; — w + 1 divisible par un diviseur & de t^ tels qu'on ait 

hk = (mod. u). 

Je dis que h et k ne peuvent avoir d'autre facteur commun que 2 . En effet, 
cela resulte immediatement de la relation 

{x—l) — {x — u+l) + u=2. 

Si done le module u est impair, les nombres A et A; ne peuvent avoir de facteur 

commun. Pour tout module u superieur a 2, la congruence a d'ailleurs deux 

solutions bien distinctes 

x=l (mod. u) 

et x = u — 1 (mod. u) . 

D'ou il resulte que 2 divise toujours t^^ (u) quelque soit le module u superieur 
a 2 . Si le module u est 6gal k une puissance de nombre premier impair j^, la 
congruence ^ = j (mod. j^) 

n'a que deux solutions. En effet, le plus grand commun diviseur de x — 1 , 
X — 5'*' +1 et 5 etant egal 1 quelle que soit la valeur de a, il faut qu'un des deux 
facteurs x — letx — q^ + 1 soit divisible par q"^ pour que a* — 1 le soit, ce qui 
donne les deux seules et uniques solutions 

a;= 1 (mod. j*"), 

x = q'^—l (mod. 5*^). 

* Cette coDgruence a dejd 6t6 consideree par M. Scheriug dans son memoire intitul6 Zur Theorie der 
qvMdratischen Reste (Acta Mathematica, Vol. I, p. 153). 
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Quand on a w = jf*??" . . . . j?"" 
ou . qX\ qf% 7^ 

sont des puissances de nombre premier impair premieres entre elles, on 6tablira 
comme dans le cas de la congruence 

;c' = 1 (mod. u) 
que la congruence ^=1 (mod. u) 

admet 2* solutions. 

Considerons main tenant la congruence 

a* = 1 (mod. 2') . 

Si 2 = 1 , elle n'admet 6videmment qu'une seule et unique solution 

5c = 1 (mod. 2) . 
Si 2 = 2 , on a les solutions 

cc = 1 (mod. 4) , 

X = 3 (mod. 4) . 

Comme ces solutions 6puisent les nombres premiers ^ 4 et non sup6rieurs k 4, il 
ne pourra y en avoir d'autres. Nous pouvons done nous borner h, la considera- 
tion du cas oii 2 >► 2. On aura done la congruence 

a? — 1 ={x— l){x— 2' + 1) = (mod. 2'). 
Comme on a (a; — 2* + l) — (« — 1) = 2 (mod. 2') 

pour toute valeur de x, il est clair qu'un des deux nombres x — 2'+leta; — 1 

sera pairement pair et Pautre impairement pair pour toute valeur de x qui satis- 

fait a la congruence 

a*=l (mod. 2'). 

Le nombre pairement pair devra done ctre divisible par 2'"^ et il sera pai 
consequent = ou =2*""^ (mod. 2'). 

Cela nous donne en tout quatre solutions 

X = 1 (mod. 2') , 

x=l + 2*-^ (mod. 2'), 

a; = 2' — 1 (mod. 2') , 

ic=2'-^— 1 (mod. 2'). 

Toutes ces solutions sont distinctes entre elles, comme on pent s'en assurer en 
evaluant (mod. 2') leurs differences deux a deux. En vertu de Particle 36 des 
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Disqumtiones arithmeticae que nous avons deja cit6 tant de fois, on aura done la 
proposition suivante. La congruence 

x^=l (mod. u) 

admet 2* solutions, si u est un nombre impair ou impairement pair divisible par 
V nombres premiers impairs diflFerents. Le nombre de solutions est 6gal k 2"^^ 
si le nombre u est divisible par 4 sans I'etre par 8, enfin le nombre de solutions 
est egal a 2***'* quand le module u est divisible par 8. 
La difference essentielle entre la congruence 

a^ = 1 (mod. u) 
et la congruence sc* = 1 (mod. u) 

ou < est un nombre premier impair, consiste done en ee que x* — 1 n'est pas 

d6eomposable en faeteurs lineaires pour u=if ou r ]> 1 , tandis que a^ — 1 est 

alg6briquement decomposable en faeteurs lineaires et par suite aussi pour le 

module 2'. 

En r6sum6, si Ton designe par Si le groupe form6 par I'ensemble des 

solutions de la congruence 

af=l (mod. u) 

oii 8 est un nombre premier queleonque et par «"*» son ordre, on aura, si 

u = s^'qf'qi* ....??• 

est la decomposition de u en puissances de nombre premier premieres entre elles 
(la puissance «" pouvant se reduire 6ventuellement h Punite), 

?ni = t? 
pour« = 2 (r<C2, 

mi = v + 1 
pour 5=2 cr = 2, 

mi = v + 2 
pour 5=2 (r>2, 

pour « = < }> 2 , o\X Vf designe le nombre des nombres de la suite 

'4'(^0i ^(^rO. '4'(??0....'4'(9rO 

qui sont divisibles par 8 de sorte qu'on aura toujours 
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si Ton d^signe par t/ le nombre de nombres premiers impairs qui divisent u. 
Le groupe C7 sera par consequent ^ autant de bases que le groupe form6 par 
I'ensemble des solutions de la congruence 

a* = 1 (mod. u) . 

27. 

Passons maintenant au th6orfeme d'Euclide.* Si les nombres premiers 
6taient en nombre fini et se r^duisaient par exemple aux nombres premiers 

Ji» 5f«> ' • • • 5f » 

qu'on pent supposer ranges par ordre de grandeur, le nombre q^q^ . . . . q^+ \ 
serait ou premier ou divisible par un nombre premier j^+i ]>5». II r&ulte du 
raisonnement d'Euclide que, entre q^ exclusivement et qiq^ . . • . g^u + 1 inclu- 
sivement il existe au moins un nombre premier. 

Yoyons maintenant si, en se fondant sur les pr^liminaires 6tablis dans les 
paragraphes precedents, il est possible de conclure quelque chose de plus. 

Posons if = 5ij2 .... 9^ 

le groupe 3)1 forme par tous les nombres premiers ^ if et non superieurs i if 
sera h,n — 1 bases. Or si Ton designe par 

tous les nombres premiers compris entre q^ exclusivement et M^ tous les nombres 
qui font partie du groupe 9R pourront etre representes par la formule 

n-l-lVn + S • • • • Vn-f* 

o^ les nombres u ont la valeur ou une valeur enti^re positive. II s'ensuit 
qu'on doit avoir, comme nous Tavons demontre dans les paragraphes precedents, 

h>n—l. 

Entre q^ exclusivement et M^ il existe done au moins n — 1 nombres premiers. 
Si, dans le raisonnement d'Euclide, on remplace M-^- 1 par M — 1 , il en resultera 
qu'entre q^ exclusivement et M^ il existe au moins un seul nombre premier. La 
demonstration de M. Kummer (Monatsberichte der Berliner Academic) repose sur 
des considerations analogues ^ celles que nous venons de developper. M. Kummer 

*Elein. IX, 20, ed. Heiberg, Vol. II, p. 888. 
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demontre d'abord que Pensemble W renferme au moins an element et que par 
suite il flGLut au moins un nombre premier different de 



• • • • 



pour qu'on puisse Texprimer com me un produit de facteurs premiers. La 
demonstration du th6orfeme d'Euclide que j'ai donnee il y a huit ans dans le 
Bulletin de M. Darhoux repose sur d'autres principes. II est facile de faire voir 
que dans la suite 1,2,3, N 

il y a plus de |iVnombres sans facteur quadratique. Si done on designe par 

les nombres premiers de la suite precedente, tout nombre sans facteur quad- 
ratique de la suite sera de la forme 

oxX tout exposant w^ a une des deux valeurs et 1. Comme cette fois-ci les 
exposants des nombres premiers ont une limite superieure, il n'est plus n6ces- 
saire de recourir a la theorie des groupes euleriens et Ton obtient imm^diate- 

ment m > log. acoust. \ N. 

28. 

Le raisonnement d'Euclide pent servir k demontrer Fexistence de nombres 
premiers ayant certaines formes particuli^res donn6es d'avance. Nous avons vu 
que t etant un nombre premier impair quelconque, Texpression 

1^ = X(a:) = x'-^ + x'-« + +X+1 

ne pent admettre comme diviseurs premiers que le nombre premier t et cela 
une seule fois, et des nombres premiers de la forme 

ht+1 

oii h est un nombre entier positif quelconque. En particulier, X{t) n'6tant pas 
divisible par t et etant superieur a runit6, sera n6cessairement divisible par un 
nombre premier qi de la forme 7it+ 1 . De m6me ^{tqi) etant superieur S. 1 et 
n'etant divisible ni par t ni par qi sera n6cessairement divisible par un nombre 
premier q^ de la forme ht + 1 et different de qi. D'une maniere analogue le 
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nombre X{tqiq^ etant sup6rieur i 1 et n'6tant divisible ni par t, ni par qi ni par 
q^ sera divisible par un nombre premier q^ de la forme ht + 1 et different tant de 
qi que de qz* 

En continuant de la meme mani&re on pent trouver autant de nombres 
premiers de la forme ht + 1 

9i» ?2» 



• • • • 



que Ton veut. II est done bien demontr6 que le nombre de nombres premiers 
de la forme ht + \ peut surpasser tout nombre entier donne d'avance.* Nous 
avons suppos6 t impair; si Ton met dans la formule A^ + 1 a la place de t le seul 
et unique nombre premier pair 2, on obtient la formule 

2^+1 

qui convient ^ tout nombre premier impair. La proposition s'applique done 
aussi S. ce cas. II convient maintenant de dire quelques mots sur les classes de 
nombres premiers de M. Lipschitz.f Le nombre premier 2 forme ^ lui seul la 
classe 1, S. la classe 2 appartiennent tons les nombres premiers de la forme 2** + 1 
et d'une mani^re gen6rale on consid^re comme appartenant Jl la classe ft tout 
nombre premier q^ tel que q^ — 1 est divisible par un nombre premier de la 
classe ^ — 1 et ne contient d'autres diviseurs premiers que des nombres premiers 
des ^ — 1 premieres classes. 

Le nombre de classes de M. Lipschitz peut surpasser tout nombre entier 
donne d'avance, car si q^^ est un nombre premier de la classe ^, tout nombre 
premier de la forme hq^^-\- 1, ou A est un nombre entier positif, appartiendra 
evidemment ^ une classe ^i '\'h oxXh^O. 

29. 

Soient s un nombre premier quelconque et ^ un nombre entier positif supe- 
rieur a un, on aura 

^17^ = x"-"'""' + x"-*'*"-' + .... + x''-' + 1 =« (mod. x'""' - 1) 

x' — 1 



* Jignore Pauteur de cette demonstration. 

t Tout ce qui suit jusqu'A la fin de ce paragraphe a ^t^ ajout6 apr^ Tapparition du beau travail 
de M. LipBchitz (Journal fOr Mathematik, Bd. CV, p. 127-156). 

39 
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quelle que soit la valeur enti^redex. II s'ensuit que tout diviseur premier 9 



.M 



de --.SI autre que s est premier S. ar — 1 . On aura done 

of — 1 



x^=l (mod. 9), 
mais non a^ =1 (mod. q) 



ce qui fait voir que x appartient a Texposant s^ (mod. q). Le nombre 
^ (j) = ^ — 1 doit done etre divisible par s^ ei q est par consequent de la forme 

h^ -\- \ oxjih est un nombre entier positif. Le nombre — ::^ 6tant sup6rieur 

^ — 1 

k Tunite admettra necessairement un diviseur premier q^ qui sera different de s 

(a sY^ 1 

et par suite de la forme A«^ + 1 . Le nombre ^^^ ^ . admettra un diviseur 

premier q^ different de s et ^i et par suite de la forme A^ + 1 . De meme le 
nombre i2liLi__-_ admettra un diviseur premier q^ different de s, q^ et q^ et 

{m^pf — 1 

par suite de la forme A^ + 1 . En continuant de la meme mani^re on pent 
former autant de nombres premiers de la forme A«^ + 1 que I'on veut. 

Soit maintenant qi un nombre premier de la forme hs* -^^ \ obtenu par le 
precede qu'on vient d'exposer, d^signons par A\ le groupe form6 par Tensemble 
des solutions de la congruence 

5C* = 1 (mod. q^ . 

Nous avons vu dans le §26 que le nombre des solutions de la congruence 

a* = 1 (mod. 5i) 

est egal ^ ^, il s'ensuit que le groupe A{ est monobase et comme il r^sulte de la 

B 

formation meme du nombre premier q^ que le groupe A\ renferme au moins un 
616ment appartenant ^ I'exposant «^ il est clair que I'ordre du groupe ^1 sera 
egal a s^. Formons d'une mani&re analogue un autre groupe monobase A\ 
d'ordre 8^ S. Paide d'un nombre premier q^ different de q^ et ainsi de suite jusqu'i 
un ceirtain groupe monobase A\,^ d'ordre a* qu'on formera h, I'aide d'un nombre 
premier q„, different des nombres premiers 

^'ij J21 Jst • • • • 5f»^— 1* 
Formons d'une mani^re analogue un certain nombre tn,_x — tn, de groupes 
monobases >l«*"^ >4«*"^ A*^"^ 
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d'ordre «*~^ ^ I'aide de nombres 

diff^rents tant entre eux que des nombres premiers 

On continuera la meme operation jusqu'Ji ce qu'on aura form6 mi — m^ groupes 

monobases d'ordre s 

A* A* A 

a I'aide de nombres premiers 

difFerents tant entre eux que des nombres premiers 

Je pose maintenant M=^qiq^ • - • » qm, 

et je remplace tout 616ment a du groupe A{ par un element a' satisfaisant aux 

conditions a' = a (mod. ^'j) , 

a' = 1 (mod. 52) » 



a'= 1 (mod. 5^,^^), 



et de meme pour les autres groupes. Cela ne change en rien la nature des 
groupes A et maintenant tous leurs 616ments peuvent etre consider^s aussi 
comme faisant partie du groupe 9R forme par I'ensemble de tous les nombres 
inf6rieurs S. if et premiers a M. Encore plus, si Ton prend deux Elements a et 6 
du groupe A\ , T^lement c qu'on obtient par la composition des 616ments a et 6 
correspondera k I'element cf du groupe 9JI, form6 par la composition des 616ments 
a' et b' de ce groupe qui correspondent respectivement aux 616ments a et 6 du 
groupe Ai . Et de meme pour les autres groupes. Cela 6tant ainsi, je d^igne 
toujours par le signe -!{ le groupe -!{ ainsi transform^, et je dis que les groupes 

A*^ A"* A' 

sont susceptibles d'etre combines en un groupe H« . En effet, si I'on d^igne par 

ai, (I2, .... ci»j 
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des Elements appartenant respectivement aux groupes 

A*^ A** A' 

une congruence telle que 

Gi = a^a^ .... a^^ (mod. M) 

ne peut avoir lieu a moins qu'on ait' 

tti = 1 (mod. M) 
car on a a^ = as = . . . . = a«^ (mod. qi) . 

En posant E# = .ij .45 .... -4i, 



on aura un groupe tout a fait analogue a celui que nous avous 6tudi6 sous ce 
nom dans les paragraphes 7-10. 

Soit maintenant E un groupe eul6rien quelconque et que sa decomposition 
en groupes uniprimes d'ordres premiers entre eux, donne 

^ = E#,Etf, . . . . Htf^ 
formons a I'aide de nombres 

premiers deux a deux, des groupes 

-" 1 » -"2 , . . . . Un 

tout a fait analogues aux groupes 

Supposons de plus qu'on ait choisi les elements du groupe Hi de mani^re qu'ils 
soient tous congrus h. un suivant les modules M^y M^, . . . , M^ et de mcme pour 
les autres groupes, le groupe 

F= H^H^ H^ (mod. M= M^M^ JfJ 

sera tout ^ fait analogue au groupe E. 

La theorie des groupes euleriens trouve done une application complete dans 
la theorie des restes suivant un module quelconque. 

L'application du proced6 du geomfetre grec h, d'autres cas de la proposition 
de Lejeune Dirichlet sur la progression arithmetique fera Tobjet d'un prochain 
article. 

Gra-Thumiac, le 26 ao(it 1889. 



Ether Squirts. 

Being an Attempt to specialize the form of Ether Motion which forms an Atom in a Iheory 

propounded in former Papers. 

By Karl Pearson, University College, LondUni. 



R^UME. 



In three previous papers (Camb. PhiL Trans., Vol. XIV, page 71 ; London 
Math. Society's Proceedings, Vol. XX, p. 38 and p. 297) I have developed the 
results which flow from supposing the ultimate atom to be a sphere pulsating in a 
perfect fluid. I have shown that this hypothesis is not without suggestion for 
the phenomena of chemical aflSnity, cohesion, and spectrum analysis in the first 
paper; that it can be applied to explain dispersion and other optical phenomena, 
as well as certain electrical and magnetic phenomena in the second paper ; while 
the fact that it leads to generalized elastic equations is developed in the third 
paper. In the present memoir I have endeavored to show that all these results 
still hold good if the pulsating sphere be replaced by an ether squirt which 
resists variations in its rate of flow. From whence the ether flows and why its 
flow resists variations are problems which, as they fall outside the range of physics, 
I leave to the metaphysicians to settle. The ether squirt as a model dynamic 
system for the atom seems at any rate to possess the property of simplicity. But 
the action of one group of ether squirts upon a second group leads to equations the 
complexity of which seems quite capable of paralleling any intricacy of actual 
Nature. The main portion of this paper is devoted to an investigation of inter- 
atomic and inter-molecular forces, and brings out the striking influence in producing 
cohesion of * kin-atoms' in difierent molecules. Thus if A^B and A'^B^ represent 
two molecules compounded of two A atoms and one B atom, it is shown that the 
inter-atomic action of -4 on Ji in the first molecule is largely influenced by the 
action of A' in an adjacent molecule. In many cases the term which ul'^s action 
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produces in the atomic action of -4 on J. is as important as that of A upon B. 
The eflFect of this action of kin-atoms in different molecules is shown to lead to 
the ' hypothesis of modified action ' and to * multi-constant' equations of elasticity. 
Its denial of the literal truth of the Second Law of Motion is also discussed, and 
its application to certain general problems of cohesion dealt with. 

The law of gravitation and the theory of the potential are shown to be more 
intelligible on the ether squirt theory than on that of the pulsating sphere as 
developed in §§51-9 of my first paper. 

On a Certain Atomic Hypothesis — Ether Squirts. 

1). ** It has become the fashion, '^ said Professor Fitzgerald in his Bath 
address to the British Association, '^to indulge in quaint cosmical theories and 
to dilate upon them before learned societies and in learned journals. I would 
suggest, as one who has been bogged in this quagmire, that a successor in this 
chair might well devote himself to a review of the cosmical theories propounded 
within the last few years. The opportunities for piquant criticism would be 
splendid." 

The pleasure of ** bogging oneself in this quagmire" Is so great that even 
piquant criticism cannot restrain me from adding another quaint cosmical theory 
to the many that already exist. This hypothesis may be briefly summed up in 
the statement : that an atom or the ultimate elemejit of ponderable matter is an ether 
squirt. (See Clifford's use of the term * squirt,' Elements of Dynamic, I, p. 214.) 

2). As it is well known, the vortex theory of matter reduces the ether to a 
perfect fluid, and endeavors to build up matter by some form of motion in this 
fluid. The infinite variety of motions which a perfect fluid is capable of, suggest 
all sorts of rotational or even irrotational forms which may account for matter. The 
great beauty of all such fluid motion solutions is their reduction of the physical 
universe to a single imponderable medium ; they avoid dualistic explanations of 
natural phenomena. As, however, no sufficiently simple vortex 'origin of matter 
has yet been formulated, many scientists, notably Sir William Thomson, have, 
for the practical purpose of explaining optical phenomena, fallen back for the 
present on mechanical molecules. The mechanical molecule of Thomson, while 
of great assistance to the understanding of many facts of dispersion and absorp- 
tion, undoubtedly possesses chemical disadvantages ; it presents no obvious mode 
of disassociation. On the other hand, Lindemann has recently shown that it can 
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be used effectively to explain various phenomena of magnetism and electricity. 
He, however, assumes the ethereal medium to be of the nature of a perfect fluid. 
The Thomson-Lindemann atoms and molecules thus show us so far only com- 
plex mechanisms, and raise the not unnatural repugnance of the philosophical 
mind to a dualistic theory of the universe. 

3). In a paper published in the Camb. Phil. Trans. (Vol. XIV, page 71), I 
have endeavored to explain certain optical and chemical phenomena by treating 
the ether as a perfect fluid and supposing the atom to be a differentiated part of 
the ether, which, as a first approximation, may be considered of spherical form 
and the surface of which is capable of pulsation. I did not venture upon any 
suggestion as to the nature of this differentiated portion of the ether. I merely 
suggested that it possibly might be explained as an ether vacuum with surface 
energy. All that I required was a- surface in the ether approximately spherical 
and capable of pulsation. In a later paper I have shown that most of the results 
which flow from the Thomson-Lindemann atom, together with a ready explanation 
of disassociation, could be obtained from the pulsating, atom. The molecule 
based upon it seemed to me to have distinct advantages over the complex 
mechanism of their spring-shell molecule. In the present paper I suggest a 
kinematic fluid origin for the pulsating spherical atom. The sort of fluid motion 
which I have chosen is an irrotational one, and therefore one capable of far more 
ready handling than a vortex-sponge system. The difficulty of course arises as 
to how rays of light are to be propagated by transverse vibration in such a fluid 
medium, but then that difficulty also occurs in the vortex theory when it treats 
the ether outside the vortex atom or matter as a perfect fluid. It may also be 
urged against Lindemann's arguments which largely depend on the perfect fluid 
motion of the medium outside the spring-shell atom. Perhaps the perfect fluid 
is turbulent. 

At the same time it may be remarked that our theory does not absolutely 
require the ether to be a perfect fluid. It supposes only: (1) that its velocity 
at any point is the differential of a certain function o^ with regard to the direction 
of the velocity, or if m, v, ti? be the velocity components, 

(2) that the ether is inoompresaible and continuous except at points occupied by 
' matter,' or du dv dw ^ 
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Lastly, it assumes: (3) that the kinetic energy of the whole system is given by the 
same expression as in the case of a perfect fluid ; that is, 

Kinetic Energy = — i pCti, -^ do , (3) 

where the integration is to be over the surface of all 'matter/ and n is the 
direction of the normal at the element da of such surface, its positive sense being 
toward the fluid, p being the density of the medium. Whatever the nature of 
the ether, this is obviously an irrotational motion, but beyond the above assump- 
tions it is not necessary to consider the ether as identical with a perfect fluid. 

4). Now the results of the paper to'which I have referred above were obtained 
by supposing the spherical atom to have certain surface pulsations ; that is, the 
velocity of the fluid at the surface of the atom was supposed to be given and 
equal to the surface velocity of the particle of * matter' there situated. Now 
we should have obtained precisely the same equations had we supposed a flow of 
the ether over the surface of the atom with the same velocity as that with which 
we endowed the atomic surface. Now this might arise from two causes, either 
(a) we may suppose a source or sink of ether inside the atom, the ether itself 
being incompressible ; or (b) we may suppose the ether at the atom to be com- 
pressible, and the atom might be treated as an element of ether in the ' gaseous 
state,' a bubble of ether vapor in ether — ^just as we might have a bubble of the 
vapor of a substance in its liquid at certain temperatures and pressures. The 
difficulty of this latter explanation is really its dualistic character ; it throws back 
the explanation of gas and liquid on something pre-ethereal and tends to suggest a 
second ether to explain the first. 

On the other hand, our first hypothesis, especially when we simplify our 
atom by reducing it to a point, so that it really coincides with the source or sink, 
has a good deal to recommend it ; it very much reduces the terms which appear 
in the expression for the kinetic energy of both atoms and ether; it retains, how- 
ever, the terms that appear to be really necessary, and it renders these terms 
absolutely accurate instead of only approximations. It is, supposing it will 
suffice to explain physical phenomena, an extremely simple monistic hypothesis : 
the fluid medium in irrotational motion is the primary substance, the atom or 
element of matter is a squirt of the same substance. From whence the squirt 
comes into three-dimensioned space it is impossible to say ; the theory limits our 
possibility of knowledge of the physical universe to the existence of the squirt. It 
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may be an argument for the existence of a space of higher dimensions than our 
own, but of that we can know nothing, and we are only concerned with the flow 
into our own medium, with the ether squirt which we propose to term * matter.' 
Some idea of the theory may be obtained in the following manner : Suppose a per- 
fectly smooth metal plate on which are placed any number of electrodes capable 
of free motion on the surface of the plate, then if these were sources and sinks for 
electricity passing in and out of the plate, they would move each other about, 
and in doing so they would move the really immaterial sinks and sources in the 
plate. To a being in the flatland provided by the electric medium of the plate, 
these really immaterial sinks and sources would appear to be centres which 
mutually accelerated each other, i. e. he would suppose them endowed with 
force, or, as seats of force, he would properly term them matter. The ether 
squirt in three-dimensioned space is endowed in the same way with the proper- 
ties of * matter.' It possesses, besides, all the singular merit of the Boscovichian 
atom, i. e. it is for theoretical purposes a mathematical point. 

Of course we cannot understand what is the exact meaning of both the ether 
potential 4^ and the ether velocity becoming infinite at the squirt or element of 
matter, but this difficulty would be a like puzzle to the dweller in the electric 
plate to which I have previously referred. 

If the ether be incompressible, the total flow in and out at all squirts must 
be zero, or if this flow be proportional to the * mass,' we find the total quantity 
of matter in the universe is constant, namely, zero. This would involve the 
existence of negative as well as positive matter in the universe, but the law of 
gravitation as deduced from our theory tells us that there must be a large pre- 
ponderance of matter of like sign in that part of the universe with which we are 
acquainted. It is quite possible, however, that matter outside the solar system 
may be of a different sense, or even perhaps the ring of a planet be composed of 
matter of a different sense to the matter of the planet itself. The principle of 
the indestructibility of matter would reduce to the obvious theorem that we 
cannot stop the flow of any squirt, without a like flow coming into our space 
somewhere else — experience tells us, in the immediate neighborhood of the old 
squirt. We can vary the flow of any squirt and so obtain positive and negative 
electricity, but we cannot, so far as our present experience goes, create positive 
and negative matter — an ether source and a sink — at a point where there was 
previously no s quirt at all. 

40 
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5). In the following discussion the flow of any squirt will not be considered 
a constant, only its mean value over some long or short interval will be ; thus the 
expression for the flow may contain periodic terms due either to variations charac- 
teristic of the nature of the particular squirt, or to variations forced upon it by 
the vibratory character of the flow of adjacent squirts. Thus if V, be the velocity 
of flow of the ether just by the s^^ squirt, we shall have 

y$ = 0% + 1"^* sin {7iit + tti) + ^v, sin {rif^ + ao) + sV^ sin {n^t + aj) + etc. (4) 

Here the constant term will be used to explain gravitation, the enforced periodic 
variations to throw light on chemical affinity and cohesion, while other vibra- 
tional terms will be suggestive for optical and electrical phenomena. 

6). Let r*!, r^, ra, .... r^, ... . be the distances of any point in the ether 
from the 1"S 2^, 3^, .... 5^*^, ... . squirts, then a suitable solution of equations 
(1) and (2) is 

4, = .^1 + A + As +.... + A + .... , (5) 

where Ai, A^, jlg, .... -4,, ... . are any constants. To determine these, let 
Qi, Qj, .... ^3, .... be the instantaneous rates at which ether is flowing in at 
the 1"*, 2^, . . . . s^^y .... squirts, then we have 



Q.=zf^^r^.d<, = 4ni^,V^, 



where r, is to be taken very small and the integration is to include all the solid 
angle round the «*'' squirt. Since /^ is to be taken very small, we find for the 

Now if Q, were finite, F, would become infinite when we make r, vanish- 
ingly small. In order to avoid this, we shall assume V, to be the radial velocity 
of the flow on the surface of a very small sphere of radius a, surrounding the 
squirt, this sphere being taken so close that it only encloses its own squirt, and 
that the whole flow may be considered radial and uniform over its surface. We 

thus find V.= QjAna:p. (7 
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We proceed now to determine from (3) the entire kinetic energy of the sys- 
tem ; we have, do being an element of solid angle, 

the summation extending over all values of s from 1 to oo and r, being put in 
each case very small in the limit. Thus we have 

^••^•= 34^«-/(-n; + f + ■•■•+* + ■■• •)<'" 






^</. 



^Q^Q^ + ±^^' 



4np y„. 87rp a, 

where in the first summation s and s' are to take all possible different values and 
ygg, is the distance between the 6-^*^ and s'^^ squirts, and in the second summa- 
tion we are to sum for all squirts. The terms of the last summation would 
become infinite if we did not exclude the volume of the fluid absolutely at the 
squirt. Substituting for Q, in terms of F,, we find 

/r.^. = 227rpaJT7 + 2^^^2^'F,7,,. (8) 

This is the total energy of the ethereal medium excluding small spherical elements 
in the immediate neighborhood of the squirts. It agrees with the result obtained 
in Art. 14, p. 82, of the first paper on pulsating atoms {Gomh. Phil. Trans., Vol. XIV) 
as a first approximation to the kinetic energy. It has therefore two advantages 
over the result given in that paper : it is no longer an approximation, but accu- 
rate so far as the hypothesis reaches; and farther, V, need not be, like the ^o of 
the notation of that paper, merely periodic; it may contain a constant term, 
which would have involved rupture in the case of the pulsating spherical atom. 

7). Let us deal first with the mean velocity of flow from the squirt across 
the surface of the small sphere of radius a,. This we have represented by qV,. 
Since this does not vary with the time, it cannot arise in any equations — such as 
the Hamiltonian equations — deduced from the kinetic energy by varying the 
time. Hence it will not arise when we consider the forced variations in the flow 



316 Pearson : Ether Squirts. 

of the squirts. It contributes terms to the kinetic energy of the system depend- 
ing upon the mutual distances of the squirts 



47tp y„, 

if J, be the mean rate at which ether is poured in at the «*^ squirt. 

Now let us define * mass ' to be the " mean rate at which ether is poured in 
at any squirt." Then we have the following result : 

There is an attractive force between any one element of matter and any other 
element of matter, varying directly as their masses and inversely as the square of 
their distance. 

This is the ordinary law of gravitation. The constant l/47tp may either be 
taken as a constant of attraction or in the form s/l/An^ as a factor of mass. 

If we write ^\/An^, = wi,, we have, confining our attention to one element 
of matter m,, the following terms in the kinetic energy : 



rw,2 



m,, 



Now this element of the kinetic energy of the ether appears as potential energy 
when we leave the ether out of sight — thus, the potential energy of gravitating 
bodies is disguised kinetic energy of the ether. The potential of a number of 
elementary masses at any point not occupied by one of them is of the form 



wii TWg rwg 



'I r^ Ts 

or remembering the values of wii, m^, etc., we see that this is equal to the mean 
value of — t^/y/ 4np for the same set of elementary masses : see equation (6). Thus 
the gravitational potential differs only by a change in sign and a constant factor 
from the velocity potential of the ether at the same point. It thus obtains a 
definite physical meaning with regard to the ether. Further, we note that if an 
element of matter (or a squirt) be placed at any point of a field in which there are 
other gravitating elements, their effect on the new element is to cause it to move 
along the line of flow of the ether at that point due to the gravitating system ; 
that it moves with an acceleration proportional to the speed of the ether flow 
but in an opposite sense. Most of the properties of the potential are thus capable 
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of being stated in language involving either the kinetic energy or local motion 
of the ether. 

8). Leaving the gravitational terms, let us endeavor to form equations for 
the forced vibrations in a set of ether squirts. Here a diflSculty arises at the 
very outset, owing to our ignorance of why and how the ether is injected into 
the ethereal medium. Let us suppose p, to represent the amount of ether injected 
from a given epoch up to the instant in question through the s^^ squirt, then 
obviously the time variation of^, , or j&,, is what we have written Q,. Thus the 
kinetic energy may be written in the form 

K.K = ^X^ + ^XP^. (9) 

Now the equations for the forced vibrations in the flow of the squirt will be 
meaningless unless the squirt tends to resist variations in its rate of flow. But 
we do not know why it flows, much less the reason why only a limited variation 
is permissible in its rate of flow. That depends on the state of affairs outside 
the space which is alone sensible to us and with which we can deal. We can, as 
it were, only guess at the * potential energy ' of our atom, which lies outside our 
space. On the ether squirt hypothesis, the mechanism of the Ding-ansich is 
beyond our control or inspection. One thing, however, is obvious, if the theory 
is to apply to facts as we understand them, only a slight change in the rate of 
flow is possible, and the phenomena of the spectrum, especially on the *' single 
bright line " theory of an absolutely disassociated atom, lead us to believe that 
this variation is periodic and characteristic for each individual atom. This sug- 
gests and in part justifies our adding to the total energy of the system a poten- 
tial energy of the form 

For this gives a * force ' at the s^ squirt tending to resist variation of its rate of 
flow equal to . r'^{p, — q/), 

or proportional to the amount which the forced vibration has drawn -from the 
ether-store of the particular squirt over and above its ordinary gravitation allow- 
ance. We have termed this 'potential energy,' but just as we have banished 
potential energy by our hypothesis from the space under our control, so we 
might replace this by kinetic energy if we were able to include the unknown 
system outside our space. 
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Thus the difference L of the kinetic and potential energies of the system, 
supposing there to he no motion of translation^ is given by 



1 v/^* , 1 ^P^V 



^ = 8,7 2 ^ + i^^'f^ -i^<(p.- off- 

Hence, applying Lagrange's equations, we obtain for the typical vibrational 

''*'*•=''-«•'(, then we have 

'4>Ja. + X4>.,Iy,., + r,ip. = 0. (10) 

This is practically identical with the typical equation by means of which I have 
endeavored, in Arts. 14-25 (pp. 82-92) of my 'first paper, to represent the main facts 
of spectrum analysis. It is also the equation which leads on a fairly plausible 
hypothesis to a formula for the dispersion of light passing through a medium 
composed of such ether squirts exactly similar to that found by Thomson and 
Lindemann in the case of a spring-shell molecule (see my second paper, London 
Math. Soc. Proc, Vol. XX, p. 41). So far, then, the ether squirt is equally 
efficient with the pulsating spherical atom (or, for the matter of that, with the 
spring-shell molecule) in explaining optical phenomena. It is obviously much 
more suggestive for the problem of gravitation. We must turn now to its bear- 
ing on atomic and cohesive forces. 

9). To find the atomic force between the s^ and ^^^ atoms of a group of h atoms 
forming a molecule. 

Looking at equation (10), we observe that if two atoms were at a distance 
which was great compared with the radii of the small spheres by which we have 
enclosed each squirt (we may take these radii equal if we please ; they are not 
* atomic radii,' for our atom is really a Boscovichian point), then the summation 
term would vanish as compared with the other, and the flow of the squirt vary 
with its own characteristic period 27r/ Vr^a,, or 2n/rg say. Hence in this case 

PM = qif + G, cos {i\t + a,) . 
We have now to solve k equations of the type (10) which may be written 

<Ps + r4>,~ +v]<p. = 0. (11) 
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Assume ^, = B, cos {nt + /3) , then 



or 



B 



B,{7J-n*) — -ZB,.n'-^-=0, 

/iS' 







(12) 



This gives to determine — r the determinantal equation 



1 — 






a, 



yi2 



7ii 



1 — — ! 



9 I 



«3 

ya 






= 



(13) 






y» 



1-^ 



The roots of 7i obtained from this equation substituted in (12) give the constants 
B, . In order to obtain some idea of the nature of the periods and the constants 
we may find approximations to their value in series ascending by powers of a/y. 
We easily find as a first approximation to the s^^ root of the determinant 

1 1 ^a.a.^ 1 



nj 






(14) 



the summation extending to all values of ^ other than s. Further, if B^ repre- 
sent the amplitude of the s^^ periodic vibration in the 6-*** atom, we find 

By, a,/ 



B., = — 



T 



(15) 



n — ^v y*f 

Thus we have 

<^,, = B,. cos (M + /?,') - 2 ^^^ -^ cos {n,t + /?,), (16) 

^'t — '^*' y**' 

the summation extending to all values of s other than ^. Thus finally we have 

(t all values but «'j 

P.' = ?.' — «.'5,' sin {nj + /?,,) + 2 4^^ ^ sin («.< + /?,) , 

(t' all values but «) 

i>, = J — n.5, sin (n.< + /?,) +2 "j' J|^^*j -^ sin (n^ + /?^). 
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We must now return to equation (9) and substitute these values oi p, and p,, 
in the term which involves l/y^g/. This will give us the apparent force function 
CT between the atoms. In order to ascertain its measurable value we must take 
its mean with regard to an interval of time embracing many vibrations, we 
easily find 

mean oi p,.p, -q^, — h ,.» _ ,.2^ T— — * ZtT^TZ^ — 

(r all VAlnea Dot « or t") 

The first terra here, q,-q,, we may omit; it gives rise only to the gravitation 
potential with which we have already dealt. Retaining terms only as far as the 
cube of a/y, we have 

mean o\p,p^ — i , _ , — — 

'i* '» ill' 

. "^*^(r;-r*^)(r»-i'J) y^y„ ' 

(r all values but ( or (') 

Thus for the attractive atomic force between the «"" and ^ atom we have, from 
F^=-dU/dy„, 

_ aXBl — a,vt>Bl, 1 



+ 



+ 



1 _ vJ5J a,a^ 



8?tp K — vJ/Xr?— »t) yi'^r./r.' J 



(17) 



This is the value of the inter-atomic force so far as the fifth power of the inverse 
of the atomic distance. Thus we find — 

(i). Atomic force varies partially as the inverse cube, partially as the inverse 
fifth power of the distance. 

(ii). The modifying action of other atoms of the same molecule (or of atoms 
within the range of chemical action) varies as the inverse fourth power of atomic 
distance, but only as the inverse square of the particular atomic distance of the 
two atoms between which we are measuring the force. 
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These results are in complete agreement with those obtained for Atomic 
Forces in Arts. 31-41 (pp. 96-104) of my first paper. The 'chemical intensity' 
and the * chemical affinity ' may be defined in precisely the same manner as in 
Art. 38 and the same explanations given of the laws of chemical combination 
and disassociation. Squirts act for atomic forces exactly as the pulsating spheres 
dealt with in that paper. 

10). Some general remarks may, however, be made on the formula (17) for 
inter-atomic force. I have in this paper proceeded to a higher approximation 
than in Art. 37 of the first paper, and we see it introduces a term into the force 
between the s^^ and s^^^ atom which is next in importance to the cubic term 
and depends upon the distances of those atoms from the r*^ atom. Thus what 
Jellett has termed the ** hypothesis of modified action" holds for a system 
of ether squirt atoms. Now this warns us of the care which must be used in 
applying the literal interpretations of the definition of Force and of the Second 
Law of Motion to atoms. Let us examine this somewhat more closely. 

Force is any cause which tends to alter a hody^s natural state of rest^ or of 
imiform motion in a straight line. 

Now the ^*^ atom is a cause of such change of motion in the s^^ atom. It 
exerts a * force' upon it depending upon their relative positions. 

Now the Second Law of motion is often stated in the following manner : 

Whenef^r any forces whatever act on a body, then^ wliether the body he originally 
at rest or moving with any velocity and in any direction^ each force produces in the 
body the exact cliange of motion which it tjoould have produced if it had acted singly 
on the body originally at rest. 

It is the last phrase of this law which gives rise to doubt. Force being 
defined as the cause of motion, it might be supposed from the law that we could 
superpose causes of motion without altering the efifects they produce on the 
motion of the body when they act alone. But this is not true when we deal 
with atoms within the range of chemical action. The introduction of a third 
atom into a field containing two others not only introduces new forces between 
those two atoms, but profoundly modifies the force existing between the two 
first atoms. This was an impossibility so long as force was considered as some- 
thing inherent in matter and the Second Law of Motion was intelligible in its 
literal sense, but the moment we throw back force on the kinetic energy of the 

ethereal medium, then the force between any two elements is dependent not 
41 
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solely on the atoms but on the whole ethereal field. The true way out of the 
difficulty is to disregard the second law and treat the instantaneous acceleration 
of any element as a function of its position with regard to the whole of the 
surrounding field. Nor is this alone sufficient ; the force cannot in another sense 
be identified with the cause of change in motion. The cause of acceleration of a 
particular atom in the ether depends not only on its position in the field, but also 
on its oum motion^ on its own periodic translatory and internal vibratory motions 
as well as on the similar motions of other atoms. Hence, if force be identified 
with the * cause of change in motion,' it does not produce the same change when 
we place the atom in a state of complete rest. In fact, if we once got an atom 
into a state of complete rest, it would denote complete rest of the ether in its imme- 
diate neighborhood, and thus no force could or would be * acting upon it.' In fact 
there is little doubt that the atom would have ceased to be when thus brought to 
rest. There seems to me therefore considerable danger in the literal application of 
Newton's definition of force and his laws of motion to the mutual acceleration of 
atoms. They seem to exclude the * hypothesis of modified action ' as well as the 
existence of a generalized strain-energy, both of which I hope to show in a future 
paper arise from inter-molecular force involving the speed of the molecules; such 
terms in inter-molecular force are really due to the kinetic energy of the ether. 
(See my third paper, London Math. Soc. Proceedings, Vol. XX, p. 297.) 

11). Returning to formula (17), I need notrediscuss the possibilities it offers 
for explaining chemical actions, but I will draw attention to a new range of phe- 
nomena which possibly the introduction of the modifying term will throw some 
light upon. We will not consider the action of a third or fourth atom brought 
close to a molecule in breaking it up as in the first paper, but we will start with 
a molecule of k atoms and ask what physical changes can disassociate it. The 
force as the inverse fifth of the inter-atomic distance is always attractive, but it 
may be considered small as compared with the inverse cube term. On the other 
hand, a single term of the modifying force, while it varies as the inverse square 
of the distance, is vet of the inverse fourth order in mean inter-atomic distance. 
There are, however, any number of such terms, so that it may rise to equal 
importance with the cubic term if we take a sufficient number of atoms. Fur- 
ther, it has for its numerator a simple square of an amplitude, while the cubic 
term has the difference of two quantities involving the amplitudes squared. On 
both of these counts, then, they cannot in many cases be so widely different in 
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magnitude, and slight variations in their relative magnitude may assist us in 
explaining various phenomena. I take two theoretical examples. 

(i). A and B are two atoms whose * chemical affinity ' (see Art. 38 of my first 
paper) is negative. They cannot enter into a chemical combination. This means 
that the coeflBcient of the cubic term is negative. If their * antipathy ' for each 
other be not very great, a third atom G (the * r*^ atom ') may bring them into 
chemical union. For this purpose it is necessary that the modifying term should 
be positive and greater than the cubic term. In order that it should be positive, 
however, we must have v^ either greater or less than both v^ and r^, or the single 
bright line of the atom which would link A and B together must not lie 
between the characteristic bright lines of A and B. On the other hand, if the 
* antipathy ' of -4 to -B is somewhat greater we may require two, three or more 
atoms to hold them together by their modifying action on A and jB's inter- 
atomic force. Thus ABC might be an impossible chemical union, but ABG^ or 
ABGs possible. Further, since the amplitudes B^j -B^, B^, etc., are probably 
functions of the surrounding physical conditions, as pressure, temperature, etc., 
it follows that under certain physical conditions ABG^ might be possible and 
ABG^ not, etc., etc. 

The disassociating effect of a third atom G oil A and B when the chemical 
affinity of the latter is positive, may be discussed in like manner. In this case 
C7's bright line must lie between those of A and B. Of course A and -B, although 
they may now repel each other, may be still held together by the affinity of 
both for (7, but this chemical combination will have very different physical pro- 
perties from one in which A and B have themselves affinity. 

(ii). Suppose the atoms A, By (7 in chemical union, then if the modifying 
term be negative and the cubic term (between A and B) be positive, it is con- 
ceivable that a change in the physical condition — especially a change in the 
temperature — without the introduction of any further atoms, will invert the 
order of magnitude or produce an antipathy between A and B. We may 
thus state the principle: If three atoms, -4, 5, (7, are in chemical union, 
and A have a real chemical affinity for -B, this affinity will be strengthened by 
the presence of the atom G if its bright line does not lie between the character- 
istic bright lines of A and -B, but the affinity on the other hand will be weak- 
ened if the line does lie between those of A and B. Anything that tends 
to excite G or to cause its amplitude to vary more rapidly than those of A and 
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-B, e. g. a wave of light or heat nearly of the period of its characteristic bright 
line — will thus in the corresponding cases largely strengthen or weaken the 
affinity of -4 for B. It may produce a more stable compound or it may lead to 
disassociation. Thus the effect of heat on a chemical compound receives con- 
siderable light from the existence of the modified action term. 

12). We now pass to molecular force, or to the force between groups of atoms 
constituting two separate molecules. The peculiarity of such groups is that the 
flow variation of an atom of one group is practically only affected by the atoms 
of its own group. If the atoms of one group are essentially affected by the atoms 
of another, then the groups really enter into a sort of partial chemical combina- 
tion with each other. This, which is hardly a possibility in the case of a rare 
gas, might, on the other hand, be to some extent true for a solid or liquid body. 
The cohesive forces might be to some extent chemical forces. Possibly in certain 
loose compound substances molecules may be chemically compounded, but the 
drift of experiment seems to be against this sort of union as a rule ; inter- 
molecular distance seems to be considerable as compared with inter-atomic distance, 
and the force between molecules to be thus of a different nature to that between 
atoms.* At the same time the phenomena of fluted and continuous spectra 
warn us that it is quite possible that for a full explanation of even inter-molecu- 
lar action we may be thrown back on something of the nature of a chemical 
action between molecules. 

Let us suppose we have three molecules of the same substance each con- 
taining h atoms, and let r, / and r'' denote any triplet of corresponding atoms 
of the three. We have first to determine how far the vibrations of any one atom 
are influenced by the existence of the other two groups of atoms. To do this we 
have to find the 3A; periods given by the characteristic determinant like (13), but 
in this special case every three roots of the determinant corresponding to the 
characteristic periods of the three like atoms from each molecule will be nearly 
equal. Let rJ/ai = Ti, V2/ag = T2, etc. Then we have to solve the determi- 
^ nantal equation 

1 1 



= 



'''{m~^)' 



Yhv 



Yhv 



'^^ \vl n'J » 



1 



yi,3ik 



y»,8fc 



'^Sfe 



\vl n» ) 



* See on this point W. Ramsay, Phil. Mag., 1887, p. 129, and his reference to van der Waal's views on 
the subject 
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Here, if Vi, v'l, v'l are the three equal constants for three like atoms in the three 
separate molecules, we require to find the values of n which differ only by a small 
quantity from vy. Let l/r? — l/n^=.(i. Then, neglecting (i^, we have to find (i 
from the equation 



l/yi,r, '^rf^y 



• • • • i/yi,8* 

• • • • Vya.Sfc 



i/yi,3&-i» i/y2.8*-i> • • • •'^8*-i(^y« _^^ — ~ry» i/y3k-i, 



3ik 



i/yi,8ik» i/y»,3ik> • • • • i/ysik-i. 



3Jk) 



( 



^»* I 4 






= 0. 



(18) 



The f)roblem thus reduces to the following one in pure mathematics : To expand 
the following symmetrical determinant in powers of small quantities, where each 
constituent a^ , is small if r and s are different, but only a^.n, ««-!. n -i» ^n-a. n-2 
of the diagonal constituents are also small, 



A=: 



^n^ny ^n, n — 1> .... tl„^ i 

^»--l,n» ^» — 1. » — 1» • • • • ^n — 1.1 



Now 



Itou — 1 



«1,1 
Iton — 1 



(19) 



^ = Aa».»— /,alr/3r.r— 2>,a„.,^,.A.«. 



(20) 



rg 



where Dj is the determinant obtained by suppressing the first column and row 
and j3y^, is, any minor of Z>i; r being different from s and all values from 1 to 
n — 1 being given to them. 

Similarly if D^ be obtained from D^ as A from A and so on, we have 



Iton — 2 



Iton — 2 



A = A«n-l.n-l— 2J^«-I.r^r,r— 2 2j«i»-l,rttn-l,«^r,«, 



Iton — 8 



rs 
1 ton — 8 



-^2 — -^8^i»-2,n-2 / ,<^n-^2,rPr,r 2 >^ tt^ _ 2, r^n - 2, »Pr, # • 



rs 



Now Dg will occur in A multiplied by a^,„a»_i^ n-i<3tn-s,n-2 or tiTyTinii^ -, that 
is to say, if we keep only terms of the order (i^ we may put for D^ its diagonal 
an-3. n-3....«i,ii which is the one term in it containing no further small quanti- 
ties ; we thus find to our order of approximation, 
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Iton — 8 Iton — 3 



A=«i.-»,n-5«u-3,«-3 «l,l—^«i-2.r/^r'r—2^a„_2,^«_2, ,/?;,',. 



r» 



For brevity we shall write ar. r • • • • «i,i = -P (^, ^) . Now it is easy to see that the 
most important term in j3^', = ( — l)*^"^* — ^-^- — ' ^ ^ x a^., and thus the last 

summation appears in D^ with terms of the cubic order of small quantities or in 
A with those of the fifth order, hence we neglect it. 

Further, ^[.[^ = — ^ '- to our degree of approximation, thus finally, 

^r, r 

I ton— 8 

2>, = P(n — 2, n — 2) — P(n — 3, n — 3) y^^^=^ . 

We now turn to A whose value must be taken to one degree higher approxi- 
mation than 2>2> we find by similar reasoning 

Iton— 3 

n-n^a -Va« P(n-3,n -3) 

Itow—a 

-<-i.n-zPiri — Z, «_3)-2(- ir-»-'^a._,.._,a„_,.. 
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{Iton— 3 
an-l,n-ian-2,n-2— «n-l,n-l^-^f^ — a'-l.n-» 

1 to n -- 3 I ton — 3 \ 

-».-..-.£<-;■' -2(-:)--<..-,..-.^2^=i^- . 



Finally we obtain in like manner 

Iton— 3 



D = AXa„.„-^^P(«-3,«-3)a„_,,„_ia,_j,„_, 

— < n-l«n-2, n-2 P (n — 3 , 71 — 3) 

— «n,n-2«n-l,«-lP(n— 3, 71 — 3) 

+ 2a„,^_ia„^„_2a„_i,„_3P(n— 3, w— 3) 



1 to n— 3 



— 2(— l)^-^-*y^gg -"-^^''-«^^-^-» P(n — 3,n— 3)a,>_2,n-t 

^7^ ««, 8 



Iton — 3 



— 2(— l)'-'-*y^ °»''-'""-'"»-»-' P(n— 3,n — 3)a,_i.,_i. 

■^ «... 
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Thus we obtain for A the value 

A _ 2 _ 2 

p (tn 3 fi 3^ ^«,n<^w— 2. ft— 2^n— l,n — 1 ^n,n^n — l,n— 2 <^n — 1, »a — 1^«, n — 2 

^n-2,n— 2^'n. n — 1 l" 2a„^ ^_i a^, n — 2^n — 1, n — 8 

Iton — 3 






r 
ltofi-8 



E«i-2 
— ; — - 



r 
Iton — S 



";: — ' 



1 to n — 3 



9 / 1>"-3-#,. ^ \ ^n — l,«^n — 2^8 



1 to n — 3 






8 

1 to n — 8 



_ 2(_ l)«-»-«a„_,,„_,a..„_, V"--^"-::-'--' . 



8 8,« 



13). Resuming the notation of our molecular problem, we have to find ft 
the cubic : 

r.r,^iy-r|T,^x'.2^(-^ --^) +r,r,2 -i;;-(^.r - -^j) 



-1 



+ -^iTrS '^- (^-y - -^,, ) [ 






+ 2 (-!)-?> 2— ^^-(-V--V) 



+ 2 ^ =0. 

yiv yw" yw 
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Here the summations are to extend over all the atoms of all three molecules 
except the three equal atoms, one in each molecule which have injvi for their 
characteristic free period, and p equals the number of places from the s^^ atom 
to the 2^ in the series 

Remembering the value of r^, we may rewrite this equation, 






f 1 /OyOy, aitti,, 



Yii" Y\v ^ 



\ yri" rvr Yv'r Y\\" Ylr Yv'r Yw Ylr Yvr) 



YW" Ylr Y\ 



Yw Ylr Yv 



7 



i{r\-vl)\ 



+ 



Ct-^Ci-^fCLyf 



= 0. (21) 



Vi yiq// yii" Yii' 

As a verification of this equation, suppose each molecule to consist of one atom 
only, then the sum terms of course disappear and the equation agrees with that 
for the mutual influence of three equal atoms given on p. 86 (y) of my first 
paper. 

Suppose, on the other hand, that the molecules are so far apart that the 
vibrations of any atom depend only on the atoms of its own group. Then our 
cubic equation ought, by our Art. 9, equation (14), to reduce to 

Now (21) agrees with this if we neglect all terms depending on molecular dis- 
tances, so far as the first two terms are concerned, i. e. we have 

l^ y?. ^\ — v\^ % yJv ''r — vJ' 3 9^iV vi" — vV) 

Nor should we expect it to go further because we have neglected all powers of aly 
above the third, or above the third and its product into /a, whereas the full expan- 
sion of (22) contains the sixth power of ajy . Now it would be troublesome to 
expand the determinant (14) up to sixth powers of a^-g. But (21) will readily 
enable us to ascertain what eifect the presence of the other two molecules has 
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on the vibrations of the first. This arises from the fact that equation (21) is a 
true approximation to the value of fi up to third powers of inter-molecular (as 
distinguished from inter-atomic) distances, and thus we have only to take equation 
(22) for (I and vary its constants by adding the inter-molecular terms from (21). 
Suppose that (22) can be written 

li^ — Xifi*-\-X^ — ?.g = 0. (23) 

Then the variations in this cubic equation due to inter-molecular action are 
expressed as follows : 



+ 



E ayar 1 ] 
3^1 yi"r V\„ — V^,] 



+ 



^{^-^ 



fayOiy' ^^ (l^\n (l\^v\ 



\ yyy, yfi// yiV / 
/r^^ \yri-yvryrr 



. = 0. (24) 



dyUyfar 



1,2,8 



yri" yi'r yi 

X 



+ 



yii" yir yrv y ir yir yi 



'YlrYvJ 



-|^- 



vi iv\ 



!-r?)f 






^1 yn" yii" yir 

Here r represents any atom of the three molecules, except the three 1, 1', 1" 
or which (i gives the period, and / means a summation with regard to r of 



2,8 



all atoms in both the 2^ and 3^ molecules except 1' and 1"; / means a sum- 

1,»,3 

mation with regard to r for all atoms in the 1"*, 2^ and 3^ molecules except 1 , 1' 
and 1", and so on. 

We shall denote the variations in the value of the coeflBcients of equation 
(23) as given in equation (24) by 6Xi, iJl, and SX^ respectively, thus we have to 
find (I from the equation 

or fi^ — fi% +fiX^ — ^ — ^»5^ + fiSX^ — iXs = 0. 

Now for the mean sets of molecules the roots of equation (23) must all be equal, 
for they give the vibration of the one atom of three different molecules supposed to 
42 
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be uninfluenced by each other, but in the same physical condition, i. e. the mean 
value of Yr% = mean value of yr'»' = mean value of Yr*'t"i where yrs is the dis- 
tance between r*** and «*^ atom in the first molecule and y^^, y^/,^/ are like 
quantities for the other two molecules. Hence equation (22) has three equal 
roots =/[£i, say. Thus the last equation may be written 

Let III be changed owing to the changes in the coefficients to /tti+ Vi* 
Then we find 

{hii^y — hii\h\ — Sfii ( 2aiSai — 82^) — iilfiTii + [ii62^ — 3;i, = . (25) 

This is a cubic equation to find the three values of Sfjti . Let us consider the 
order of the various terms of this equation, and suppose that to represent a 
quantity by [l/«]*[l/w]^ denotes that it is of the i*^ order in the inverse of 
inter-atomic distance (i. e. distance between atoms of the same molecule), and 
that it is of the j^^ order in the inverse of inter-molecular distance (i. e. in the 
distance between atoms of different molecules). Thus we find — 

that ft is represented by [!/«]*> 

** SX, - ^* [l/m]«+[l/m]»+[l/rnP[l/a]. 

Hence we see that as b. first approximation we may neglect {hii^^hXi and 2iiihiiihXi 
as compared with hiiihT^] and further, /i/f^Jli as compared with the terms in ii\h\ 
of the order [l/ci]*[l/m]*. Whether we can neglect ^Jlg as compared with ^iihT^ 
will depend on whether terms of order [1/wi] are comparable or not with terms 
of the order [1/a]^. If the inverse of inter-molecular distance is only of the 
second order of small quantities as compared with the inverse of inter-atomic 
distance, then hX^ will have to be retained. 

Thus we have to a first approximation for h^ the equation 

(5/£ )8 _ ^ /Oi^ aiay , OiOi/N 2_ qiOi^r/ "^ 
_ J^ /oi^v aiay. OjOi/N 

14). From this equation we can draw some important conclusions : 

a). The modified period of an atom in one molecule owing to the action 
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of other molecules in its neighborhood, is to a first approximation a function 
only of the relative positions of the corresponding atoms in the modifying molec- 
ules. Thus the vibrations of the atom A will depend not only on its distances 
from its kindred atoms A' and -4" in other molecules, but also on the distance of 
A* from -4"; it will not, however (to a first approximation), depend upon -4's 
distance from B or C", etc. 

b). Suppose inter-molecular distance is enormously greater than inter-atomic 
distance, or [l/wi] very small as compared even with [l/a]l Then we neglect 
the first term in the constant of the equation for h^ii as compared with the second. 
This shows us that hfii will be of the order [l/a]i[l/m]}, hence since [1/tn] is 
negligible as compared with [l/a]^ it follows that the term involving h^ii may 
be neglected as compared with (^/ui)', or we have 

In this case there is only one real value of S/^i , the same for all three kin-atoms 
of the three molecules. Thus we should expect, if the molecules be so far 
apart that they have no modifying action and so exhibit a pure bright line 
spectrum, that when they are brought closer together there would first be a 
slight shifting of their bright lines, and this shifting — since h^ii is positive, 
denoting a decrease in the period — is towards the violet end of the spectrum. 
So soon, however, as the effect of pressure or temperature causes [l/wi] to be 
comparable with [l/a]*, the individual bright line is replaced by three others, if 
only two molecules have modifying influence on a third, but by (/> + 1) bright 
lines if ^ molecules exercise such influence. Here we see, perhaps, a little more 
clearly than in the first paper, how the bright line spectrum becomes fluted and 
ultimately continuous. 

In this case the variation in ^i due to the modifying action of the kindred 
atoms in other molecules, is of the order [l/a]i [1/^]^, or its ratio to fii of the 
order {a/m)i. That is, when inter-molecular distance is very great as compared 
with inter-atomic, the modification in period of any atom is of the order 

/ intera-tomic distance \J 
\inter-molecular distance/ ' 

c). Suppose [1/m] of the order [l/a]*. Then we must retain all terms of 
the equation (26). We see that 5/tii will be of the order [1/a]*, but this is pre- 
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cisely the same order as fii itself, or we conclude : That modified action becomes 
as important as inter-atomic action in settling the period of an atom if the inverse 
of inter-molecular distance is comparable with the inverse square of inter-atomic 
distance. The reason of this apparent anomaly lies in the fact that an atom will 
produce greater effect on a kindred atom when at a considerably greater distance 
than on non-kindred atoms at a considerably less distance. In deducing this result 
we have supposed that there are not two equal or kindred atoms in any one 
molecule. If there were, the quantity fi^ is not of the order [1/a]^, but of the 
order [l/a] , and is therefore sensibly greater than the modifying eflFect of kindred 
atoms in other molecules. 

d). If [1/w] be sensibly greater than [l/a]^ then the equation for hfii 
reduces to that for the mutual influence of three equal atoms,* and the variation 
in jMi is simply got by adding to the value of fiy obtained from the isolated 
molecule, the value of ^ii which would be obtained from treating the three kin- 
dred atoms as isolated in space. 

With regard to all the above cases we must remark that inter-molecular 
action is accumulative, i. e. a great number of molecules may be near enough to 
aflFect the period of vibration of an atom of the molecule under consideration, and 
we may have to sum a very great number of small terms, so increasing the total 
eflFect. 

According to Ampfere and Becquerel, inter-molecular distance is enormous 
as compared with molecular diameter; according to Babinet, it is at least 
as 1800:1. Sir W. Thomson, however, considers that the mean distance 

of two contiguous molecules of a solid is less than --- — t-t-t-t-: of a centi- 

^ 100,000,000 

meter, while the diameter of a gaseous molecule is greater than ^^ ^^^ of a 

' ^ ^ 600,000,000 

centimeter. Supposing the diameter of a molecule not to diflFer very much in 

the solid and gaseous conditions, this would lead to inter-molecular distance 

being less than five times inter-atomic distance, or to the influence of molecules 

on the atomic vibrations of each other being very considerable .f Although it is 

not certain that the ratio is so small as this, still the phenomena of continuous 

and fluted spectra, as well as the possibility of multi-constant elasticity, lead us 

* See p. 86 ( 7) of my first paper. 

t See Thomson and Tait : Natural Philosophy, Part II, p. 503, and Todhunter and Pearson : 
tory of EUuticttyy Vol. II, p. 184. 
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to believe that inter-molecular action on atomic vibrations is very sensible, and 
therefore to adopt what Jellett has termed the Hypothesis of nuodified Action. 

e). It may not be without interest to mark the exact eflfect of non-kindred 
atoms in other molecules on the atomic vibrations of a given molecule. 

Let ^' be a root of equation (24) when we neglect the modifying action of 
non-kindred atoms, so that /t^i = it^i + Vi • Thus we may write 

where the dashed X's are the ^'s of equation (23) affected only by the modify- 
ing action of kindred atoms. Now, owing to the action of the non-kindred 
atoms, %i becomes 7^ -|- hT^i and 7jj^ becomes ^ + ^Xg. The effect on n[j which 
we will represent by h^i'i^ is easily found to be 

The denominator = 3 (^i -f h^i^y — 2{ii^ + VOC'^ + ^'^i) + ^ + 5^» but 
3/tzJ — 2^i;ii + ;i, = and Xi = 3/t^i . Hence we have the denominator = 3 (5/t/i)* 
— 2iiihXi — 2hiiih%i + 5^ . Considering the order of terms, we see that the two 
mid-terms are small as compared with the extreme terms, and thus we may take 
the denominator = 3 (Vi)* + ^'^^ Turning to the numerator, we have 

iiih^ represented by [l/a]*[l/w]* 
and hJJ, " " [l/^?+[l/^?[l/a]. 

Thus the second part of the latter is the most important, or we may write 

^^^ = 3 {hii,Y + h^ • (^^^ 

We ought to distinguish two cases — 

(i). [l/wi] is immensely greater than [1/a] and not comparable even with 
[l/a]». 

Hence h\ may be neglected as compared with h(ii which is now given 
by equation (27) ; further, ^xj may be replaced by /«i and 

V\ l^"- '' Yw'YVrYVr {v\ — vi) 



*-^, Yn"YirYv'r {n — n) 

'^, YlvYlrYVr W — '^). 



(29) 
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Thus we see that the order of h^ii is represented by 

^ ' -^^ ' J, z= [l/a]i[l/7w]J 

3 



[l/a]f[l/7n; 

Thus the ratio of 5jm{ to h^i is of the order [l /a]*, or if h(ii be of the second order 
of small quantities, this modification is o{ the fourth order. 

The character of the disturbance in fi^ as given by 5>lj is noteworthy. It 
does not involve the inter-molecular distances of kindred atoms other than those 
the variation of the period of which we are dealing with. Thus if J., B, (7, . . . . 
A', B, (7, . . . . A", B\ (7', . . . . denote the atoms of the three molecules, 
A, J.', A" being kindred atoms, tlien the .manner in which 5', jB", O, (7' modify 
the period of A is by their distances from A , A' and J." and not by their dis- 
tances from B or (7, or even from B and O ; the latter are distances which it 
would seem probable might have occurred. 

Case (ii). [1/wJ is of the sane order as [l/a]^ 

Here the term of the order [l/m]* in h%2 "must be retained in the denomi- 
nator and (ii + h^ii must be put for ^( in the numerator. The order ot hii[ will 
now be represented by [l/a]^ or the ratio of hiii to h^ii , or to fii, is only of the 
order [l/a], thus its importance has much increased owing to the reduction in 
molecular distance. The exact value of hii[ may be easily written down from 
equations (28) and (29). 

The general conclusion we seem compelled to form is, that the period of 
atomic vibrations will be sensibly modified by inter-molecular action, so soon as 
[1/m] is not negligible as compared with [l/a]^ 

15). We pass now from the consideration of the modifying action on period 
to the modifying action on amplitude. Let (7, denote the amplitude of the term 
of period ^njii in the 6**^ atom. It will be suflBcient to determine all these ampli- 
tudes if we investigate types of each period. We shall endeavor, then, to find 
the relation between (7i, Cg, Gy and Cj, when n = one of the values found 
above for (ii + hfii + 5/t/( . 

Let ars = the minor of the determinant obtained by the r*^ row and s^^ 
column of the form in equation (18); then by the usual theory for the solution 
of equations of the type (11), we have 

Ci Gy C2 C/2' 

an tti/i ai2 cxiy 
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We have now to find approximate values for these minors. Let us take them 
in order. 

We have an = A ^^ ^^^ -^rt- 1 2, but it will not do to take for its value 
simply the expression there cited in terms of the elements, because that expres- 
sion only gives it so far as the cubes of small elements, our object being then 
merely to find how the terms of a known cubic were aflFected by inter-molecular 
distances up to the cubes. We have now to calculate out D^ as far as the fourth 
powers of inter-atomic and the square powers of inter-molecular distance. Now 

A = an = 



Tv 


CLyyt 


aj/j 


ayt' 


(Xy^n . . . • 


CL\try 


Tv 


ay,^ 


0*y%* 


(X\tt^tt • . • . 


«2r 


a^y, 


T, 


a^ 


a^, . . . . 



where 71 = r,. ( — g — -r ) and a-.t= — . Here Ty and Ty. are of the order 

[1/a]*, but Tr for all values except V and 1" is supposed not small. Let us 
pick out all terms of order equal or less than [1/a]^. If we retain all the large 
T% we have the terms 7J . . . . T^,{TyTy, — aj/i//). Let us represent the product 
of all large 7"s by P, the above term is thus 

Now omit one large T^ say Tj., and select (i) an inter-molecular term, say a,.v, out 
of the r*^ column ; this will have to be multiplied by a^y and Ty,^ it is thus of the 
order [l/w]* [1/^]^ a^d to be neglected; (ii) an inter-atomic term ; this is impos- 
sible. Hence T^ gives us no terms. Now consider T^\ we may now take the 
inter-atomic term ajv and it must be multiplied by a^yTy,. Thus we have two 
expressions of the form 

7\„P| ^^ and 7\,P| ^' , 

and a little consideration shows that the signs of these terms are negative. They 
are all we get to the order [l/a]^ by omitting one large T. 

Now let us omit two large T^. As a first case say % and T^ corresponding 
to atoms both in the first molecule, then the quantities to be chosen out of the 
!■*, 2^, r^^ and 8^^ columns must all be inter-atomic, but this is easily seen to be 
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impossible. As a second case take TJ^ and TV- ^^ have to take two elements 
out of the first two rows ; they cannot be taken out of the first two columns 
because these are of the order [l/a]* at least, therefore we must choose aiv, but 
this throws us back on aj/.^, which is inter- molecular. Hence no terms such as 
Tr> and 7^ can be omitted. Now let us omit TJ./ and 7^/, we are then compelled 
to take the inter-atomic terms a^i^J//,//. The sign of these terms is found to be 
positive, or we have the expression 

S 2 

"* "^ m /JT • 

Iff JL ^n 

As a fourth case let us take out two terms like Ty and T^ ; then the choice of an 
inter-atomic term out of the r^^ column becomes impossible, and thus this form 
of term does not appear to our degree of approximation. 
Finally we have 

/ 2 2 2 2 *! 

x^i — r \ i\^yt ^y^ ~nn -'i'4 ~T~/ — ^I'l" "T ^ rp m ^^ f 

=^l(''.-i^^)(^.-ff)-''M- 

Thus _ D ( /^ V <*'" "' \f^ ^ ar- _«*_^ 1 1 

Now ^ dr" n^ _ ^ ay" y? _ 

s yi^r^, nr — r; s yi* r" ^i — ^ r 

if we neglect in the value of an terms of the order {a/ yf. Now ii=^iii + Sfii, 
^«"«« «u = PT,r„|(5^,)'-|^}. (30) 

Let us now find ayi to the same order of small quantities. In precisely the same 
manner we have 

,2 



^ r> i ^ rp V ^r v^ Qr 1 ^g ) 

_ _ p [ T^'C^ — ^i) i_1 

1 yn y*i"J 



^ . (31) 



Further we find 



* * rj — «^ yu r '^ "lyii'JJ 



(32) 
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Finally, we have 

a^^P^^^^\^hii,-^TfA^ (33) 

"^ v\—vl yrr ( yw ^ ^lyri" ) 

We can now write down the values of Cy, C^ G^ in terms of (7i, we find 

(7, = ,^^0^, (34) 

Suppose [l/w] not comparable with [l/a]*, then 

c7i/ = 5- -T — cTi, (35) 

^9f ^ "2 jT ^ — c7i . (36) 

These results, although only approximations, seem to be of very considerable 
interest. I proceed to note some points connected with them. 

a). Equation (34) is precisely the same equation as (15), determining the 
relation between the amplitudes of the 1"* and 2^ atoms of the same molecule, 
when no other molecule is affecting their vibrations. Thus it would seem that, 
to the approximation we have adopted, the 1"^ atom produces the same ampli- 
tudes in the atoms of ite own molecule notwithstanding the presence of other 
molecules in the field. All we can safely say, however, is that the all-important 
or leading term in the amplitude remains unchanged. Other small terms may 
be added to it, for although we have calculated au and ai, to the order [l/a]^, 
we have divided them both by a factor of the order [l/a]* when finding the ratio 
of Ci to Gz- Hence to have obtained the modifying influence of the other 
molecules we ought to have calculated the minors to [1/a]^. At the same time 
we shall see immediately that the influence of (yg on G^ is exerted indirectly, 
i. e. by means of its influence on Gi> ; hence it seems more than probable that the 
modifying influence of other molecules on G% (the amplitude corresponding to 6\) 
is exerted by altering Ci, or also indirectly. 

b). Equation (35) shows us that when [1/w] is not comparable with [1/a]^ 
then since Sfii is small, there is a very sensible amplitude Gy produced in the 
first atom of the second molecule by the action of the kindred atom in the first. 
By equation (27) (5/tzi) is of the order [1/^]*. Hence Gyj Gi is of the order 
[l/m]i, or if [l/tn] he comparable only with [l/a]^ still the effect of the first atom 
in the first molecule on its hindred atom in the second^ will he as great as its effect on 
the other atoms of its own molecule, i. e. hoth will he of the order [1 /a] . 
43 



338 Pearson: Ether Squirts. 

c). By equation (34) as type we should have 



^1' — n/ 7w 



This gives the effect of an amplitude Gy in the 1'*** atom on the amplitude of the 
2'^ atom ; or, if Cy be the variation in amplitude of the l'*** atom due to the 1"* 
atom of the first molecule, we have by (35) : 

Q —_ '^r ^v ( L _^ _J_ (7 ^ = ^ ^'^v 1 Q 

^ v\. — v\ yv^, \ v\ y^y S(ii V -^i — K Yvv Y\v ^ ^ ' 

which is exactly the value given by (36). This proves the point! have referred 
to above, namely, that whatever influence non-kindred atoms in different mole- 
cules exert on each other is indirect and takes place through their effect on their 
kindred atoms. This of course is only true for the approximation to which 
we have gone. The effect is, indeed, of a higher order of small quantities than 
that of the 1"* atom on the 2^ or on the l'*^ If [1/w] is comparable with [1/a]' 
it will be of the [l/a]^ order, while the latter are of the [1/a] order. 

We may conclude, then, that when molecular distance is such that [1/w] 
cannot be compared with [1/a]*, then the modifying action of two molecules on 
each other's atomic vibrations is practically limited to the mutual action of 
their kindred atoms. 

Now let us suppose [l/w] is comparable with [1/a]. What we have said 
above about equation (34) still holds, but we find for Gy and C7j' 

Oi/ ofii 1 ay ay, 

c, = - r^'^~f''r^ G,, (37) 



( w - 



v\ yly, 



ay hfii 1 ay ay, 



,2 ^ ^, ^.2 ^.4 



C.,= T^^ y- "■ ,"■ y-'g.. (38) 

Vi yyy, 

Now the numerator and denominator on the right-hand side of equation (37) 
are both of the same order, or we draw the conclusion that Gy and G^ are of the 
same order. This follows from the fact that hiii is of the order [l/a]^: see our 
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Art. 14 (c). Further, the effect of Gi on C7j/ is as before indirect and due to the 
effect of Gi on Gy^ but its order as compared with Gi is now [1/a] . We are 
thus able to draw the following important conclusions for the case of [l/wi] 
being comparable with [1/a]^: 

a'). The variation in the amplitude of an atom due to the vibration of a 
kindred atom in another molecule is of the same order as the amplitude of the 
second atom. 

y). The variation in the amplitude of one atom due to the vibration of a 
non-kindred atom in another molecule is indirect, being produced by the influ- 
ence exerted by the second atom on its kindred atom in the first molecule. It 
is of the same importance, however, as the variations produced in the amplitude 
of the same atom by any atom in its own molecule. 

c'). The variations produced in the amplitudes of the atoms of one molecule 
by an atom of another are sensibly affected by the presence of a third molecule. 
This effect depends, in the approximation to which we have gone, entirely on the 
distance between those atoms of the first and third molecules which are kindred 
to the modifying atom of the second. 

It should be noticed that owing to the value of i^ui, a remark similar to the 
last, (c'), may be made for the system (35) and (36), where h^ii is determined by 
(27). The modifying action of the presence of the third molecule will not be so 
perceptible, however, as the variations in amplitude are so much less. 

Prom the above statements flow the truth of the hypothesis of modified action 
and of the multi-constant equations of elasticity for matter built up of ether 
squirts. This will appear still more clearly if we determine the general form* 
of the inter-molecular force. To this we devote the following article. 



* I ought to note here that the above equations are susceptible of almost infinite variety. Their 
complexity becomes very considerable when, instead of only one atom of each kind in each molecule, 
we place j9 equal atoms in each X:-atomic molecule — this being probably a very ordinary occurrence in 
nature. Further interesting results arise when we have two different atoms, whose periods are, how- 
ever, nearly equal. In this case we have more diagonal terms of the fundamental determinant small^ 
and the approximations must be carried still further. In fact it may be safely said that every substance, 
the atomic structure of the molecules of which is known, would require a mathematical dissertation to 
itself. Nor ought this complexity to discourage us. Whatever be the element of matter, we expect it 
to possess great simplicity of structure (and this is at least satisfied in the ether squirt), but this 
very simplicity has to explain the nigh infinite range of chemical and physical properties in each indi- 
vidual substance, or it must lead us to a mathematical theory of the substance of the very highest 
complexity in itself. 
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16). From the preceding article we find the following values for ^i, ^. and ^^ 
as types of vibration : 



^1 = Ci cos {riit + tti) + xi> Gy cos {rtit + ay) + Xy^ Cy^ cos {ny,t + ay) 



-2-^ 



V'r 



«! 



Cv cos (n^ + ctr) 



^r — 



^; — '^i ^1. 

+ Sf^l, r' ^1- COS {Ur^t + a^) 

+ XiXi^r"Or" COS (rv,^ + a^/) 
x[Gi COS (?ii^ + ttj) + Cy cos (ni'< + ay) + x{,,Gy. cos (nj./i + ay) 
— i-]5 — 2 GV cos (n^^ + a^/j 

+ ^\%yrGr COS (n^ + ttr) 

+ ^\Xyr"(^r'' COS (w,/.^ -f a^..) 
^j = C, cos {n^t + otj) + ^2' CJj' cos {i}^i + ex,/) + x^n G^> cos (rij//^ + a^>) 



-^ZJ 



v\ 



(h 



.2 



6> cos (n^ + a^) 



V'r — Vi y^r 

+ 2i /Ig, r' C'^ COS {rir^t + a^/) 
+ 2i^,r"Ci^' COS (n^,< + (v) 



where 



a 



'8 



ofif' 1 a^ a^/ 



Xg/ — 



_ y«>- K 



vi 



.2 



^/ 



( w - 



1 a.a 



«"•«" 



K y^- 



(39) 



(40) 



(41) 



and x^, equals the value of x, with the subscripts tl and «" interchanged. 



xi = 



-_i:2i 



.8 



V 



8 



y«V' 



(5/*.)'- 



1 a^/a,./ 



rj 



y.'." 



and x'f, equals the value of x', with the subscripts s and a" interchanged. 



\,r' — 



V'r' 



a, 






1 Ur df*' 



V\, — V\ Yri 



'y^ Y\r' 



(«/v)' - 



1 arOfi 
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and \r" is the same expression with r^ changed to r" and r" to /. 

rp — rj, y^,. . 1^ ar>«r^^ 

and ^i/^^/ is the same expression with the subscripts r and r" interchanged. 

Finally 2 denotes a summation for all the atoms of the first molecule except 

those giving an infinite value to the subject of summation. 2 has a like value 
for the second molecule. Further, ^2 denotes a summation of all values of r 
for the first molecule, r' in each term being given the corresponding value from 
the second molecule, Sf, Sf, etc., have like meanings; in all cases those values 
of r, r' or r'' being excluded which give rise to infinite terms. 

The above results agree with those of my first paper if we put the x's and X's 
zero, or neglect the semi-chemical action of kindred atoms in producing inter- 
molecular force (see §42, p. 105, of that paper). 

Now, in order to determine inter-molecular force, we must find the value of 

such terms as i ^^ i ^^, 

4nj) yir 4nj) y^' 

which are types of those occurring in the force function of equation (9). This 
involves ascertaining the mean values of such expressions as ^i^y and ^^/, and 
this will depend on the relative magnitude of inter-molecular and inter-atomic 
distances. We shall treat accordingly the following cases: 

(i). Inter-molecular distance il9 quite incomparable with inter-atomic distance 
(i. e. [l/w]i is negligible as compared with [1/a] . 

(ii). Inter-molecular distance is very great as compared with inter-atomic 
distance, but [l/m]i cannot be neglected as compared with [1/a]. 

(iii). Inter-molecular distance is comparable with [1/a]*. 

These cases may be represented by 

(i) [l/m]<[l/a]«. 

(ii) [l/»n] = [l/a]». 

(iii) [1/m] = [!/«]». 
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If [l/w] = [l/a], we obviously have complete chemical union between mole- 
cules, and therefore molecules cease to exist as such. This case we^ may exclude 
from our consideration. 

Now, an important point still remains unsettled, namely: Is there any 
relation between the phases of the like vibrational terms in two like mole- 
cules ? This point is only important for cases (i) and (ii), but for them it is of 
crucial importance. If two like molecules be at such distances as in no way to 
aflFect each other's periods, the vibrations characteristic of kin-atoms will be of 
the same period : will they also be of the same phase ? In my first paper I 
defined molecular force to arise from the interaction of the free vibrations of 
the molecules. I did not suppose the molecules to form a single system with 
m\xi\xdX\y forced vibrations, or inter-molecular force partially dependent on a semi- 
chemical action between kin-atoms of different molecules. Further investigation 
of the fundamental determinant has taught me the importance of this action at 
least for the case [1/^] = [1/a]^ 

Now the results of this assumption or rather omission in my first paper were 
the following : 

(i). Supposing the phases of the like vibrations in molecules of the same sub- 
stance to be unequal, then the first term in inter-molecular action is an attractive 
force varying as the inverse ^/<A ^u?er of the distance (p. 106). The existence of 
this force depends on the particular atomic hypothesis of pulsating spheres of finite, 

if small, radii. On that hypothesis a term of the form -^-^^ («i^! + Or^r) as well 

as the term of form 5l1jlL' arises in the force function of the molecules. The former 

Yiv 

term, however, disappears on the present hypothesis of ether squirts, which 
reduces the force function solely to terms of the order ^^^ . Hence we see that 

on the hypothesis of ether squirts there would be no molecular force^ when we 
neglected the semi-chemical action between molecules, unless the corresponding 
vibrations of the molecules were in the same phase. Is there any reasoning by 
which we can prove this result invalid ? At first sight, apparently not, especially 
in our ignorance of the relative magnitude of inter-atomic and inter-molecular 
distances. In a distended gas the semi-chemical action might be negligible and 
there would thus be no sensible cohesive force ; there is no objection to this. 
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Such a gas could not be self-incandescent or send forth rays of light without the 
application of external energy, for this self-incandescence would involve, I think, 
the vibratiofis of a great number of molecules being in the same phase. On the other 
hand, it is possible that the means taken to produce the bright line spectrum of such 
a gas really sets a great number of molecules vibrating in the same phase.* The 
argument from gaseous bodies giving light, although weighty, is thus not conclu- 
sive. If we suppose two free molecules not to be vibrating in the same phase, 
we are thrown back on a semi-chemical action between the kin-atoms of diflFerent 
molecules as the basis of cohesion. Possibly the eflects of altering the chemical 
constitution of a molecule by increasing the number of like atoms in it, which 
would aflFect the cohesion and so the volume of a substance, might tend to throw 
some light on this point. 

(ii). If two free molecules have vibrations in equal phase, or if two kin-atoms 
have free vibrations of equal phase, and their forced vibrations diflFer only by 
terms of the order (atomic radius/ atomic distance)*, then cohesive force varies 
partly as the inverse square and partly as the inverse fifth power of molecular 
distance. But so far as these terms are concerned there is no modifying action 
due to the presence of other molecules in the field (see §§42 and 47 of my 
first paper). 

There is something to be said for the possibility of all equal atoms having 
started vibrating in the same phase — for what might be termed an instant of 
* creation.' The eflFect of inter-atomic action would be principally felt in a varia- 
tion of period, and the slight variations in change of phase, if they have any 
existence, might be of the order (atomic radius /inter-atomic distance)* and thus 
the difierences of phase might not amount to a quarter period. It is thus a 
possibility which we must keep in view in evaluating inter-molecular force, and 
I shall therefore deal with the above cases under the two headings of * Equal 
Phase,' by which I shall mean absolutely equal, or only very small differences, 
and * Unequal Phase,' by which I shall connote that the difference of phase may 
take all possible values. 



* Suppose a number of smaU tuning-forks at such distances that the feeble air vibrations they pro- 
duce cannot materiaUy affect each other, although the forks have the same note. They may then 
all be vibrating in different phases. Now a very large tuning-fork, caused to vibrate with this note, 
might set a whole group of the lesser ones, from which it was about equally distant, vibrating in the 
same phase, and therefore represent the manner in which the spectrum of a gas could arise. 
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17). Case (i). [1/tn] < [l/a]^ (Condition of rare gaa?). 

Here the expressions for ^^ and ^^ reduce to those of my first paper (p. 105). 



Sub-case (a). Equal Phase. 

The mean values of the expressions ^«^«/ and ^q4^^ are now 

(r and r' all values bat 8 and 8'.) 

As As — i/^/^««j_T '*'*^* fi^r' a,a^ 



V — ''s' 






Here we have supposed n, = n«.. Now we have by equation (14), 

1 _ 1 y ^i^r 1 

Hence in order that w^ = n,, it is as a rule not suflScient that a, = a,, and v, = r,/ , 
but we must also have ygr= y«v» or the structure of the two molecules, at least 
as far as inter-atomic mean distances are concerned^ must be alike. Assuming 
this to be true, we can rewrite the above values so far as terms of the order 
{a/yf, as 

(r all valaes bat 8.) 



4>A.--\G.G,':^zr^^ ^~*^*'^*iT^ ^ 



1_ 



rj a^a. 



j^iynn 'ii ^g^-8 



Now the corresponding terms in the force function of the two molecules will be 



• • 



4?tp y«' 47t() y^ 
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Let X equal the angle between the directions of y„. and y^, then 
Yv' = yI' + yIs — 2y«r(Z8 c^ X y 

where Pr (cos x) = the r*^ Lagrangean coefficient. 
Similarly, 



y«« 



= -^ { 1 + (^)(^i (^os ;c) + A (cos x')) + higher termsj , 



where x! = the angle between y^,^, and y,.^ = angle between y^,^ and yg/, to a 
first approximation. Or, if we wish to retain terms of the order [1/m]*, we 

might write 1 1 r v 1 

— = -^ i 1 + -^^(cosy^ + cosy^) [ 



Yin' 

— = — f 1 + -^^cos:k. + ^^cos^K^'l , 

where g and ^ are any two corresponding points in the two molecules, which may 
or may not be the positions of two like atoms s and ^ (e. g. the centroids of the 
molecules) and Xq is the angle between ygg, and y^^, x%' between y^,^ and y^.^. 
Thus we see that when we do not neglect terms of the order [1/wi]*, tlve force hetween 
two molecules is a function of aspect, as well as central distance. 

If this be true for bodies in a very diflfused state, it will be still more 
appreciable when we deal with solid bodies. It follows that the law of inter-mo- 
lecular force adopted by Poisson, Navier and Cauchy, namely, that inter-molecular 
force is a function only of central distance, ceases to be true for ether squirt 
molecules. This might suggest that the rari-constant theory of elasticity can 
never be true, owing to the action of 'aspect,' even if we neglect the still more 
important influence of * modifying action.' But it must be remembered that the 
stresses with which we have to deal are the summations of a great number of 
isolated inter-molecular forces, and thus unless there is any symmetrical distribur 
tion of molecules with regard to aspect, the mean values of cos Xg ^i^d cos Xb' 7 ^s 
well as the mean values of cos Xq ^^^ cos Xs' » will disappear. The terms of the 
order [l/wi]* would thus contain no aspect influence; indeed we should have to 
44 
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go to terms of the order [l/m]* to find them. Thus, at least in a rarefied gas 
the aspect influence would very probably be negligible. Like remarks apply 
in a lesser extent to the case of a solid, so that, as far as aspect influence is con- 
cerned, we might more reasonably treat a body of * confused crystallisation ' — 
e. g. many of the metals of construction — as a rari-constant solid, and accord- 
ingly give it only one elastic constant, than give a crystal 15 instead of 21 elastic 
constants.* 

After this digression, I return to the above expression for the force function 
and write down its value as far as [l/^]*. We find 

F=^+-;i^, (41) 

Ygg' 7gg' 

where 

J_2^C7,,rjri-2T^-^r2-^') + 2 7-^ 4l n-^^l. 

f** %n^7 ' ' 'I rVl — v'r r.r\ /i^ / ^ 9 (»'i " »^) W " "J) ^^/k -' 

S denoting a summation with regard to all values of s for the first molecule, «' 
being the corresponding value for the second; 2, a summation with regard to 
all values of r except r =«; and 2, a summation with regard to all values of 
r and q except s, each term except r = g occurring twice or the whole may be 

written 

I "K — K yt 
Thus we may put : 

^1=.^ ^G,G,v\\(\^^^^ 5r V+2-/^ ^'1- (42) 

Further, we have for /t/oi 
/^2 = 8^ 2 (7, G, [ y^. (cos x^ + cos %.) — 2 ^^;25-^ ^ (r^^ cos Xr + y^v cos %,) 

— ? ,;2 ^ ^2^ TT- (y^. COS X. + yg'f COS Xr') ], 



I 'K — 'K y^r) 



* I have treated the problems of ^modified action' and 'molecular aspect' at some length in the 
History of Elasticity. See Vol. I, Arts. 921-981, particularly the last article, Art. 1527 (JeUett'fl views), 
and Vol. II, Art. 276 (where I have endeavored to show that the Boscovichian atom does not exclude 
the possibility of multi-constancy, a result confirmed by the ^ ether squirt,' which is Boscovichian), and 
Arts. 804-6 (where I have criticised Saint- Venant's views in the light of ' aspect ' and ^ modified action '.) 
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or, 



4 
— 2, ^^5:^ ^ nr (cos Xr + COS ;|r^)] 



(43) 



where 2 denotes a summation with regard to all values of 5 , 2 with regard to all 

i r 

valuesofr except r = «, and 2 with regard to all values of r (r' being given 

the corresponding value for the second molecule) — except those corresponding to 
r = 5 , / = «'. 

Equations (41)-(43) lead us to the following results: 

The force between two molecules of a substance, which are at such distances 
that [l/w] may be neglected as compared with [1/a]^ is, on the hypothesis of 
equal phases — 

a). Partly attractive, varying as the inverse square. This follows from the 
fact that the first term in the square brackets of ^l^ is positive, and this first term 
is by far the greater. 

b). Partly varying as the inverse cube. This latter term in the force 
depends upon the influence of aspect, and its mean value would probably be zero 
for an amorphic body. In- such a body it might influence the action between two 
molecules for a time, but it would not be sensible when we deal with the average 
of large numbers of molecules. 

c). There is no modifying action between any third molecule and any other 
pair. 

As we have supposed the molecules at a very great distance as compared 
with the atomic distances, it may be doubted whether these results would apply 
to any substance but a rarefied gas, and the first part of the inter-molecular force 
will then be very slight, and the second probably quite insensible. 

If the phases only differ very slightly we shall obtain the same results by 
replacing (7,(7,. by (7, (7,/ cos (a, — a^), a, — a,, being now a small angle and its 
cosine positive. 

Sub-case (b). Unequal Phase. 

The action between any pair of molecules will be the same as before, but 
(7,(7,. must be replaced by (7,(7,. cos (a, — a,.), and this latter expression may be 
either positive or negative. Thus there would be a tendency between some 
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molecules to cohere but in others to mutual repulsion. Cohesion of the material 
as a whole would be impossible. Thus this tendency of some molecules to repel 
each other might be of service in the explanation of diffusive and evaporative 
phenomena. I do not know that there is any physical reason against its possi- 
bility in the cases of gas or liquid. 

§ 

18). Case (ii). Suppose [l/wi] of the same order as [l/a]^ Now the periods 
Tiry rtr^i ^r" wiU all be modified equally by the influence of kin-atoms. This varia- 
tion is given by equation (17) for hfi. We have 

\ln\=llv\ — (ir — hiir \ 

— 1/ 8_V^^' 1 _ f (It f ar'dr" . ardy" . ^^r^r^ N ) J \ C^^) 

where 2 denotes a summation with regard to all values of « but r. 

This expression for 1/w? is the same for each of the three molecules. 

Returning to equations (39)-(40), we have to calculate the mean values of 
such types as ^,^,/ and ^^,/. With some reductions I find 

. . _r^G^ 



cos (a, — a,/) + 



n]x[GJ , n\x^,Gf, , n]xi„G,G,n 



+ 



+ 



cos(a« — a,//) 



+ 2 ^^ (^'' "" ^'"^ "^ 2 ' 2 ^^® ^^'~ ^•^ 

tig Xft Xgff 0|/ O,// . ^ . Tig Xg Xg/r 0| Oj// , V 

H o" COS (a,/ — a,//) H ^ cos (a, — a,,/) 



r^i^? 



tti (I,/ Gy Of 









— 2 



njvj a. 



r. r" rj — r J y,r 



Jl^^/CyCy// cos (a^ — ttr//) 



- 2 



n?r?/ 



A«^/ — n — COS (tty/ — a^//) 



+ 2 ^ nj>l^>l,/r// —o cos(ar/ — tty//) -f- Xnl^g^r Xgfj, ^ J" COS (a^ — otj//) 



.(46) 



Here 2 is a summation with regard to all the atoms of the first molecule 

r 

except those which make the subject of the summation infinite. 2 signifies a 
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summation for kin-atoms of the first and second molecule with the like restric- 
tion. The other symbols have corresponding meanings. 



a. 



r^s 



Ggf Gg . V 

— g— cos (a,. — a,) 



^ 



v\^ — v\ y,Y 



a., G^a 



^-^ cos (a^ — a^) 



cos [OLr — a^) 



+ ,fr'(r?-r?,)K-v») y.,^ y^ 2 



C7i 



n|r|. 



g,< C/QlC'g>l . ^ 

— cos (aj. — ag>,) 



f Gt„ G^ 



wjrj 



a. 



1^ 



»» n. 



xi'/ — '-^-^ COS (a, — a,'/) 



CI 



a 






+ «i J^,,., — g— COS (a^ — a,«) + nlW^,,, ^^ cos («? — ««") 



<7.(7. 



2 



. 



+ wj xi A,,/ —^ COS (a, — a,/) + nlxgf A,,% "^^ ^ ^^^ (^9 — ^«') 
+ wjx; A^,// — 2 — cos (a, — a,//) + w^x^/ a,'/, g ^^® (^3 — ®«") 
+ nJxi/.A,^ — 2 — cos (a^/ — a,.) + n\x^,A'^^„ "2"^ ^® ^^^ — ^«"^ 






«t' ^ ^* ^ ^J^ ^k^n/ ^i? 



^r^-i^' y.v''^ 2 frj-y; "^^''^ 2 



-2-i^ 



— 2 



r^i/J 



— 2 



r', r" rj/ — v\, y^y/ ^ 



A«^/ o COS (tty/ — CV/) 



A^/r" — o — COS (a^ — (V) 



(7 C G G , 



xj^Lf^i 



a 



8 



"t* 2 ^«v '^or' o COS (CLr^ — OC'r'' j i* ^ A^j^z Aw/ ^ 



(46) 



J 



The summations are of the same nature as in (45). These formulae appear to 
give extremely complex results for the types of force function terms due 
to kin- and non-kin-atoms in different molecules. But this complexity is very 
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much simplified if we only retain the more important terms.* In order to 
do this we must determine the order of the ac's and 7J& on the supposition that 
[1/m] = [1/a]^; in this case the types for x and X will be those of equations (36) 
and (36), and h^i is of the order [l/a]i. 

[,. are of the order [l/a]i, 



X 



r > 



i 1 



^tr'j ^*r"} \'ri ^s'r" 



a 



a 



(( 



[l/a]f. 



Thus, if we only retain terms in the expressions 4>,^,/ and ^q^e so far as the 
order [l/a]^ this will mean retaining terms up to [l/a]^ in the force function 
and up to [1/a]® in the force. We see at once that the terms involving the A,'s 
are all either of the order [l/a]^ or [l/a]i and may be neglected in ^,^,/. In 
^g^,' we shall still, however, have to keep the long series of terms with products 
of x's and Vs as these are of the order [l/a]S. Further, since h^i is of the order 
[l/a]i, we need only substitute for nj, rj(l + vj/!i,), and this in the first term 
of ^, <^,/ only. 
We find 



<^j ^«' — 



i^C.G, 



2 



cos(a, -a.O|l + I ^ iT^^^r) 



C^ 



a. 



G\' 



Yte Ofi, 2 y„, 8(1,. 2 

(igf 1 0, 0,/ 

y,//^ ofifff 2 



cos (a, — a,//) — 



a, 1 



M 



// 



Sfign 



Off G,// / 
— 2 — ^^8 (»«' 



— a,./) 



+ 



a. 



a^ 



Ug ttg 



1 (7^/ a,a,/ 1 
+ 



C7,/ C,// 



yiv "vf (V«")'^ 2 "^ yl. v^g SfigSfig. 2 



cos (a^ — a,//) 



G,/ G,// 



H T T 1 S — COS (a,/ — CLgn) 

+ a, flt,/ 1 1 GgGgn , V 

— ^ — r 1 — I s — cos (a, — a,//) 

J ^ 1^* «!««' GrGr> f V 

This result shows us that if we were only to retain terms of the order [l/a]t, the 



.(47) 



*The terms neglected may correspond to important physical or chemical phenomena, but at present 
we must seek only the more general results of the theory. The influence of one molecule on another 
will in itself be as complex as the action of one planetary system on another supposed in its neighbor- 
hood ; the complete disturbing action of the whole system on one planet would be not more difficult 
to determine than that of the action of the two molecules on one of their atoms. 
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non-kin-atoms would have no iijifluence at all on the force between kin-atoms, 
for the terms they introduce are only of the order [l/a]*. 
Further we find : 



V* 



4»,4>^ = — :,^zz:;, 



a. 



G^O, 



\ n. 



2"^ cos (a,. — a,) 



V 



!^ 

4- 



a 



'r 



G G 



GrGr* 



^ — ^ y,i y«' ^ 2 1^— r?. y,v y,^ 3^ 
, v\ a^ aq 1 0^^/ 
v\ — 1^/ y^i' y,,- S/iv 



0^ 



g-^ cos (a^ — a,./) 
-o o — ■ F ^ — cos (a, — a^n) 



.« 



+ :t^ 



a. 



a. 



+ 



»^ 



a. 



a. 



C3 



+ 



1^ 



a,/ a< 



rj — vj yg, y„/ V«' 2 "^^ v\ — vl y^,/ y,^ 5/^4, 



2 



i^t «<, a« 1 (7,/ (7,// , V 

^'i^=A^ j^ ^ ^- COB (a. - a.„) 

+ i^, -^, ^, ^, ^C08(a,-a,,) 



a. 



a. 



C», 



-q ^f q>^ 1 



ai' 



a. 



a. 



Cy/ 



v\ — 1^/ y,v y«'«" ««9" V5" 2 



Ct^ CKf <lt^ 



G^G^, 



v\ — v\ yq, y„. y„. ^^1,1^1,. 2 ^* '^ 



a, 



a, a,/ 



G, C,'/ 



cos (a, — a,//) 



i;J, — I'J. y,, y„.. y„. V*V«" 2 

1 ci« dt dgf 1 Gg'fGgf f ^ 

v\'—v\ yq, y„. y,v' ciig^dfisn 2 ^ '^^ 

1 a,/ a-/ a- 1 0LC7^ , . 

2 3 — I — i V^ cos (ot« — ««') 

vl^ — vir y,,^, yq^, y^^, h\Lqh\L^ 2 ^ « «^ 



a,/ a. 



a. 



GqGg,t 



-5 r ^ ^ 1 — f — — h^ cos (a^ — a^/) 

v\ — vl y^^ y„/ y,^. ^/^fld/[4^' 2 ^ « «^^ 

1 _ g^/ g^ g^ 1 G^G„„ 

^— '^ yiv y«'9" yw V«'W 



^ -^^^ ^^^ — ^^^' cos (a^ — a^,) 






(48) 
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Sub-case (a). Unequal Phase. 

We suppose that for a great number of molecules the mean diflference 
of phase takes all values from to 2n. Thus although terms like cos(a« — a^) 
may have a finite value for any pair of molecules, yet if we are considering 
the elastic or cohesive stress across an elementary plane area at a point, such 
terms will disappear owing to our having to take the mean for a very great 
number of molecules. We may therefore omit them from the beginning, if 
we remember that we are not then dealing with any individual pair of mole- 
cules, but only with so much of the force between them as will appear 
after summing for a very great number of molecules. Thus the atoms, or some 
of them, in one molecule may attract or repel the atoms, or some of them, in a 
second molecule according as to the magnitude of the difference in phase, but 
we shall have the following results for ^,^,, and ^^(p^, if we take the mean value 
for a very great number of molecules of their mean time values as given in (47) 
and (48) 
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The terms in the expression for ^,^,. are of the order [1/a]^ and [l/a]i, 
while those in that for ^^^,. [!/«]* and [l/a]5. The former gives rise to the 
more important terms in the^ force function. Thus the most important terms 
of inter-molecular force are given by the force function 
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To free this result from the great variety of inter-atomic distances we ought to 
replace l/y,,, etc., by expressions in terms of l/ygg't etc., as in Art. 17, but we 
may replace l/y„' straight away by 1/ygg' if we neglect terms of the order 
[l/a]V, retaining those of the order [l/a]V. Thus we can rewrite the above 
expression : 
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I will now note the conclusions we can draw from this approximation to 
the value of TJ. 

a). * Aspect' does not influence inter-molecular action, at least in the prin- 
cipal terms. Indeed, although we have indicated that it would occur in terms 
of the order [l/a]V, yet even here in the case of an amorphic body it would 
disappear for the mean of a great number of molecules. 

b). The modifying effect of the presence of a third molecule on the law of 
inter-molecular force between two others is not merely a feature of the second or 
higher approximations, but is fundamental to the first approximation ; i. e. so 
long as the third molecule is at distances from the first two of the same order 
as their distance, modifying action cannot be neglected. 

c). The first term in the force function is of the order [1/a] V and negaiive^ 
hence the corresponding force is repulsive ; the second term is of the order 
[l/a]V, and so it might thus appear that two molecules must always repel each 
other. But it must be remembered that we have only taken the second term 
for a single modifying molecule^ and that for the cohesion the second term would 
have to be summed over the whole sphere of inter-molecular influence. This 
summation would cause the term to rise in order, and we thus see that, if on the 
hypothesis of unequal phases the force between two molecules he attractive^ then this 
attraction is solely due to the truth of the hypothesis of modified auction; i. e. cohesion 
depends on the truth of this hypothesis. 

d). While we thus see that the chief terms in U depend on the action of kin- 
atoms, we have also noted that kin-atoms tend to produce a repulsive inter- 
molecular action, and unless their influence is counteracted by the modifying 
45 
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action of other molecules, we have a repulsive force between kin-atoms. If we 
consider the terms (which are of a higher order) in the force between non-kin- 
atoms and suppose the molecules absolutely alike so that a, = a,/, (7, = (7^, etc., 

we find ^, / ^>' y ^2 f K y 

to a first approximation. 

Hence the force between non-kin atoms of different molecules will be attrac- 
tive if the atom whose free vibration has the shorter period (v, > v^ be of such 
amplitude in vibrational flow that 

Now G^ and G^ will probably depend to a very great extent on the period of 
any energy which may be in a state of transmission through the ether in the 
neighborhood of the atom. For example, light or heat energy of a period nearly 
equal to 27t/n, would tend greatly to affect (7, but not (7^, and energy of a period 
nearly equal to 27«//i, would affect G^ and not (7,, thus we should expect the 
inter-molecular action of non-kin atoms to be even capable of changing its sign 
owing to the nature of the optic, thermal or electric field in which the molecules 
are placed. Thus these non-kin atom terms in the force function would produce 
a secondary influence on the general law of cohesion due to the conditions of the 
optic, thermal or electric field. Of course these conditions would also affect 
0^,, (7,. and (7,//, but examining the value of U in (51), we see that to decrease or 
increase these quantities would, speaking very generally, be rather quantitative ; 
i. e. there would not be a distinctly opposite effect on U for a field in which 
energy of period 27t/n, and a field in which energy of period 2n/n, were respec- 
tively prominent. The qualitative effect therefore of energy of different periods 
would, if it is in any case sensible, have to be attributed to the action of non-kin 
atoms and the terms in U arising from (50). 

e). Since U consists of terms of opposite sign, and we have indicated that 
owing to the summation which we must make for a great number of modifying 
molecules, the second term may rise to equal order and importance with the first 
(see (c)), it follows that for a certain value of y^^/ dU/dygg* is zero, or the inter" 
molecular force changes sign. This gives, then, a mean inter-molecular distance 
at which for definite values of the G% i. e. for definite conditions of the thermal, 
optic and electric fields, the molecules exert no force on each other. If we bring 
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the molecules closer together they will repel; if we separate them, they will 
attract. This is the ordinary phenomena of elastic stress, and this change in the 
sign of mter-moZect^Zar force seems an important addition to the discussion of cohe- 
sion as given in my first paper. It arises from the terms due to kin-atoms and 
the modifying action, which were neglected in that paper. 

f). The presence of a greater or less number of kin- atoms will obviously 
greatly influence the law of cohesion, although whether they will tend to increase 
or decrease the mean inter-molecular distance must depend largely on the nature 
of the second term of Um (51) when we sum it for all the modifying molecules. 
But the mean inter-molecular distance will settle the volume. Thus we should 
expect remarkable divergences in the volumetric analysis of quantities like 
Gll^Oy C^H^Oy G^ffgO or Gu^O, Gu^O^, etc.; and again, noteworthy variations 
in the elasticity and cohesion of steel as we introduce more and more carbon. 

It seems not improbable that some physical measure of the effect of kin- 
atoms on cohesion might be obtained from the cohesion of plates of different 
substances when pressed together, the molecules of the two substances having no 
kin-atoms, or one or more kin-atoms in their structure. 

Sub-case (b). Unequal Phase. 

20). I now pass to the consideration of the value of the terms in the 
force function when the phases of kin-atoms in dijfferent molecules are either 
equal or differ by less than n/2. The physical probability seems that if they 
do not take all possible values they will only differ slightly (see §47 of my first 
paper), so that we have only to replace the cosines in (47) and (48) by a quantity 
6 very nearly equal to unity in order to obtain in this sub-case the mean values 
of <}>«^«/ and <^g<^s/« 

If we retain terms up to [l/a]* we can omit none of those given in (47) for 
^g^,/; if we retain only terms of order [l/o]? we may omit the second term 
in the bracket of first line and the last term ; if we retain only terms of the 
order [1/a]* we preserve only the terms in the first to the third lines, omitting 
second term of the first. Similarly for ^g^,. for 

approximation up to [1/a]* we retain all terms. 

*' [1/a]* " " but those in the third line. 

[l/a]J " 1st, 2d, 4th, 9th lines only. 

** [l/a]f ** 1st and 2d lines only. 

[l/a]i we need consider no terms in ^,^«/. 
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As we only wish to obtain a general idea of inter-raolecular force, let us adopt 
the approximation to the order [1/^]** So far as the terms then dealt with are 
concerned, aspect will not enter into our value of the force function U, as it would 
involve terms of order [l/a]^ whereas we are only retaining those of order 
[l/a]V. We find 
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We may now deduce some general results from this expression : 
a). Neglecting modifying action, the inter-molecular force varies as the 
inverse square* and is attractive. Thus for this case the force of cohesion could 
never become negative. Turning to the second and third t^rms, however, these 
give repulsive forces. The order of the part of the force due to the first term will 
be [1/a]*, while that due to the second and third of the order [l/a]V. Thus the 
difference in order is not very great,- and if the modifying action as expressed in 
the third term be summed for a great number of molecules, this term may rise in 
order and possibly become so great that the force changes sign and becomes 
repulsive. The possibility of repulsive inter-molecular force would thus again 
depend on the law of modified action. 

b). A distinction must be drawn between (a) of this article and (c) of the 
preceding article. For unequal phases the term of least order in the force is 
repulsive and of order [l/a]V. To account for a cohesive force and the neces- 
sary change in sign, we must suppose the attractive terms in the force of order 
[l/a]V to become all-important on summation for a great number of molecules. 
For equal phases the term of least order in the force is attractive and of order 
[1/a]*, and the necessary change of sign to explain cohesion is obtained by sup- 
posing terms of the order [l/a]V to rise into importance on summation. The 
latter seems a more reasonable hypothesis, as it would allow of the union of two 
solitary molecules, which the former would not. The former indeed indicates that 



* It must not be supposed that because this force varies as the ^ inverse square', that cohesion is thus 
only a part of gravitating force, and so our theory be liable to the destructive criticism of Belli and 
others. That criticism is based, not on the power of the distance, but on the magnitude of the constant 
of variation being the same as in the case of cavitation. 
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only a certain number of molecules would be able to cohere at all unless they 
were chosen with particular differences of phase. So far as I know, there are no 
physical facts which would point to any such selective action on the part of molecules 
when uniting in small groups to form a solid. At the same time the phenomena 
of smell tell us that bodies must be continually throwing oflf and therefore repelr 
ling their external molecules. This must either mean a sufficient diflFerence in 
phase to produce a repulsive force between molecules, or else that the modifying 
action on superficial molecules is not always sufficiently great to overcome the 
repulsive influence produced by kin-atoms. Thus we should have to look upon 
smell on the hypothesis of nearly equal phase as a process by which individual 
eccentric or * unsympathetic ' molecules — i. e. those whose atoms had a wide 
divergence of phase from that of the mean of their kin-atoms in the system — were 
gradually brought to the surface and ejected ; but on the hypothesis of unequal 
phase, smell would be due to the failure of sufficient *' modifying action " at the 
surface. 

c). Remarks (a) and (b) of the previous article apply in this case also, while 
we may treat the law of force between non-kindred atoms by examining the 
first two terms of (48). For exactly like molecules we have, to a first approxi- 
mation, the term in the force function for the ^ and e!^^ atoms, 

1_ Og^, ^ Giv\la^ — Glv\la, 

Yoo' Y*<i 87tp vi — v\ 

or there is an attractive force between the ^^ and d^^ atoms, 

GJv\ _ cy. 



Ygg' 2p v)v\ y,, 



v] v\ 



But this force- 



— if y**? Yl**^"^^^ force between q^^ and s^^}^ /.^x 

^ Ygg' / [atoms of one molecule. j ^ ' 

This follows by (17), if we only retain the lowest powers of jP„/. Thus the inter- 
molecular force between the ^^ and sl^^ atoms is at once expressed in terms of 
the atomic force between q^^ and a^^ atoms. It will obviously be attractive or 
repulsive according to the sign of the "chemical affinity" or the last factor on 
right of (54). Thus^ ceteris paribus^ the more difficult its molecule is to disassociate^ 
the greater the cohesion of the substance. 
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21). Let us now pass to the third case when inter-molecular distance bears 
to inter-atomic the ratio of order given by [l/m] = [l/a]^ 

In this case S^u,, S/u,., hfi^n are different, being the roots of the cubic equation 
(26), which we may write 

3 h(i fa,^,, 
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Thus n,, n,. and n,,/ will differ, and thus the mean value of 

sin {njt + a,) sin {n^,t -|- a,) 
is zero. From equations (39) to (41) we find 
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In all cases the summations are taken so as to exclude infinite terms. Substi- 
tuting the value of the 7J\i from p. 51, we may rewrite these expressions, 
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(58) 



Now the x's are of zero order in [1 /a] . Hence, if we want to find the value 
of ^,^,' and ^5^,' to the order [1/a]*, we must substitute for nj, 

in the three first terms of ^,^,'. Further, in the same terms, when they occur 
in the force function, we must substitute the value of y,,/ given in terms of y^^^ 
on p. 58, thus introducing the aspect influence. Owing to the same arguments as 
I have before used, these terms in the aspect influence containing first powers 
of cosines (see p. 58) will vanish for an amorphic body, when we are considering 
the law of cohesive force and not the force between any given individual pair of 
molecules. Thus the aspect influence would not be sensible below terms of the 
order [1/a]^, which it must, however, be remarked is the order of terms which 
the second, third and fourth lines of ^,^,' contribute to the force. 

As we cannot express analytically the solution of the cubic (56), we cannot 
substitute the value of n^ and Xg, etc., in terms of y^'v, y^-g and y„/; thus it is 
impossible to reduce the value of ^g^,. to terms in y^p", Ygg" and y^^^, and so 
show the exact nature of the aspect influence. But we may note that the aspect 
influence when [l/wi] is of the order [l/a]^ plays a much larger part in the 
inter-molecular force than previously. Hence if the nearness of the molecules of 
a solid is of this order we should expect * aspect ' as well as * modified action ' 
to contribute towards the probability of multi-constancy. 

The whole of the reasoning for this case is independent of the equality or 
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inequality of the phases. Thus, so far as the hypotheses of ' aspect 'and * modi- 
fied action ' are concerned, we might conclude from the present theory that — 

(i). Neither has sensible influence if [l/m] is not comparable with [l/a]^ 

(ii). The latter only has " ** is comparable with [1/a]'. 

(iii). Both have " " " " [!/«]•• 

In the third case, however, only the latter action influences the terms of the 
very first importance in inter-molecular force. 

Returning now to the formulae (57) and (58), suppose we retain only the 
terms to order [1/a]' in the force function, neglecting also those aspect influence 
terms which, although of this order, would in the case of an amorphic solid dis- 
appear for the mean of a great number of molecules. We find 
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87tp y^,. 

Here the first sum is to take every possible value of 8 with the corresponding 
values of ^ and ^', while the last three double sums are with regard to all values 
of « and 5, except 5 = 5. 

We cannot express the inter-molecular force as some simple inverse power 
of inter-molecular distances, as the x's are complicated functions of those dis- 
tances involving the modifjdng action. We are still able, however, to deduce 
some general results from the above value of U. 

a). The force between two molecules (when [l/m] is of the order [1/a]*, 
depends, so far as its chief terms are concerned, on the influence of kin-atoms) 
either in that which they exert directly on each other or on that indirect influ- 
ence which they have in forcing pulsations of their own mutually modified 
periods upon their colleagues in their respective groups. 

b). If we examine the values of the x's given Art. 16, we see that if [l/w] 
be not of order [l/a]^ they are negative, as the second terms in both numerator 
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and denominator are small as compared with the first. If the second term in 
either grows in importance, x will still remain negative so long as our approxi- 
mation to its value remains true, or otherwise x would pass through either zero 
or infinity, neither of which is admissible. Thus the first two terms of the first 
line of U will remain negative. Hence the force will be repulsive unless the 
third term summed for every modifying molecule rises to a greater value than 
the first two. Now x will I think always be necessarily less than unity, hence 
the third term of the order x* is less than the first two in order of magnitude. 
It may or may not, however, rise owing to the summation for all modifying 
molecules. The possibility, I should prefer to say probability, of the inter- 
molecular force becoming negative for [l/m] = [l/a]* is, however, suflBciently 
clear. 

22). If the above discussion on cohesion has seemed to a certain extent 
inclusive, this is only partially due to the complexity of the formulae, which, 
under any theory of cohesion, are bound to be complex if they are to explain 
the enormous variety of physical phenomena which we may include under that 
head. The real difficulty of the discussion lies rather in our ignorance as to 
whether — 

a). Like atoms in different molecules have the same or nearly the same 
phase or not. 

^). Molecular distance is comparable with atomic, and if so, what is the 
exact degree of the comparison. 

The discussion, however, seems to have brought out a good deal that 
remained obscure in the treatment of cohesion in my first paper. It has, I think, 
shown that the ether squirt theory — 

a). Leads to multi-constant equations of elasticity as a result rather of the 
truth of the ' hypothesis of modified action ' than of that of * aspect.' 

^). Suggests that it is to the mutual influence of kin-atoms in dijfferent 
molecules that we must look for explanation of many of the facts of cohesion as 
well as for the origin of bands and other phenomena of spectrum analysis. 

Y). Accounts for a change in sign as well as for a total change in character 
of the law of inter-molecular force as we vary the mean inter-molecular distance 
from something incomparably greater than inter-atomic distance down to dis- 
tances of the order [l/a]^ 

h). Enables us finally to lay aside for heavy matter all notion of * force or 
46 
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action at a distance.' All such force is only apparent, arising from the terms 
in the kinetic energy of the whole system due to the insensible motion of the 
ether. 

23). It must be remembered that the conclusions of this paper do not 
replace but supplement the results obtained in the three previous papers. The 
laws of chemical action and the theory of the spectrum given in the first paper, 
the theory of optic and magnetic phenomena developed in the second paper, and 
lastly, the equations of generalized elasticity as discussed in the third paper, 
all flow as readily from the ether squirt as from the pulsating spherical atom. 
The former atom is, therefore, even better suited than the latter to be used as a 
model dynamical system for deducing the differential equations which express the 
laws of physical phenomena. It is, some may think, unlikely that the molecule b 
really a group of ether squirts, but the molecule is a dynamical system, and any 
model of a molecule which does not contradict obvious physical facts, but goes a 
long way to explain those facts, cannot but be suggestive as to the nature of the 
laws governing real molecular systems. The modifying action of kin-atoms in 
like molecules seems a suggestion of this kind sufficiently valuable to make it 
worth while to study closely the ether squirt hypothesis. 

The application of this hypothesis to the generalized equations of elasticity 
and to the laws connecting pressure and volume in a gas must be deferred for 
the present, considering the great length to which this paper has already run. 



On the Matrix which Represents a Vector. 

By C. H. Chapman. 



The fundamental idea of this work is emphasized by Buchheim as follows : 

** It is, or ought to be, well known that the linear and vector function of a 

vector is simply the matrix of the third order,"* meaning, of course, that the 

matrix is the operator which transforms p into ^p (Tait's Quaternions, p. 98. I 

shall refer to Tait's work from time to time simply as " Tait,'' the edition being 

that of 1867). It is merely a very special application of this remark to observe 

that any vector whatever whose rectangular components have the lengths x, y, z 

may be derived from that of which the components are of length 1,1,1 by the 

operation of the matrix 

( X ) 

y 

z 

and it follows that the study of vectors may be made to depend upon that of 
these matrices. The object of the present paper is to carry out and illustrate 
this study in some detail. 

In the course of the work the matrix is freely spoken of as the vector by an 
allowable looseness of language, since no confusion can result; but it is not 
assumed that they are the same — in fact I wish to guard most carefully against 
that assumption. 

The algebra of these matrices is the same as that of scalar quantities, inas- 
much as, owing to their very special form, they are commutative with one 
another in multiplication ; for this reason I have found it necessary to employ 
only a few very elementary properties of matrices. In fact Cayley's celebrated 
memoir (Phil. Trans. 1858) contains nearly all the theorems which are here 



* Proc. London Math. Soc, Vol. XVI, p. 68 ; Clifford, Dynamic, p. 186. 
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made use of, although I have referred by preference to the papers by Sylvester 
{Am. Joum. Math.^ Vol. VI) and Taber {Am. Joum. Math., Vol. XII) as being 
more recently in the hands of all readers. The learned article of Taber contains 
a statement of pretty nearly the entire theory of matrices, at least from his 
point of view. The only new symbol here introduced is that of a circular sub- 
stitution, cy or cy, which has proved very interesting and useful ; for the rest, 
the symbols S and F, not as selective but merely appellative, but with their 
geometrical significance essentially unchanged, have been found sufficient. 

Many, if not all, the advantages which result from the use of quaternions 
will be found attained or attainable in this paper without their aid by the use of 
these matrices ; the equations and formulas are sometimes identical in appear- 
ance with those of the quaternion calculus, and the resemblance has been syste- 
matically cherished — partly to aid in making comparisons, partly on account of 
the extreme elegance attained by the quaternion calculus in the hands of Hamil- 
ton and Tait. 

The unpublished Vector Analysis of J. Willard Gibbs is briefly referred to 
in this article as V. A. G. 

1. — Properties of the Matrix. 



( a ) 



The matrix 



= p is referred to its axes,* which will be assumed 



y 

0a 

as a rectangular system and, for distinction, designated as the axes ofi,j and k 
respectively. The matrix p denotes that substitution which transforms the 
vector whose components along the three axes have the lengths 1,1,1 into that 
whose components are of lengths x, y, z respectively. The matrix therefore 
defines without ambiguity the length and direction of this vector, and I shall 
say that the matrix is the analytical expression or representation of the vector. 

(1 0) 



In particular the matrix 



represents a vector whose length is \/3 



10 
1 
and which makes equal angles with the positive directions of the axes. In the 



♦Taber, Am. Joum. Math,, Vol. XII, p. SCO. 
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vector theory this matrix plays the part of unity in the scalar and will be spoken 
of as vector unity and denoted by v .* 

For brevity, matrices of the kind here considered will be denoted by Greek 
letters, and the same letter will uniformly denote both the matrix and the vector 
represented by it. If 

( a ) ( a' ) 



a = 



6 
0c 



then 



{a + a', 



a + /3 = 








and 13 = 


y 

cf 




\ , 
, 


)t 


c+cf 



Whence it is evident that the sum of the matrices represents the sum of the 
vectors. J 

The product of the matrices a and ^ is 

(oa' ) 



al3 = 








bb' 








which is evidently the same as ^a, and, for the purposes of this paper, the 
product of the vectors a and /? will be so defined that it may be represented by 
the matrix a/?; that is, this product is a new vector whose component lengths 
are the products of those of the factors. The writer is well aware of his pre- 
sumption in thus departing from illustrious usage,§ but inasmuch as he thus 
attains analytical consistency, simplicity of notation, and preservation of the 
associative law, both of which latter are lacking in the ingenious work of J. Wil- 
lard Gibbs, and at the same time retains the freedom of commutative multipli- 
cation, the lack of which makes Hamilton's system at once so significant, so 
fascinating, and so difficult for ordinary students to master and apply, he has 
ventured, in a tentative way, to make the departure. Unless all the constituents 
of the matrix except those of the principal diagonal are zeros, a^ is not in 
general the same as j3a, so that I by no means imply by this that linear vector 
functions are in general commutative in multiplication. 



♦Sylvester, Am, Jowm, Math., Vol. VI, pp. 274 and 276. 
t Sylvester, Am. Joum. McUh.^ Vol. VI, pp. 274 and 276. 
t V. A. G., p. 4. i Tait, p. 44 ff. ; V. A. G., p. 6. 
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Since division of matrices is defined bj the equation 



OL 41 



we see at once that the quotient of the matrix a by /3 is the matrix 



( a 



a! 








V 












) 



which will be taken to represent the quotient of the vector a by the vector /? • 
From this it follows that the division is not ambiguous and that 

It is to be observed that this division is indeterminate or gives a quotient with 
an infinite constituent in cases quite analogous to those of scalar division.f 

Without using Sylvester's Theorem, J it is evident from the rules for multi- 
plication and division that any function /(p) which can be expanded in positive 
or negative powers of p will be denoted by the matrix 

) 




( /{x) 

f{y) 





The matrices 



(10 0) (000) 








10 




(0 ) 



1 



will be denoted by t, j, h respectively. For their multiplication we have 



t» = i, /=y, 1^=.h, ij=zik—jk=i 



(000) 





= ijk. 



* Sylvester, Am. Joum. Math., Vol. VI, p. 276. 

t V. A. G., p. 47, Art. 128 ; Sylvester, Am. Joum. Math., Vol. VI, p. 274. 

t Quoted and verified by Taber, p. 878 ; Buchheim, Proc. Lond. Math. Soc., Vol. 16, p. 81. 
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Also tp = arf ; yp = yjf; lc^=izk\ 

whence {i +y + A;) p =: t?p = p = ip +yp + ^p ; 

being a formula for decomposing a vector into three rectangular components. 
The matrices 



(100) (000) (100) 



10 


> 


1 





» 













1 




1 



= /. J, K, 



have the properties that 



= h, 



P = I, J* = J, 1P = K, 

IJ=JI=J- IK=i; JK 

il-=i\ iJ= ; i/r= i, 

JI=J] JJ=j; J^= 0, 

A;/=0; kJ=k; kK=k. 
The vectors i,j,k; I, J, ^cannot be used as divisors. 

2. — The Operators cy and cxf and the Symbols S and V. 



(a; ) 



If denote the matrix 



, or briefly (x,y, z), then shall cyp 



y 

z 

denote {y, z, x) and c^p, (z, a, y); cy being an abbreviation for the word cyclic 
and denoting evidently a circular substitution among the constituents of p.'^ 
Clearly also cfp = p. 

Again, if a, /?, y are any three rectangular unit vectors and p=^xa+yfi+zy, 
cy' shall denote the substitution 

so that cy'p = ay + ya + Zj3 ; c^'p =^x^ +yy + za, cy'^p = p. 

Denoting a + fi + y by t/, cy and ci/ are operators which rotate p in a negative 

direction about the axes v and t/ respectively, through an angle equal to 



2n 



while the rotation performed by cy* and cy'* is 



4n 



•Cf. T^ber, Am. Joum. Maih., Vol. Xni, p. 162. 
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If a = (a, 6, c) and ^ = (a', 6', d) are any two matrices of the kind in ques- 
tion, then a/3 = {ad, hV, cd) and 

S.aP = ad + W + cd 

will be called the scalar of a/?. It is the product of the lengths of the vectors 
into the cosine of their included angle, and has thus its usual geometrical mean- 
ing. Its practical use is the same as in quaternions. Since in any product the 
vector V may be suppressed, the expression 8.v^^=-x-\- y -\- z will often be 
written simply ^ p^ 

Obviously cyS^ = Scy^ and cyS.a^ = Scy {a(3). 

Also cy{a, /?, y, 5 . . . .) =: cyacy^cyy .... 

and jo^ _ cya 

""^ (3 - cyl3 • 

While cy (acy^) = cyacy^^ and S. acy^^ = S. ^cya , 

from the definitions of the symbols. We recall also that if /S'.aj3= 0, a and ^ 

are perpendicular to each other, and note that the product of any two vectors 

perpendicular to each other is a third vector perpendicular to vector unity. 

In particular, 

cyi=k , cyk=j\ cyj =iy 

cyl^z Kj cyK=z J^ cyj=:^ I. 

Let us now form the vector 

8 = cyacy^^ — cy^cy^a. 

m 

We have by the above formulas 

S.a {cyacy^P — cy^ci^a) = S.acyacy^^ — S.ax^yacy^fi = ; 
and likewise S. (3 {cya cy^^ — cy^ oy^a) = . 

Hence S is perpendicular to a and ^. Its direction is such that a positive rota- 
tion about it as an axis turns a to j9, and its length is the product of the lengths 
of a and /? into the sine of their included angle ; it is therefore the vector which 
Hamilton denotes by Va^ ; but since we do not derive it from a and (i by multi- 
plication, it will be denoted in this paper by F(a, j3), or — ^(l^, a). 

We have V{i,j) = k; V{j\k) = i, V{k,i)=j. 
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Also, if a, j3, y are any rectangular system of unit vectors, 

F(a,^) = y; F(y,a) = /3; 7(/3.y)=:a. 

We observe now that taking a + j3 + y = t/ for the axis of c^, then 

and that if p = »a + yj3 + zy , then 

/S'.t/p = a + y + z. 

Finally, however p may be expressed, the square of its length is 

It will now be clear that 

S.aV{l3, y) = S.^V{y, a)= S.yV{a, /?).* 

whatever vectors a, (3 and y may be; and that if S.aV{^, y) = 0, the three 
vectors lie in the same plane. 

The coefficients x, y and z in the expression 

where a, j3, y do not lie in the same plane, can now be determined. Multiply- 
ing by F(a, ^) and taking the scalars, we find 

and similarly 

_ S.hV{P,y) _ S.8V{y,a) 
S.aVifi.yY y- S.pV{y, a)' 

Whence 

hS.aV{^, y) = aS.hV(^, y) + ^S.hV{y, a) + yS.hV{a, ^).'\ (1) 

This expression is scarcely less simple than the corresponding one in quaternions, 
from which it diflfers in form only by the notation F(a, ^) instead of V.a^. 
In the quaternion formula S.{aV.^y) the V may be omitted without changing 
the meaning, but from S.aV{(3 , y) it cannot. 
It is also possible to expand 8 in the form 

h = xV{y,a) + yV{a,fi) + zV{^,y). 

• Cf . Tait, pp. 66 and 65. t Tait, p. 67. 

47 
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We have 

_ S.oJb _ S.yh _ S.^h 

Hence 

hS.aV{^, y) = F(y, a) S.^h + F(a, ^)8.yh + F(|3, y) /S.a5. (2) 

The following formulas which follow directly from the definitions of the 
symbols cy and S are useful in what follows : 

vSy =p' + cyp' + cy'p\ V (3) 

whence v (S*. p — S. p*) = 2vS. pcyp . ) 

Also v^S.v^p — P "^ ^l/p + ^'p* (^) 

The cosine of the angle which p makes with v is 



and the cosine of the angle between p and t/ is 



>/sS7-^ 



9 

The components of p parallel and perpendicular to v are respectively 

\vS.^ and p — it?./Sjp; (5) 

while the same with respect to t/ are 

^i/S.t/f and p — ^t/S.f/p. (6) 

3. — The Symbols cy^'' and cy^^. 

Since ct^ and cy'' perform respectively negative rotations equal to 2n about 
their respective axes, it is very natural to indicate corresponding rotations 

through the angle 3 by cy^ and cy'^. When 3 = --— , 



8^ 8^ 

cj^ = cy, cy'*'' = cy'; 
when 3 = -— , cy2» = c^; cy^^n = ^y^ 
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I propose to find a matrix (i such that 



2n 



Evidently for 3 = ^ , 



fl = 



and for ^ = 



4n 



(1 = 



( y 

X 




(A 

X 





8d 



z 



) 







y 





a; 







X 

z 

) 



X 

z 



(7) 



(8) 



We observe that p and (ip have the same length, and make the same angles with 
v; hence we obtain the equations 

S.fip =S.f>; (9) 

s.fiy=s.p\ (10) 

To obtain the third necessary scalar equation, we note that 3 is the angle 
between ^(3p — vS.p) and ^{Sfip — vS.fif), the vector projections of p and (ip 
respectively perpendicular to v. Hence 

^ _ i S. (3p — vS. p)(3f/p — vS.fip) _ SS.fip^ — S.pS.fip 
cos ;> _ ^ ^^ ^3p _ ^^ pj, _ ss.p'—iS'.p • 

Whence 

ZS.(ip^ = {3S.p^ — S\p) cos3 + AS^^.p. (11) 

Instead of solving these three equations directly for (i , let us approach the result 
indirectly by aid of a vector v which rotates (ip through an angle ^, leading to 

the equations S.vfip =i S.fip =^S.p, (12) 

S. rVy = S.fiy = S. p\ (13) 

ss.vfiy = {3sy — s^.p) cos<^ + s^.p. (14) 

Again we notice that vfi is a vector which rotates p about v through the angle 
3 + ^ without altering its length, and thus deduce the additional equations 



SS.viip' = (3/S.p* — S\p) cos (3 + <?>) + S'p. 



(15) 
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Now in general the vectors /i^p, ^if^ and y?^ do not lie in the same plane, for we 

have 

vS.^iy 7(/^p, li^^) = vS.fi^cyftcy^fip^ci/pcy^p {cy^p — cyp) , (16) 

remembering that cyp* = {cypY and cy^p* = {cifpf. And if we take into account 

the fact that 

vS. pcypcy^po = pcypcy^pS. a (17) 

we may write equation (16) 

vS.fiyVifip, ^p*) = ficyficiffipcypcy^pS.fip (cfp — cyp) . (18) 

If /S'.f/p (cy*p — cyp) = , then ^i satisfies a fourth scalar equation besides (9), 
(10) and (11). This can happen, for a given value of p, only in very special 
cases, and one such case is // = t?. 

In general, then, by aid of equation (2), we may write 

v.S.fipViiifi^, (lY) 

= VQiy, (ip) s. vfip' + V {ftp, tip') s. vfiy + v{iip\ ^^p^ s.vfip. (19) 

In simplifying the formula (18) it will be useful to note that 

V{Sa, 8(3) = cyScfS . V{a , ^) . (20) 

We may see this to be true since 

r (Sa, m = cy («a) cy' m - cy m cf (5a) 

= cyhct^h {cyact^fi — cy^ct^a) = cy^cj^h . F (a , /?) . 

Using this formula, equation' (19) becomes 
vS.fipcy{lip*)cy^{(ip^)V{v, (i) = ci/(jip)cy^{(ip)V{(ip, v) S.vfip* 

+ cy {fH>) <^f W) ^(^^ p) ^- Vp^ + cy W) cy^ W) ^(^» h) s.vfip. (21) 

Using the formula (17) we see that this equation is divisible by the factor 
cyfipcj^lip, giving for the quotient 

vupS .cypcj^pV {v , (i) 

= V{fip, v) S.vfip^ + V (t?, p) S.vfiy + cypcy*pF(t?, (i) S.vfip. (22) 

To complete the determination of v we shall assign to f£ a particular value 
such that knowing the effect of v on /i^p, we can readily find the vector which 

rotates p through the same angle. The vector (i = -^ satisfies equations (9), 
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(10) and (11) but not (18), except in the special cases when p is the vector to 
the surface yy^yz-\-2x=Qf + j^ + ^. 

We may therefore take f/ = -^ , and the corresponding value of 3 is -w- . With 
these values equation (22) becomes 

Zvcy^S.cy^^vfv, ^) = F(cyp, t?)[(3/S'.p* — /S^.p) cos (^^ + ^) + ^-p] 

+ F(t?, p)[(3aS'.p*- S\if) cos<^ + /S^».p] + 3cypc2/«pF(t7, ^^S.p. (23) 

cypcy^p V(y , ^) = cypcy^p (^ - ^) = pc^^p - cyy , 

and S. (pcyp — cy'p*) = S.pcyp — S.p^; 

since S.cy\^ = cj^S.f =z S.p^. 

And from equations (3), 

/S.pcyp=i(AS^p — aS-p*). 

^^'"'^^ . S. cypcy'p 7 (i? , ^) = H^*- P - S/S'. p«) . 

Again, 

[T^(cyp, t?) + r{v, p)] ^».p + Scypcy'pV(v, ^M^ S.p 

= 7(t;, p — cyp)AS«.p + 3F(p, cyp)S.p 

= [7(p + cyp + c2^p, p — cyp) + 3F(p, cyp)] ^.p 

= [^(p, cyp) + n^fp^ p-^yp)] ^-p = hv [s\p- 3>S'.pT /S.p. 

Dividing out the common factor [/S^'.p — SS.p^ from equation (23) we have left 

ivcyp = — F(cyp, t?) cos ^-|^ +^J— 7(t?, p) cos<f + i t; /S^.p, 
or finally, 

Svcyp = 27(v, cyp) cos f-^ +<?>) + 27(p, v) cos<^ + vS.p. (24) 

Changing cyp to p and consequently p to cy'p, and recalling that 

S.p= S.ci/p=: S.cy^p, 
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we have, if we replace vhj ft, 

-3- + <?>) + 2F(c2/*p, v) cos<^ + vS.^. (26) 

Now, inasmuch as v was a vector which rotated cyp through the angle ^ , it must 
be that f£ has the same effect on p . 

Equation (25) is homogeneous in the tensor of p and (i is therefore not a 
function of the length of p, but depends merely on its direction. 

As a partial verification of the correctness of this formula, I remark that 

when ^ = it becomes 

3//p = 3p , or f/ = t? , 
as it should. 

Since (25) gives one and only one value of ^i for each value of ^, no two 

being the same, as ^ varies from to 27i , fi^ will perform a complete rotation 

about the axis v and return to its original position. 

We may now write 

^ (26) 

where /c£ is a known vector. 

In a similar manner we may compute the vector factor which will produce 
a given rotation about any given axis. 

In fact, denoting any vector axis of length \/3bya + j3 + y, where a, /? 
and Y are three rectangular unit vectors so situated that the given axis is the 
diagonal of a cube of which a, j3, y are the edges, any vector whatever may be 
denoted by p = 3.^ + y^S + zy , (27) 

and the problem is to find a substitution ^i which rotates p through an angle 3 
about t/. 

The equations of condition are 

8.11^=8.^, (28) 

8.iiy =8.f, (29) 
8.iijf^ — i 8\vii^ = cos 3 (/S'.p* — i /S'li/p), 

or 8. f/p* = J [cos ^ (3/S^. f — 8\ t/p) + 8^. i/p] . (30) 

Equation (30) is obtained as follows : 

The component of p parallel to t/ being <t/, we shall have /S'.t/ (p — ft/) = 0, 

whence <AS.t/' = /S-i/p, 

or t'='\ 8.vff. 
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Hence the component of p perpendicular to t/ is 

p-ti//S.t/p, (31) 

and that of //p is /^ — i ^^- ^i^P • (32) 

The vectors (31) and (32) have the same length. Observing that /S.t/' = 3, and 
that the scalar of their product divided by the square of the length of either 
gives the cosine of the angle between them, we have 

^^®^- /S-p'-i/S^i/p ' 

from which equation (30) follows at once. 

Proceeding as before we shall obtain three equations corresponding to (9), 
(10) and (11) respectively, 

S.v^if = i [cos (3 + ^){^S.f — SKvfp) + S^t/p] , (33) 

S.viiy = ^lco8q>{SS.p'-S\'f/p) + S\f/p], (34) 

S.^livp=S.v^p. (35) 

Using the formula (2) to expand v in terms of //p*, (i^^ and t/f/p, we obtain the 
equation 

= v(jiY, iif>7^) s.vfip^ + v(jipvf, (ip^) s.vfiy + v{(ip\ iiY) s.^/vfip, (36) 

which, by aid of (13), becomes 

vS.xfupoy {(ip^) cy^ (jif?) V{v, (i) = cy (jip) cy^ (fip) V{fip, vf) S.vfip^ 

+ oy (f^p) ^ (f^p) ^(^» p) S.vfiy + cy (jip^) cf (iip^) V{v,fi) S.f/vfip . (37) 

From this we may divide out the factor cy (fip) c\f (jip) , leaving 

v(ipS.v^cypci^pV{v, (i) 

= F(f/p, t/) S.vm>^ + F(t/, p) S.vfiY + cypc7^pV{v, (i) S.i/vfip 
= i^S^i/p. [7(^, t/) + F« p)] |.(38) 

+ i (3>S'.p* — SKv^p) . [7(^, t;).cos (^ + <?>) + F(z/, p) cos <^] 
+ S.xfp.cypcfpV{v, (i) 

by aid of equations (33), (34) and (35). 
Equation (38) may be written 

v(ipS.f/V{p,m>) = ^S\t/p.V{v^, p-fip) 

+ i {SS. p'-SK t/p) [ F(^p , i/) cos (^ + <^) + F {v\ p) cos <?>] + F(p , ^p) S. v'p . 
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If in this we assign to n the value -^ and to 3 the corresponding value of -— 

it becomes 

vcj/pS. t/ F (p , c^p) = i /S". t/p . F (t/, p — ci/p) 

+ i (3-S.p* - S\v>p)[V{ci/p, t/) cos ^^ + 4,) + Vivf, p) cos4>] [-(39) 

+ Vip,cy'p)iS.'c'p. 

The vector v turns c^p through the angle ^ around the axis t/ ; hence chan^ng 
ci/p to p and therefore c^*p to c^p and p to cy*p , we shall have the vector fi 
sought for : 

(ipS.v'Vicy"p, p) = i ^.t/p. V{i/, cy'p - p) 1 

+ i(3>S'.p»-^».t/p)[F(p, t/) cos(A'? +<?,) + F« cy'p) coe^] 1(40) 

Now cy'p = 05/3 + yy + za and F (c^'p , p) 

= (a5cy/8 -H ycyy + zcyaXxcy'a + ycy*^ + zc^y) 

— (xcy*|3 + yci^y + zc^a){xcya + ycy/3 + zcya) 
= (yz - x«) F(a. ^ + {zx- y») F(i3, y) + {xy - 2«) F(y , a) 
= (za; — y) a + (xy — z*) /3 + (yz — x*) y , 

owing to the property of three rectangular unit vectors that 

F(a,/3) = y; F(/?,y) = a; F(y. «) = /?.* 
We conclude that 

S.i/V{cy^p, p) = (zx 4- xy + yz) — (a» + y» + z») = — i (3/S'.p»— /S«.r/p). 

Also 

F(r',cy'p-p) = F(t/, (z-x)a + (x-y)/3 + (y-z)y) 

= (cya + cy/3 + cyy)((z — x) cy*a + {x — y) cy'(3 + (y — z) cy»y ) 
— (cy»a-Hcy»^+c^y)((2— x)cya4-(x — y)cy|3 + (y— z)cyy), 

which reduces to (2y — x — z) a + (2z — x — y) j3 + (2x — y — «) y • Hence 

i /S-'.t/p. F (»', cy"p - p) + /S-.t/p. FCc^'p, p) = - 4" (S'^-P' - S'.vfp) S.vfp. 
Dividing out the common factor 1/, equation (36) reduces to 

i /*P = — t [ ^(p. ^) cos (-^ + «?>) + F(t/, cy"p) cos 4)] + | t//8'.t/p, 



•Cf. Tait's Quaternions, Art 66. 
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^^ 3^ = v'S.v^p — 2 [ F(p, v') cos (^ + <?>) + y{v^, cy'\) C08'<^] , (41) 

a formula which is very similar to (22), to which it reduces when t/ = v. 
When = 90° and p is perpendicular to t/, equation (38) becomes 

3^p=V3F(p, i/), (42) 

as it should. 

Taking /S.t/p = 0, we have now 

^ /27« \ 

Zci/^y = V (i/, p) cos (-3- + ^) + y{oy'\. ^) cos ^; (43) 



and differentiating this with respect to ^, we find that 

d.3ey»=p = — F(t/, p) sin T-^ + 3J t?^ _ ¥{0;/^, i/) sin ^<«^ 



(44) 



= Soy' _^^ il p.(£3. 

27C 

Writing for brevity cy»' = g*, so that gp^'=cy'p = p, and observing that 
F(t/, p) = a:g'-2^p, and F(cyp, vl)—V{q^^, i/) = — q'^q^pzz: — gr 6 p we can write 

equations (39) and (40) in the form 

— — / 271 \ 5.' 

3gr*p = ? *p cos i^— + ^J — 9« p cos S (45) 

We now perceive that taking a a unit vector perpendicular to t/, the equation of 

a plane curve may be written 

p = rq^a (47) 

where r is a scalar. DiflFerentiating twice in succession with respect to the time, 
we find that 

p' = f'q'a + rq'-^h.-^, (48) 

^" = e - ' (§)') «•« + (^^ f + ' f ) «'^ '«• ("' 

These equations give the velocity and acceleration of a body moving in a plane 
resolved along and perpendicular to the radius vector.* 



* Cf. Tait's Quat., Art. 887. 
48 



378 Chapman : On the Matrix which Represents a Vector. 

Having thus, by a succession of operations comprised well within the domain 
of algebra, and with the aid of notations borrowed from Quaternions, obtained 
an operator which rotates a vector through a definite angle about a definite axis, 

I will now pause to compare a* with the unit versor e" of quaternions.* 

— 
e" and q^ have precisely the same effect on a vector in the plane perpen- 

dicular to their axes ; but f operating on e gives c » , a versor whose angle 

exceeds that of e' by - , its plane being the same ; while q^ operating on its 

axis t/ simply leaves it unchanged. For this reason the effects of these opera- 
tors on vectors not perpendicular to their axes are different, that of g* being the 
simpler. We may also compare q^ with the quaternion operator q.aq^^ which 
rotates a about the axis and through double the angle of ^.f 
Returning to equation (41) and observing that if 

S = aa + 6/? + cy, 5' = o'a + «//? + c'y, (50) 

then F(S, 5') = (Jc/ — cZ/) a + {cd — ad)P + {ah' — ba!)y, 

so that 

F(p+ 2cy>, 7/) = {2x — y — z)a'\'(2y — z — x)^ + {2z — y — x)a', 

and writing the equation 

3|t/p = v'/S'.t/p+ cos<^F(p+ 2cy'p, i/) + V3sin<^F(p, t?'), (51) 

we have, if ^ is a very small angle^ and if we note that x/.Svf^ = (a: + y + 2j) 

(a + /? + y); 

3/[^p= 3p + V3ci<^F(p, vl), (52) 

to quantities of the second order. 

For a rotation of a through an angle d^ about an axis t/', which meets i/, 

we have 3^/^ = 3(T + V3(i^F((T, t/')- 

In this writing ^ for a, we shall have the effect of the two rotations in succes- 
sion upon p. This gives 

9|u'/Mp= 3(3p + V3ci<^F(p, t/) + //3ci3F(3p + V3ci4)F(p, t/), t/') | 

= 9p + 3V3ci(^F(p, t/) + 3V3dSF(p, t/Ot > (53) 

= 9j^^5^*p. * 

Here the order of the rotations is indifferent, but that is of course not true for 
finite rotations, ^J being in general a function of /up. 

•Tait, p. 88 ; Ex. 18. t Tait, p. 261. t Compare Tait, p. 260. 
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4. — Applications to Trigonometry. 

The determinant 

cya cya cy*a 

cy/? cy^ cfP 

cyy cyy cfy 

is identically zero. Hence we conclude that for any three vectors whatever 

c2/aF(/?, y) + cyPV{Y, a) + cyy7(a, /3) = 0. 

If a, /?, y lie in a plane and their lengths are a, 5, c and the angles between them 
A, BojidC, then F(/?, y ) = Jci/ sin -4 , F(y, a) = cat/ sin /? , F(a, /?) = ait/ sin (7, 
t/ being the direction of the perpendicular on the plane, and equation (50) 
becomes, after dividing by t/, 

be sin A cya + ca sin Bcy^ + ai sin Ccyy = 0; 

operating on this with c^, we have, after dividing by abc, and denoting the ver- 
sors* of a, /?, y by a', /?', /, 

a' sin ^ + /;?' sin 5 + y' sin (7= 0, (55) 

which shows that if the sides are proportional to the sines of the opposite angles, 
the plane figure will be closed and a triangle. Ifa + /? + y=0 correspond to 
any other closed figure formed by multiples of a', /?', y', it must be a consequence 
of (51); otherwise we could eliminate either vector and must conclude that the 
remaining two are paralleLf 
Again, from the equation 

-a = /? + y, (56) 

we have, by squaring and taking scalars, 

S.a^=S.^ + ASy + 2S.(3y, (57) 

or a« = i^ ^ c« — 2be cos A. (58) 

The use of the negative sign in the last term is necessary from the manner of 
measuring the angle A . 

With a spherical triangle we may proceed as follows: We have, if a, /?, y 
are unit vectors to the vertices, 

S.V{aj (3) F(/?, y)= — cos-B sin a sin c. 



Tait, p. 33. t Cf. Gibbs, Vector Analysis, p. 49. 
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Now 

F (a , /?) F (^ , y) = {cyacy^^ — cy^ci/'a) {cij^cify — cyyc^^) 

= — cy^cy^ (ay) + cy (/?r ) cy* (a^) + cy (a/?) ct^ (/3y ) — cy (ay) cj/*^ ; 

and recalling that 

S.cy{a^)cy'{(3r) = S.^ycy'{a^) and S.cy{^y)cy'{a^) = S.^ycy{a^), 

by a formula of Art. 2, we may write this 

S.V{a, /3) F(/3, y) = S.fiy(ey{a^) + cy»(a/3)) - S.^(cy{ay) + e/(ay)) 

= /^./Jy (»^. ai^ — a/?) — ,S. |3» (r/^-ay — ay) 
= S.^yS.a^ — S.^S.ay 
= cos a cos c — cos 6, 

by previous formulae. We conclude that 

cos b := cos a cos c + sin a sin c cos 5.* 

This extremely simple process may be compared with the analysis given in Tait, 

p. 56, Art. 90, which must be read to get the result on p. 71. 

Without following so closely the familiar processes of quaternions, we may 

proceed as follows : 

cya cy^ cy^ cyy 

cy'a c^/3 cy'^ cy'y 

cy (a/3) + cf (a/3) , cy {ay) + cif (ay) 
cy^ -\-cy'^ , cy (/3y) + cf (/3y) 

tJ/S'.a/? — a/?, vS.ay — ay 
vS.^ — ^ , vS.(iy — ^y 

= vS.a(3S.^y — ^yS.a^ — a^S.fiy — vS.^S.ay 
+ ayS.^ + ^*S.ay. 

Hence, taking scalars, we have 

S.afiS.fiy — S.^S.ay = ;S.F(a, /?) F(/?, y) 

as before, by remembering that S.v=3. 



F(a, /3)F(/3, y) = 



•Tait, p. 71. 



Sur une forme nativelle de i 'equation modulaire du 

huiti^me degre. 

Par Fbancesoo Brioschi. 



1. Soit: 



/(«) = x* + 3a,a? 4- 3a^ + Oj = 



l'6quation dont les racines sont : 

/2o\ /'4tt\ /'fioN /8o\ 

Comme il est connu, entre les trois coefficients a^ a^, a^ on a trois relations des- 

quelles par Pelimination de deux des ces coefficients on obtient pour le troisi&me 

une 6quation modulaire du huiti&me d6gr6. On sait encore que en indiquant 

avec D le symbole d'operation : 

d . 2 ^ d 



on a:* 



^=12^3^ + 



^93 



13 



ID (ai) = 20a, — lSa\ + y S'j , 

19 
7D (oj) = 1403 — ISaiO, + -g- A'afli — agr,, 

25 
7Z> (as) = — 18a,aj -\- -j g-fl^ — 6gr,a,. 



i- 



(1) 



La somme des arguments des trois racines Xqj x^ x^ 6tant une periode, on pent 
poser : 



«» = — 2ai^ 12" fl'*' 08=301^* —g^ 



(2) 



qui donnent pour /{x) la valeur : 



/(x) — ^ 4-^s»— ^^8+ 3ai(a; — 1)». 



Voir Comptes Rendus de rAcad^mie des Sciences, Janvier 1891. 
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Operant avec D sur les deux relations (2) on aura pour les pr6c6dente8 (1): 

47 3 
14aiD (^) = 38a,f «- g^ai — g£ 5-^3, 



14a,^i)(^) = 40aif 



3 



6 ^*^ ^^ 2 



24 



desquelles en* eliminant D (^) on obtient pour Oi la valeur : 



«i (f - X^^ ~ T ^0 "^ ~ T [^^ + ^^^ + 1^^]- 



Or en posant : 



on d6duit: 



^4 = ^*— -2" 9%^—9z^ — -^9i= 4ciCij — 3cf 



12" fl'*^^^""^' -^^-9^8= — 2c? + 3ciC2 — Cs, 



-^ h = 3(^ci + 6C1C2C3 — 4c?C3 — 4t^ — c| 



6tant 5 = gri — ^Tgrf ; et en con86quenee : 

^ Cs 4 c, 

«2 = — [6CiC| — 7cfc3 + C2C3] , 
^8 

1 

Og = — - [1 Icjcj — 9cJ(^ — 3C1C2C3 + 
C3 



(3) 



C4> 



(5) 



La pr6rai&re des Equations (3) donne de la meme mani^re : 

et I'on d^duit : 

2 

et 
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D'autre part de la pr6mi&re des relations (1) on obtient :• 

~ 4D (aO = — 23c^ + 10c|c, + 21<^ - Sc^^ 

le premier membre de laquelle, multipli6 par c^ — e|, 6tant pour la valeur (5) de 
ai egal au premier membre de la pr6cedente, en egalant les secondes membres 
on arrive a cette forme nouvelle de V equation modulaire du huiti^me degre : 

Cj + CS + C|c| — 3C2C|C4 = 

ou: -^4 + 02014-4 = 0. (6) 

2. L'equation (6) est satisfaite en posant : 

c^ = -^4iz' + 5), c, = -^4iz*+S) (7) 

desquelles, 6tant C4 = 4ciC, — 3(|, ou deduit : 

c,= ^cJ(«« + 92*+17). (8) 

Substituant ces valeurs dans les trois equations (4), on obtient : 

92 = -i2''l^Q' 9b=- nQ'^P^'l (9) 

6tant P=z»+ 13z< + 49, Q = 2»+5z*+l, 

i2 = z^« + 142** + 632* + 70z* — 7 
et en consequence : 

8 

formules connues. 

Par la meme substitution les Equations (5) donnent : 



_y_J_W y_i__J_^ (10) 



as = - 1^3 C3P [i* - 32P _ 16(2 + 64] J 



(11) 
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et en indiquant avec d le discrimiDant de/(a;), ou: 

— d = 3aja| + GaiOgag — A^a\a^ — 4aJ — a| 
on trouve : d=^ (^P^ 



ou par la valeur h (9) : 



.=4 



et ,_ 3* 



J'ai ddjk rappell6 que pour chacun des coeflBcients a^, 0^, 03 ou a une Equation 
du huiti^me d6gr6. Si I'on pose : 

Ai= — a,, A, = ^— Yg-^s, A3 = A? 4-S'A f9s> K=4hih3 — 3h^ 

de la valeur (11) de ai on deduit: 

hr = ^clP, h=^4P{P-Q), h,= ^{P'-3PQ+2R) 

h = ^,[4P*-12PQ + SR-Z{P-Qyi 

mais: 

41^ — 12PQ + SB— 3{P — QY = S2{P — Q+ 16) = 4^2* +8) 

et en con86quence (7) 

27^4 = — P»C4. (12) 

En second lieu 6tant P — Q — 8 = 8 (2* + 5) on aura : 

6{ht — m)= Pc^ (13) 

6tant m = -j^ cJP . 

En naultipliant par P* I'equation modulaire (6) on obtient une premiere 

relation : 

8ni* + 4^3111 — A4 = 0. 

La valeur (5) de ui donne : 

4 Vs =3 {4 — C4) 
et 4hiC^P^ = 108 (A, — mf + 8IA4, 

mais C8P^= 18.12. wAi (14) 
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et on arrive ainsi a line seconde relation, 

4m* — 8 (A, + 4^) m + 4^1+ 3A4 = 

et par Pelimination de m ^ P^quation modulaire en hii 

2A4 (5A, + 16h\y — 2^ (5A3 + 16AJ)(8Ai + 7h,) — {874 + ^KY = (15) 

ou k I'gquation connue : 

1 7 

ayant po86 h au lieu de h^. 

On ait ainsi conduits aux deuxe quations modulaires connues comme cons^ 
quences de Pequation (6). 

3. Les ineonnues dans ces trois Equations sont ij = Ci, A, 2.(6, 10, 15). Des 
formules superieures on deduit facilement les relations existantes entre ces 
ineonnues. 

En eflFet la premi&re des Equations (5) donne : 

ci + ai = -^ 
et h cause de (12), (14): 

Ci — fh — 



mais de la pr6mi^re des Equations on a : 

ci = "2^ (2AJ — ^ — 2m).. 

Or en posant : X = 8^ + 7A4, ^ = 5^ + 16Af 

on d6duit des deux Equations en m : 

4m = 



et la (15) peut s'6crire 
49 
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Onauradonc: «.= - ^ [2(2^^- A,)^- ^] 

La relation cherchee entre z, h s'obtient en observant que des Equations (7) on 
deduit : 8c^c| + Sc^ = c1^ 

par consequent si on multiplie par P^ on aura 

327n (Ajj — m) — 5A4 = 12mV, 



mais 


la premi&re des 


equations en 


m donne : 




h,= 


: %np? + 4A2W1 




ainsi 


2* = 


m 


• 


ou 


z* = 




: I iS2h\ 


Mn.AN, Mctrs 1891. 
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